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❆ s③☎✉rr❡✁❛❧✐s s③✁❛♠♦❦ t☎♦❜❜ s③❡♠♣♦♥t❜✁♦❧ ✐s ✁❡r❞❡❦❡s❡❦ ✁❡s t☎♦❜❜ ❦✁❡r❞✁❡s ✐s ❢❡❧♠❡r☎✉❧ ✈❡❧☎✉❦

❦❛♣❝s♦❧❛t❜❛♥✳ ❑✁❡t ❡❣②s③❡r✆✉ ♠✆✉✈❡❧❡tt❡❧ ❦❡❧❡t❦❡③♥❡❦ ❛ ✧s❡♠♠✐❜✆♦❧✧✱ ❞❡ t✉❧❛❥❞♦♥s✁❛❣❛✐❦❜❛♥

❤❛s♦♥❧✁✙t❛♥❛❦ ❛ ✈❛❧✁♦s s③✁❛♠♦❦r❛✿ ❡❧✈✁❡❣❡③❤❡t✆♦❦ r❛❥t✉❦ ❛ ✈❛❧✁♦s s③✁❛♠♦❦❦❛❧ ♠❡❣s③♦❦♦tt ♠✆✉✈❡❧❡✲

t❡❦ ✁❡s ❛ r❡♥❞❡③✁❡s✳

❈♦♥✇❛② ❧❡✁✙rt❛ ❛ s③☎✉rr❡✁❛❧✐s s③✁❛♠♦❦❛t✱ ✁❡s ❥✁❛t✁❡❦♦❦✱ t☎♦❜❜❡❦ ❦☎♦③☎♦tt ❛ ❣♦ ❦✁❡ts③❡♠✁❡❧②❡s

❥✁❛t✁❡❦ ❡❧❡♠③✁❡s✁❡r❡ ❤❛s③♥✁❛❧t❛ ❖♥ ◆✉♠❜❡rs ❛♥❞ ●❛♠❡s ✭✶✾✼✻✮ ❝✁✙♠✆✉ ❦☎♦♥②✈✁❡❜❡♥✳ ❆ s③☎✉rr❡✁❛❧✐s

s③✁❛♠♦❦ s③♦r♦s ❦❛♣❝s♦❧❛t❜❛♥ ✁❛❧❧♥❛❦ ❛ ❦✁❡ts③❡♠✁❡❧②❡s✱ t❡❧❥❡s ✐♥❢♦r♠✁❛❝✐✁♦s✱ ❢❡❧✈✁❛❧t✈❛ ❧✁❡♣✆♦s

str❛t✁❡❣✐❛✐ ❥✁❛t✁❡❦♦❦❦❛❧✱ ♠✐♥t ♣✁❡❧❞✁❛✉❧ ❛ s❛❦❦✳ ●②❛❦♦r❧❛t❜❛♥ t☎♦❜❜❡❦ ❦☎♦③☎♦tt ❛③ ✐❧②❡♥ ❥✁❛t✁❡❦♦❦

♥②❡r✆♦ str❛t✁❡❣✐✁❛✐♥❛❦ ✈✐③s❣✁❛❧❛t✁❛r❛ ❤❛s③♥✁❛❧❤❛t✁♦❦✳

✻



✶✳ ❢❡❥❡③❡t

❆ s③☎✉rr❡✁❛❧✐s s③✁❛♠♦❦ ❡❧♠✁❡❧❡t❡

❆ ❈♦♥✇❛②✲s③✁❛♠♦❦ ❡❧♠✁❡❧❡t✁❡♥❡❦ ❡❧s✆♦ s③❛❜✁❛❧②❛ ❛③t ♠♦♥❞❥❛ ❦✐✱ ❤♦❣② ♠✐♥❞❡♥ x s③✁❛♠

✈❛❧✁♦❥✁❛❜❛♥ ❛③ XB ❜❛❧ ♦❧❞❛❧✐ ❤❛❧♠❛③❜✁♦❧ ✁❡s ❛③ XJ ❥♦❜❜ ♦❧❞❛❧✐ ❤❛❧♠❛③❜✁♦❧ ✁❛❧❧✁♦ r❡♥❞❡③❡tt ❤❛❧✲

♠❛③♣✁❛r✿ ❬✷❪

x = (XB, XJ), XB 6≥ XJ .

❊③ ❛③t ❥❡❧❡♥t✐✱ ❤♦❣② ❤❛ ∀xB ∈ XB ✁❡s ∀xJ ∈ XJ ✱ ❛❦❦♦r xB 6≥ xJ ✳ ❱❛❣②✐s xB ♥❡♠ ❧❡❤❡t

♥❛❣②♦❜❜ ✈❛❣② ❡❣②❡♥❧✆♦✱ ♠✐♥t xJ ✳

❍♦❣② ❡❣②s③❡r✆✉❜❜ ❧❡❣②❡♥ ❛ ♠❡❣❦☎✉❧☎♦♥❜☎♦③t❡t✁❡s✱ ❛③ ❡♠❧✁✙t❡tt s③❛❜✁❛❧②❜❛♥ ♥❛❣②❜❡t✆✉✈❡❧ ✈❛♥♥❛❦

❥❡❧☎♦❧✈❡ ❛ ❤❛❧♠❛③♦❦✱ ❦✐s❜❡t✆✉✈❡❧ ♣❡❞✐❣ ❛ s③✁❛♠♦❦✳

✶✳✶✳ ❆❧❛♣❢♦❣❛❧♠❛❦

❉❡✜♥✁✙❝✐✁♦✳ ✭❬✶❪✮ ▲❡❣②❡♥❡❦ ❛❞♦tt❛❦ ❛ B ✁❡s J ❤❛❧♠❛③♦❦✳ ❆ B ✁❡s J ❤❛❧♠❛③♦❦ ✁❛❧t❛❧ ❛❧❦♦t♦tt

x r❡♥❞❡③❡tt ♣✁❛rt ❛ ❦☎♦✈❡t❦❡③✆♦❦✁❡♣♣❡♥ ✁✙r❤❛t❥✉❦ ❧❡✿ x = 〈B, J〉 = {{B}, {B, J}}.

❆ B ❤❛❧♠❛③t ❛③ x ❜❛❧ ♦❧❞❛❧✐✱ ❛ J ❤❛❧♠❛③t ♣❡❞✐❣ ❛③ x ❥♦❜❜ ♦❧❞❛❧✐ t❛❣❥✁❛♥❛❦ ♥❡✈❡③③☎✉❦✳

❱❛❧❛♠✐♥t ❛ B ❤❛❧♠❛③ ❡❣② t❡ts③✆♦❧❡❣❡s ❡❧❡♠✁❡t xB✲✈❡❧ ❥❡❧☎♦❧❥☎✉❦✱ ❛ J ❤❛❧♠❛③✁❡t ♣❡❞✐❣ xJ ✲✈❡❧✱

✁❡s ❛③ x ❜❛❧ ✐❧❧❡t✈❡ ❥♦❜❜ ♦❧❞❛❧✐ ☎♦ss③❡t❡✈✆♦✐♥❡❦ ♥❡✈❡③③☎✉❦ ✆♦❦❡t✳ ❬✶❪

❊❣② r❡♥❞❡③❡tt ♣✁❛rt ❧❡❣❣②❛❦r❛❜❜❛♥ ❛③ ☎♦ss③❡t❡✈✆♦✐✈❡❧ ❛❞✉♥❦ ♠❡❣✳ P✁❡❧❞✁❛✉❧✱ ❤❛ B =

{a, b, c} ✁❡s J = {d, e} ✱ ❛❦❦♦r 〈B, J〉 = {a, b, c|d, e} ✱ ✈❛❣② ✁❛❧t❛❧✁❛♥♦s❛♥ x = {xB|xJ}✳ ❬✺❪

❆ s③❛❦❞♦❧❣♦③❛t❜❛♥ ❛ ❦☎♦✈❡t❦❡③✆♦ ❥❡❧☎♦❧✁❡s❡❦ ❧❡s③♥❡❦ ✁❡r✈✁❡♥②❜❡♥✿ x ≥ y ⇔ y ≤ x✱

x = y ⇔ x ≤ y ✁❡s x ≥ y✱ x < y ⇔ x ≤ y ✁❡s x 6≥ y✱ x > y ⇔ y < x✳ ❆ ❦✁❡s✆♦❜❜✐❡❦❜❡♥ x ≡ y

❥❡❧☎♦❧✐ ❛③t✱ ❤♦❣② x ✁❡s y ❤❛❧♠❛③❡❧♠✁❡❧❡t✐ ✁❡rt❡❧❡♠❜❡♥ ❛③♦♥♦s❛❦✳ ❬✸❪

✼



❆ ❤❛❧♠❛③❡❧♠✁❡❧❡t ❩❡r♠❡❧♦✲❋r❛❡♥❦❡❧✲❢✁❡❧❡ ❛①✐✁♦♠❛r❡♥❞s③❡r✁❡❜✆♦❧ ❦☎✉❧☎♦♥☎♦s❡♥ ❢♦♥t♦s ❛ ❦☎♦✲

✈❡t❦❡③✆♦ ❛①✐✁♦♠❛ ✁❡s ❛♥♥❛❦ ❦☎♦✈❡t❦❡③♠✁❡♥②❡✿

❘❡❣✉❧❛r✐t✁❛s✐ ❛①✐✁♦♠❛✳ ❬✸❪ ▼✐♥❞❡♥ x 6= ∅ ❤❛❧♠❛③♥❛❦ ✈❛♥ ♦❧②❛♥ v ❡❧❡♠❡✱ ❛♠❡❧② ❞✐s③❥✉♥❦t

x✲t✆♦❧✿

∀x

(

∃u (u ∈ x) → ∃v
(

v ∈ x ∧ ∀w
(

¬ (w ∈ x ∧ w ∈ v)
)

)

)

.

❆ s③✁❛♠♦❦❦❛❧ ❦❛♣❝s♦❧❛t♦s ❞❡❢♥✁✙❝✐✁♦❦ r❡❦✉r③✁✙✈❛❦✱ ❡③✁❡rt ❛③ ✁❛❧❧✁✙t✁❛s♦❦❛t ✐♥❞✉❦❝✐✁♦✈❛❧ ❦❡❧❧

❜✐③♦♥②✁✙t❛♥✐✳ ❊❤❤❡③ s③☎✉❦s✁❡❣❡s ❛ r❡❣✉❧❛r✐t✁❛s✐ ❛①✐✁♦♠❛ ❦☎♦✈❡t❦❡③♠✁❡♥②❡✳

✁❆❧❧✁✙t✁❛s✳ ✭❬✸❪✮ ◆❡♠ ❧✁❡t❡③✐❦ ❤❛❧♠❛③♦❦ ♦❧②❛♥ x0, x1, x2, . . . ✈✁❡❣t❡❧❡♥ s♦r♦③❛t❛✱ ♠❡❧②♥❡❦ t❛❣❥❛✲

✐r❛ ✐❣❛③✱ ❤♦❣② xi+1 ∈ xi✱ ∀i ∈ N✳

❇✐③♦♥②✁✙t✁❛s✳ ❆ ❜✐③♦♥②✁✙t✁❛st ✐♥❞✐r❡❦t ♠✁♦❞s③❡rr❡❧ ✈✁❡❣❡③③☎✉❦ ❡❧✳

❚❡❣②☎✉❦ ❢❡❧✱ ❤♦❣② ❧✁❡t❡③✐❦ ✐❧②❡♥ s♦r♦③❛t✳ ❊❦❦♦r ❡❧❦✁❡s③✁✙t❤❡t❥☎✉❦ ❛③ {x0, x1, x2, . . .} ❤❛❧♠❛③t✱

❛♠✐ ❡❧❧❡♥t♠♦♥❞ ❛ r❡❣✉❧❛r✐t✁❛s✐ ❛①✐✁♦♠✁❛♥❛❦✳ ❬✸❪ �

❉❡✜♥✁✙❝✐✁♦✳ ✭❬✶❪✮ ❊❣② G ❝s♦♣♦rt♦t ❛❦❦♦r ♥❡✈❡③☎✉♥❦ r❡♥❞❡③❡tt ✭r✁❡s③❜❡♥ r❡♥❞❡③❡tt✮ ❝s♦♣♦rt♥❛❦✱

❤❛ ✁❡rt❡❧♠❡③✈❡ ✈❛♥ r❛❥t❛ ❡❣② t❡❧❥❡s r❡♥❞❡③✁❡s ✭r✁❡s③❜❡♥ r❡♥❞❡③✁❡s✮✱ ♠❡❧❧②❡❧ ❛ ❝s♦♣♦rt♠✆✉✈❡❧❡t

❡❧t♦❧✁❛s✐♥✈❛r✐✁❛♥s✱ ❛③❛③ ∀a, b, c ∈ G ❡❧❡♠❡❦r❡✱ ❤❛ a ≤ b✱ ❛❦❦♦r a+ c ≤ b+ c ✁❡s c+ a ≤ c+ b✳

❉❡✜♥✁✙❝✐✁♦✳ ✭❬✶❪✮ ❊❣② ❦♦♠♠✉t❛t✁✙✈ ❣②✆✉r✆✉t✱ ✐❧❧❡t✈❡ t❡st❡t r❡♥❞❡③❡tt ❣②✆✉r✆✉♥❡❦✱ ✐❧❧❡t✈❡ r❡♥❞❡③❡tt

t❡st♥❡❦ ❤✁✙✈✉♥❦✱ ❤❛ ✁❡rt❡❧♠❡③✈❡ ✈❛♥ r❛❥t✉❦ ❡❣② t❡❧❥❡s r❡♥❞❡③✁❡s✱ ♠❡❧❧②❡❧ ❛③ ❛❞❞✐t✁✙✈ ❝s♦♣♦rt

r❡♥❞❡③❡tt✱ ✁❡s ❛ s③♦r③✁❛sr❛ ✐❣❛③✱ ❤♦❣② ❤❛ a ✁❡s b ❡❧❡♠❡❦r❡ 0 ≤ a ✁❡s 0 ≤ b✱ ❛❦❦♦r 0 ≤ ab✳

❉❡✜♥✁✙❝✐✁♦✳ ✭❬✶❪✮ ❊❣② x r❡♥❞❡③❡tt ♣✁❛r ❈♦♥✇❛②✲❥✁❛t✁❡❦✱ ❤❛ ♠✐♥❞❡♥ ☎♦ss③❡t❡✈✆♦❥❡ ❈♦♥✇❛②✲❥✁❛t✁❡❦✳

▼✐♥❞❡♥ ❈♦♥✇❛②✲❥✁❛t✁❡❦ ✁✙❣② ✁❛❧❧ ❡❧✆♦✳

❊③ r❡❦✉r③✁✙✈ ❞❡✜♥✁✙❝✐✁♦✱ t❡❤✁❛t ❤❛ ♠✁❛r ✐s♠❡r☎✉♥❦ ♥✁❡❤✁❛♥② ❈♦♥✇❛②✲❥✁❛t✁❡❦♦t✱ ❛❦❦♦r ❡

s③❛❜✁❛❧②t ❦☎♦✈❡t✈❡ ❤♦③❤❛t✉♥❦ ❧✁❡tr❡ ❜❡❧✆♦❧☎✉❦ ✁✉❥❛❦❛t❀ ✁❡s ❝s❛❦ ❛③♦❦ ❛③ ♦❜❥❡❦t✉♠♦❦ ❈♦♥✇❛②✲

❥✁❛t✁❡❦♦❦✱ ❛♠❡❧②❡❦ ✁✙❣② s③☎✉❧❡tt❡❦✳

❆ ❈♦♥✇❛②✲s③✁❛♠♦❦❛t ❦✁❡t r❡❦✉r③✁✙✈ s③❛❜✁❛❧② ❤❛t✁❛r♦③③❛ ♠❡❣✳

❉❡✜♥✁✙❝✐✁♦✳ ✭❬✶❪✮ ❊❣② x r❡♥❞❡③❡tt ♣✁❛r ❈♦♥✇❛②✲s③✁❛♠✱ ❤❛ ♠✐♥❞❡♥ ☎♦ss③❡t❡✈✆♦❥❡ ❈♦♥✇❛②✲s③✁❛♠✱

✁❡s ♥✐♥❝s❡♥❡❦ ♦❧②❛♥ xB✱ xJ ☎♦ss③❡t❡✈✆♦✐✱ ♠❡❧②❡❦r❡ xJ ≤ xB✳ ▼✐♥❞❡♥ ❈♦♥✇❛②✲s③✁❛♠ ✁✙❣② ✁❛❧❧

❡❧✆♦✳

❉♦♥❛❧❞ ❑♥✉t❤ ❦☎♦♥②✈✁❡❜❡♥ ❬✷❪ ❧❡✁✙rt❛ ❛ s③☎✉rr❡✁❛❧✐s s③✁❛♠♦❦ ❦♦♥str✉✁❛❧✁❛s✁❛♥❛❦ ♠❡♥❡t✁❡t✱

❛♠❡❧② ❛ ❦☎♦✈❡t❦❡③✆♦ s♦r♦❦❜❛♥ ♦❧✈❛s❤❛t✁♦✳

✽



❑❡③❞❡t❜❡♥ ♥✐♥❝s ❡❣② ❈♦♥✇❛②✲s③✁❛♠✉♥❦ s❡♠✱ ♠✁❡❣✐s ❧✁❡tr❡ t✉❞✉♥❦ ❤♦③♥✐ ❡❣②❡t✳ ▼✐✈❡❧

♠✐♥❞❡♥ s③✁❛♠ ❦✁❡t ❤❛❧♠❛③❜✁♦❧ ✁❛❧❧✱ ❡③✁❡rt ❧❡❣②❡♥ B ✁❡s J ❡③ ❛ ❦✁❡t ❤❛❧♠❛③✱ ❛♠❡❧②❡❦ ❛ s③☎✉rr❡✁❛❧✐s

s③✁❛♠ ❜❛❧✲ ✐❧❧❡t✈❡ ❥♦❜❜♦❧❞❛❧✐ ☎♦ss③❡t❡✈✆♦✐ ❧❡s③♥❡❦✳ ❆③ ❡❧s✆♦ ❧✁❡♣✁❡s❜❡♥ B = J = ∅✳ ❊③③❡❧ ❡❣②

♦❧②❛♥ s③☎✉rr❡✁❛❧✐s s③✁❛♠♦t ❦❛♣t✉♥❦✱ ❛♠❡❧② ❦✁❡t ☎✉r❡s ❤❛❧♠❛③❜✁♦❧ ✁❛❧❧✱ ❡③ ❛ s③✁❛♠ ❛ 0✱ ♠❡❧②♥❡❦

❥❡❧☎♦❧✁❡s❡✿ {|}✳

❆ ❦☎♦✈❡t❦❡③✆♦ ❈♦♥✇❛②✲s③✁❛♠♦❦❛t ✁✉❣② ❛❞❥✉❦ ♠❡❣✱ ❤♦❣② ❛ | ❥❡❧t✆♦❧ ❜❛❧r❛ ✁✙r❥✉❦ ❛③♦❦❛t✱

♠❡❧②❡❦♥✁❡❧ ❛ ✈✐③s❣✁❛❧t s③✁❛♠ ♥❛❣②♦❜❜✱ ✁❡s ❥♦❜❜r❛ ❛③♦❦❛t✱ ♠❡❧②❡❦♥✁❡❧ ❦✐s❡❜❜✳ P✁❡❧❞✁❛✉❧✱ 1 = {0|}✱

2 = {1|}✳

❆ ✈✁❡❣t❡❧❡♥ ♠✐♥❞❡♥ t❡r♠✁❡s③❡t❡s s③✁❛♠♥✁❛❧ ♥❛❣②♦❜❜✱ t❡❤✁❛t ❛③♦❦❛t ♠✐♥❞ ❜❛❧r❛ ❦❡❧❧

✁✙r♥✐✳ ❆ ✈✁❡❣t❡❧❡♥t ❛ s③☎✉rr❡✁❛❧✐s s③✁❛♠♦❦ ❡❧♠✁❡❧❡t✁❡❜❡♥ ω ❥❡❧☎♦❧✐✱ ✁❡s ❛ ❦☎♦✈❡t❦❡③✆♦❦✁❡♣♣❡♥ ✁✙r❤❛t✁♦

❢❡❧✿ ω = {0, 1, 2, . . . |}✳

❙③☎✉rr❡✁❛❧✐s s③✁❛♠♦❦❦❛❧ ❛ t☎♦rts③✁❛♠♦❦❛t ✐s t✉❞❥✉❦ ✁❛❜r✁❛③♦❧♥✐✳ P✁❡❧❞✁❛✉❧✱ 1

2
= {0|1}✱

1

4
= {0|1

2
}✳

❋❡❧ t✉❞❥✉❦ ✁✙r♥✐ ❈♦♥✇❛②✲s③✁❛♠ ❢♦r♠✁❛❥✁❛❜❛♥ ❛ ✈✁❡❣t❡❧❡♥☎✉❧ ❦✐❝s✐ ♠❡♥♥②✐s✁❡❣❡t ✐s✳ ❊③

❛③ ❛ s③✁❛♠✱ ❛♠❡❧② ♠✐♥❞❡♥ ♣♦③✐t✁✙✈ s③✁❛♠♥✁❛❧ ❦✐s❡❜❜✱ ❞❡ ♥✉❧❧✁❛♥✁❛❧ ♥❛❣②♦❜❜✳ ❚❡❤✁❛t ε =

{0|1
2
, 1
4
, 1
8
, . . .}✳

❚❡r♠✁❡s③❡t❡s❡♥ ❛ ♥❡❣❛t✁✙✈ s③✁❛♠♦❦❛t ✐s ❢❡❧ t✉❞❥✉❦ ✁✙r♥✐ ❈♦♥✇❛②✲s③✁❛♠♦❦❦❛❧✱ ♣✁❡❧❞✁❛✉❧

−1 = {|0}✱ −1

2
= {−1|0}✳

❊❣② s③☎✉rr❡✁❛❧✐s s③✁❛♠♥❛❦ t☎♦❜❜ ❛❧❛❦❥❛ ✐s ✈❛♥✳ ❆ ❧❡❣❡❧s✆♦ s③☎✉rr❡✁❛❧✐s s③✁❛♠✱ ❛♠✐t ❧✁❡tr❡

t✉❞✉♥❦ ❤♦③♥✐ ❛ 0✳ ❊③t ❦☎♦✈❡t✐ ❛③ 1 ✁❡s ❛ −1✳ ❆ ❦☎♦✈❡t❦❡③✆♦ ❧✁❡♣✁❡s❜❡♥ ♠✁❛r ✁✉❥❛❜❜ ♥✁❡❣② s③✁❛♠♦t

t✉❞✉♥❦ ❧✁❡tr❡❤♦③♥✐✿ −2✱ −1

2
✱ 1

2
✱ 2✳

❊❣② s③☎✉rr❡✁❛❧✐s s③✁❛♠ ♠✐♥❞✐❣ ❛③t ❛ s③✁❛♠♦t ❤❛t✁❛r♦③③❛ ♠❡❣✱ ❛♠❡❧② ❛ ❜❛❧ ♦❧❞❛❧✐ ☎♦ss③❡t❡✲

✈✆♦❥✁❡♥✁❡❧ ♥❛❣②❜❜✱ ❥♦❜❜ ♦❧❞❛❧✐ ☎♦ss③❡t❡✈✆♦❥✁❡♥✁❡❧ ❦✐s❡❜❜ ✁❡s ❧❡❣❤❛♠❛r❛❜❜ ❧❡tt ❧✁❡tr❡❤♦③✈❛✳ P✁❡❧❞✁❛✉❧✿

{2|5} = 3✳

✶✳ ▲❡♠♠❛✳ ✭❬✶❪✮ ▲❡❣②❡♥ x = {xB|xJ} ✁❡s ❢❡❧t✁❡t❡❧❡③③☎✉❦✱ ❤♦❣② ✈❛❧❛♠❡❧② z✲r❡ ✁❡s ∀xB, xJ

❡s❡t✁❡♥ t❡❧❥❡s☎✉❧✱ ❤♦❣② xJ ≤ z ≤ xB✱ ❞❡ z✲♥❡❦ ❡❣②❡t❧❡♥ ☎♦ss③❡t❡✈✆♦❥❡ s❡♠ t❡❧❥❡s✁✙t✐ ✉❣②❛♥❡③t✳

❊❦❦♦r x = z✳

❇✐③♦♥②✁✙t✁❛s✳ ❆③ x ≤ z ❡❣②❡♥❧✆♦s✁❡❣❤❡③ t❡❧❥❡s☎✉❧✁❡s✁❡❤❡③ ❛③ ❦❡❧❧✱ ❤♦❣② z ≤ xB ✁❡s zJ ≤ x t❡❧✲

❥❡s☎✉❧❥☎♦♥✳ ❆③ ❡❧✆♦❜❜✐ s③❡r❡♣❡❧ ❛ ❧❡♠♠❛ ❢❡❧t✁❡t❡❧✁❡❜❡♥✱ ❛③ ✉t✁♦❜❜✐ ♣❡❞✐❣ ❛③✁❡rt ✐❣❛③✱ ♠❡rt ∀zJ

∃xJ ✱ ❤♦❣② xJ ≤ zJ ✳

❆③ x ≤ z ❡❣②❡♥❧✆♦s✁❡❣❤❡③ t❡❧❥❡s☎✉❧✁❡s✁❡❤❡③ ❛③ ❦❡❧❧✱ ❤♦❣② z ≤ xB ✁❡s zJ ≤ x t❡❧❥❡s☎✉❧❥☎♦♥✳ ❆③ ❡❧✆♦❜❜✐

✾



s③❡r❡♣❡❧ ❛ ❧❡♠♠❛ ❢❡❧t✁❡t❡❧✁❡❜❡♥✱ ❛③ ✉t✁♦❜❜✐ ♣❡❞✐❣ ❛③✁❡rt ✐❣❛③✱ ♠❡rt ∀zJ ∃xJ ✱ ❤♦❣② xJ ≤ zJ ✳

❍❛s♦♥❧✁♦❛♥ ❜✐③♦♥②✁✙t❤❛t✁♦✱ ❤♦❣② x ≥ z✳ ❊❜❜✆♦❧ ❦☎♦✈❡t❦❡③✐❦✱ ❤♦❣② x = z✳ ❬✶❪ �

❚❡❤✁❛t ❛ ❧❡♠♠❛ ❦✐♠♦♥❞❥❛✱ ❤♦❣② ❡❣② x s③☎✉rr❡✁❛❧✐s s③✁❛♠ ❛③ xB ❜❛❧ ♦❧❞❛❧✐ ☎♦ss③❡t❡✈✆♦❦ ✁❡s

❛③ xJ ❥♦❜❜ ♦❧❞❛❧✐ ☎♦ss③❡t❡✈✆♦❦ ❦☎♦③☎♦tt ✁❛❧❧✁♦ s③✁❛♠♦❦ ❦☎♦③☎✉❧ ❛ ❧❡❣❦♦r✁❛❜❜❛♥ ♠❡❣❦♦♥str✉✁❛❧t✱ ✈❛❣②

❈♦♥✇❛② s③❛✈❛✐✈❛❧ ✁❡❧✈❡✱ ❛ ❧❡❣☎♦r❡❣❡❜❜✳ ❈♦♥✇❛② ❡③t ❛③ ❡❧❥✁❛r✁❛st ❛ s③✁❛♠ s③☎✉❧❡t✁❡s♥❛♣❥✁❛♥❛❦

♥❡✈❡③t❡✳

✶✳✷✳ ▼✆✉✈❡❧❡t❡❦ ❈♦♥✇❛②✲s③✁❛♠♦❦❦❛❧

❆ s③☎✉rr❡✁❛❧✐s s③✁❛♠♦❦ ❦☎♦③☎♦tt ✉❣②❛♥✁✉❣② ❧❡❤❡t ☎♦ss③❡❛❞♥✐✱ ❦✐✈♦♥♥✐✱ s③♦r♦③♥✐✱ ♦s③t❛♥✐

✁❡s ❣②☎♦❦☎♦t ✈♦♥♥✐✱ ♠✐♥t ❛❤♦❣②❛♥ ❛③t ❛ ✈❛❧✁♦s s③✁❛♠♦❦♥✁❛❧ ♠❡❣s③♦❦t✉❦✱ ♦❧②❛♥ ♦❜❥❡❦t✉♠♦❦❛t

t❡r❡♠t✈❡ ❡③③❡❧✱ ♠❡❧②❡❦♥❡❦ ❛ ♠❛t❡♠❛t✐❦❛ ❦❧❛ss③✐❦✉s ✁❛❣❛✐❜❛♥ ❛❧✐❣❤❛ ❧❡❤❡t♥❡ ✁❡rt❡❧♠❡t ❛❞♥✐✳

❆ ❦☎♦✈❡t❦❡③✆♦ ♦❧❞❛❧❛❦♦♥ ❜❡♠✉t❛t✁❛sr❛ ❦❡r☎✉❧♥❡❦ ❛ r❡♥❞❡③✁❡s✱ ❛③ ☎♦ss③❡❛❞✁❛s ✁❡s ❛ s③♦r③✁❛s

t✉❧❛❥❞♦♥s✁❛❣❛✐✳

✶✳✷✳✶✳ ❘❡♥❞❡③✁❡s

❉❡✜♥✁✙❝✐✁♦✳ ✭❬✶❪✮ P♦♥t♦s❛♥ ❛❦❦♦r t❡❧❥❡s☎✉❧ x ≤ y✱ ❤♦❣②❤❛ ♥❡♠ ❧✁❡t❡③✐❦ x✲♥❡❦ ♦❧②❛♥ xB

☎♦ss③❡t❡✈✆♦❥❡✱ ♠❡❧②r❡ y ≤ xB✱ ✁❡s ♥❡♠ ❧✁❡t❡③✐❦ y✲♥❛❦ ♦❧②❛♥ yJ ☎♦ss③❡t❡✈✆♦❥❡✱ ♠❡❧②r❡ yJ ≤ x✳

❊③t ❛③ ❡❧❥✁❛r✁❛st r❡♥❞❡③✁❡s♥❡❦ ♥❡✈❡③③☎✉❦✳

✁❆❧❧✁✙t✁❛s✳ ✭❬✶❪✮ ∀x, y, z ❡s❡t✁❡♥ t❡❧❥❡s☎✉❧♥❡❦ ❛ ❦☎♦✈❡t❦❡③✆♦ ✁❛❧❧✁✙t✁❛s♦❦✿

✭✶✮ x ≤ x✱

✭✷✮ ∀xB, xJ : xB 6≥ x ✁❡s xJ 6≤ x✱

✭✸✮ ❤❛ x ≤ y ✁❡s y ≤ z✱ ❛❦❦♦r x ≤ z✱

✭✹✮ ❤❛ x, y ❈♦♥✇❛②✲s③✁❛♠♦❦✱ ❛❦❦♦r x ≤ y ✁❡s x ≥ y ❦☎♦③☎✉❧ ❧❡❣❛❧✁❛❜❜ ❛③ ❡❣②✐❦ t❡❧❥❡s☎✉❧✳

❇✐③♦♥②✁✙t✁❛s✳ ❆③ ✭✶✮ ❡s❡t ❜✐③♦♥②✁✙t✁❛s❛ ❡❧✈✁❡❣❡③❤❡t✆♦ ✐♥❞✐r❡❦t ♠✁♦❞s③❡rr❡❧✳ ❍❛ x 6≤ x✱ ❛❦❦♦r

✈❛❣② ∃xJ ≤ x✱ ✈❛❣② ∃xB ≥ x ✐❣❛③✳ ❊❜❜✆♦❧ ❛③ ❦☎♦✈❡t❦❡③✐❦ ❛③ ❡❧s✆♦ ❡s❡t❜❡♥✱ ❤♦❣② x✲♥❡❦ ♥✐♥❝s

♦❧②❛♥ ❥♦❜❜ ♦❧❞❛❧✐ ☎♦ss③❡t❡✈✆♦❥❡✱ ❛♠✐ ❦✐s❡❜❜ ✈❛❣② ❡❣②❡♥❧✆♦✱ ♠✐♥t xJ ✳ ❍❛s♦♥❧✁♦❛♥ ❜❡❧✁❛t❤❛t✁♦ ❛③

xB ≥ xB ✐s✳

❆ ✭✷✮ ❡s❡t ♥②✐❧✈✁❛♥✈❛❧✁♦✱ ♠✐✈❡❧ ❡③ ❛③ ✁❛❧❧✁✙t✁❛s ♥❡♠ ♠✁❛s✱ ♠✐♥t ❛ r❡❧✁❛❝✐✁♦ ❞❡✜♥✁✙❝✐✁♦❥❛ ❛③ ✭✶✮ ❡s❡tr❡

✶✵



❢❡❧✁✙r✈❛✳

❆ ✭✸✮ ❡s❡t❡t tr❛♥③✐t✐✈✐t✁❛s♥❛❦ ♥❡✈❡③③☎✉❦✳ ❆ ❜✐③♦♥②✁✙t✁❛st ✐♥❞✐r❡❦t ♠✁♦❞s③❡rr❡❧ ✈✁❡❣❡③③☎✉❧ ❡❧✱

t❡❤✁❛t t❡❣②☎✉❦ ❢❡❧✱ ❤♦❣② x 6≤ z✳ ■❧②❡♥❦♦r ❦✁❡t ❧❡❤❡t✆♦s✁❡❣ ✈❛♥✿ ✈❛❣② ∃zJ ≤ x ✈❛❣② ∃xB ≥ z✳

❍❛ ∃zJ ≤ x ✁❡s x ≤ y✱ ❛❦❦♦r zJ ≤ y✱ t❡❤✁❛t y 6≤ z✳ ❍❛ ∃xB ≥ z✱ ❛❦❦♦r ❛③t ❦❛♣❥✉❦✱ ❤♦❣②

x 6≤ y✳ ▼✐♥❞❦✁❡t ❡s❡t❜❡♥ ❡❧❧❡♥t♠♦♥❞✁❛s❜❛ ☎✉t❦☎♦③t☎✉♥❦✳

❆ ✭✹✮ ❡s❡t ❜✐③♦♥②✁✙t✁❛s✁❛❤♦③ t❡❣②☎✉❦ ❢❡❧✱ ❤♦❣② x✱ y ❈♦♥✇❛②✲s③✁❛♠♦❦ ✁❡s x 6≤ y✱ x 6≥ y✳ ❍❛

∃yJ ≤ x ✁❡s ∃yB ≥ x✱ ❛❦❦♦r ❛ ✭✸✮ ❡s❡t s③❡r✐♥t yJ ≤ yB✱ ❛♠✐ ♥❡♠ ❧❡❤❡ts✁❡❣❡s✱ ♠✐✈❡❧

❡③ ❡❧❧❡♥t♠♦♥❞ ❛ s③☎✉rr❡✁❛❧✐s s③✁❛♠ ❞❡✜♥✁✙❝✐✁♦❥✁❛♥❛❦✳ ❍❛ ∃yJ ≤ x ✁❡s ∃xJ ≥ y ✐❣❛③✱ ❛❦❦♦r

∄yJ ≥ xJ ✱ ✈❛❣②✐s ∀yJ ≤ xJ ✳ ▼✐✈❡❧ ❛③ y s③✁❛♠♥❛❦ ✈❛♥ ❥♦❜❜♦❧❞❛❧✐ ☎♦ss③❡t❡✈✆♦❥❡✱ ❛♠✐r✆♦❧

t✉❞❥✉❦✱ ❤♦❣② ❦✐s❡❜❜✱ ✈❛❣② ❡❣②❡♥❧✆♦✱ ♠✐♥t x✱ ❛ ✭✸✮ ✁❛❧❧✁✙t✁❛s❜✁♦❧ ❛③t ❦❛♣❥✉❦✱ ❤♦❣② xJ ≥ x✱ ❛♠✐

❡❧❧❡♥t♠♦♥❞ ❛ ✭✷✮ ✁❛❧❧✁✙t✁❛s♥❛❦✳ ❍❛s♦♥❧✁♦❛♥ ✐❣❛③♦❧❤❛t✁♦ ❛❜❜❛♥ ❛③ ❡s❡t❜❡♥✱ ❛♠✐❦♦r ∃xB ≤ y✳

❬✶❪ �

✶✳✷✳✷✳ ☎❖ss③❡❛❞✁❛s

❉❡✜♥✁✙❝✐✁♦✳ ✭❬✺❪✮✭❈♦♥✇❛②✲s③✁❛♠♦❦ ☎♦ss③❡❛❞✁❛s❛✮✳ ❆③ x ✁❡s y s③✁❛♠♦❦❛t ❛ ❦☎♦✈❡t❦❡③✆♦❦✁❡♣♣❡♥

❛❞❥✉❦ ☎♦ss③❡✿

x+ y ≡ {xB + y, x+ yB|xJ + y, x+ yJ}.

❉❡✜♥✁✙❝✐✁♦✳ ✭❬✺❪✮✭❈♦♥✇❛②✲s③✁❛♠♦❦ ❡❧❧❡♥t❡tt❥❡✮✳ ❆③ x s③✁❛♠ ❡❧❧❡♥t❡tt❥✁❡t ❛ ❦☎♦✈❡t❦❡③✆♦❦✁❡♣♣❡♥

✁✙r❥✉❦ ❧❡✿

−x ≡ {−xJ | − xB}.

❆③ ❡❧❧❡♥t❡tt s❡❣✁✙ts✁❡❣✁❡✈❡❧ ❡❧✈✁❡❣❡③❤❡t❥☎✉❦ ❛ ❦✐✈♦♥✁❛st✳ x− y ❛③t ❥❡❧❡♥t✐✱ ❤♦❣② x+ (−y)✳

✶✳ ❚✁❡t❡❧✳ ✭❬✶❪✮ ∀x, y, z s③✁❛♠♦❦r❛ t❡❧❥❡s☎✉❧♥❡❦ ❛ ❦☎♦✈❡t❦❡③✆♦ ✁❛❧❧✁✙t✁❛s♦❦✿

x+ 0 ≡ x,

x+ y ≡ y + x,

(x+ y) + z ≡ x+ (y + z).

❇✐③♦♥②✁✙t✁❛s✳ ❱✐③s❣✁❛❧❥✉❦ ❛③ ❡❧s✆♦ ✁❛❧❧✁✙t✁❛st✿

x+ 0 ≡ {xB + 0|xJ + 0} ≡ {xB|xJ} ≡ x.

❊③③❡❧ ❛③ ❡❧s✆♦ ✁❛❧❧✁✙t✁❛s ❜❡ ✈❛♥ ❜✐③♦♥②✁✙t✈❛✳ ❱✐③s❣✁❛❧❥✉❦ ❛ ♠✁❛s♦❞✐❦ ❦✐❢❡❥❡③✁❡st✿

x+ y ≡ {xB + y, x+ yB|xJ + y, x+ yJ} ≡ {y + xB, yB + x|y + xJ , yJ + x} ≡ y + x.

✶✶



❚❡❤✁❛t ❜❡❜✐③♦♥②✁✙t♦tt✉❦✱ ❤♦❣② ❛③ ☎♦ss③❡❛❞✁❛s ❛ s③☎✉rr❡✁❛❧✐s s③✁❛♠♦❦ ❡s❡t✁❡❜❡♥ ❦♦♠♠✉t❛t✁✙✈ ♠✆✉✈❡❧❡t✳

▼❡❣♠✉t❛t❥✉❦✱ ❤♦❣② ❛③ ☎♦ss③❡❛❞✁❛s ❛ss③♦❝✐❛t✁✙✈ ✐s✿

(x+ y) + z ≡ {(x+ y)B + z, (x+ y) + zB|(x+ y)J + z, (x+ y) + zJ} ≡

≡ {(xB + y) + z, (x+ yB) + z, (x+ y) + zB|(xJ + y) + z, (x+ yJ) + z, (x+ y) + zJ} ≡

≡ {xB + (y + z), x+ (yB + z), x+ (y + zB)|xJ + (y + z), x+ (yJ + z), x+ (y + zJ)} ≡

≡ x+ (y + z).

❊③③❡❧ ❜❡❜✐③♦♥②✁✙t♦tt✉❦✱ ❤♦❣② ❛③ ☎♦ss③❡❛❞✁❛s ❛ ❈♦♥✇❛②✲s③✁❛♠♦❦ ❢❡❧❡tt ❡❣② ❦♦♠♠✉t❛t✁✙✈✱ ❛ss③♦✲

❝✐❛t✁✙✈ ♠✆✉✈❡❧❡t✱ ❛❤♦❧ 0 ❛ ♥❡✉tr✁❛❧✐s ❡❧❡♠✳ ❬✶❪ �

✷✳ ❚✁❡t❡❧✳ ✭❬✺❪✮ ▲❡❣②❡♥❡❦ x, y, z t❡ts③✆♦❧❡❣❡s s③☎✉rr❡✁❛❧✐s s③✁❛♠♦❦✳ ❍❛ y ≥ z✱ ❛❦❦♦r x + y ≥

x+ z✳

✸✳ ❚✁❡t❡❧✳ ✭❬✶❪✮ ▲❡❣②❡♥❡❦ x, y, z t❡ts③✆♦❧❡❣❡s s③☎✉rr❡✁❛❧✐s s③✁❛♠♦❦✳ ❆❦❦♦r ✐❣❛③❛❦ ❛ ❦☎♦✈❡t❦❡③✆♦

✁❛❧❧✁✙t✁❛s♦❦✿

✶✳ ❛ 0 ❡❣② s③☎✉rr❡✁❛❧✐s s③✁❛♠❀

✷✳ ❤❛ x s③☎✉rr❡✁❛❧✐s s③✁❛♠✱ ❛❦❦♦r −x ✐s❀

✸✳ ❤❛ x ✁❡s y s③☎✉rr❡✁❛❧✐s s③✁❛♠♦❦✱ ❛❦❦♦r x+ y ✐s✳

❚❡❤✁❛t ❛ ❈♦♥✇❛②✲s③✁❛♠♦❦ r❡♥❞❡③❡tt ❝s♦♣♦rt♦t ❛❧❦♦t♥❛❦ ❛③ ☎♦ss③❡❛❞✁❛s ♠✆✉✈❡❧❡t✁❡r❡

♥✁❡③✈❡✳

✶✳ P✁❡❧❞❛✳ 1

2
= {0|1}✳

1

2
+

1

2
= {0|1}+ {0|1} =

{1

2







3

2

}

= 1.

✶✳✷✳✸✳ ❙③♦r③✁❛s

❉❡✜♥✁✙❝✐✁♦✳ ✭❬✺❪✮✭❈♦♥✇❛②✲s③✁❛♠♦❦ s③♦r③✁❛s❛✮✳ ❆③ x ✁❡s y s③✁❛♠♦❦❛t ❛ ❦☎♦✈❡t❦❡③✆♦❦✁❡♣♣❡♥ s③♦✲

r♦③③✉❦ ☎♦ss③❡✿

xy ≡ {xBy + xyB − xByB, xJy + xyJ − xJyJ |xBy + xyJ − xByJ , xJy + xyB − xJyB}.

✹✳ ❚✁❡t❡❧✳ ✭❬✶❪✮ ∀x, y, z s③✁❛♠♦❦r❛ t❡❧❥❡s☎✉❧♥❡❦ ❛ ❦☎♦✈❡t❦❡③✆♦ ✁❛❧❧✁✙t✁❛s♦❦✿

✶✷



✶✳ x0 ≡ 0✱

✷✳ x1 ≡ x✱

✸✳ xy ≡ yx✱

✹✳ (−x)y ≡ x(−y) ≡ −xy✱

✺✳ (x+ y)z ≡ xz + yz✱

✻✳ (xy)z ≡ x(yz)✳

❇✐③♦♥②✁✙t✁❛s✳ ❆ t✁❡t❡❧ ✶✳✲✹✳ ✁❛❧❧✁✙t✁❛s❛✐ ✐♥❞✉❦❝✐✁♦✈❛❧ ❦☎♦♥♥②❡♥ ❜❡❧✁❛t❤❛t✁♦❦✳ ❆ ❞✐s③tr✐❜✉t✐✈✐t✁❛s

❜✐③♦♥②✁✙t✁❛s✁❛❤♦③ ✈✐③s❣✁❛❧❥✉❦ ❛ ❦☎♦✈❡t❦❡③✆♦ ❦✐❢❡❥❡③✁❡st✿

(x+ y)z ≡ {(x+ y)Bz + (x+ y)zB − (x+ y)BzB, . . . | . . .} ≡

≡ {(xB + y)z + (x+ y)zB − (xB + y)zB, (x+ yB)z + (x+ y)zB − (x+ yB)zB, . . . | . . .} ≡

≡ {(xBz + xzB − xBzB) + yz, xz + (yBz + yzB − yBzB), . . . | . . .} ≡ xz + yz.

❆③ ❛ss③♦❝✐❛t✐✈✐t✁❛s ❦☎♦♥♥②❡♥ ❜✐③♦♥②✁✙t❤❛t✁♦ ❛ ❞✐s③tr✐❜✉t✁✙✈ t✉❧❛❥❞♦♥s✁❛❣ ❢❡❧❤❛s③♥✁❛❧✁❛s✁❛✈❛❧✳ ❬✶❪

�

❚❡❤✁❛t ❛ s③♦r③✁❛s ❛ ❈♦♥✇❛②✲s③✁❛♠♦❦ ❦☎♦r✁❡❜❡♥ ❦♦♠♠✉t❛t✁✙✈✱ ❞✐s③tr✐❜✉t✁✙✈✱ ❛ss③♦❝✐❛t✁✙✈

♠✆✉✈❡❧❡t✱ ❡❣②s✁❡❣❡❧❡♠❡ ❛③ 1✳ ❑✁❡t s③✁❛♠ s③♦r③❛t✁❛t ❛ ❦☎♦✈❡t❦❡③✆♦ ❛❧❛❦❜❛♥ ✐s ❢❡❧✁✙r❤❛t❥✉❦✿ ✭❬✶❪✮

xy = {xy−(x−xB)(y−yB), xy−(xJ−x)(yJ−y)|xy+(x−xB)(yJ−y), xy+(xJ−x)(y−yB)}.

✺✳ ❚✁❡t❡❧✳ ✭❬✶❪✮ ▲❡❣②❡♥❡❦ x, y, x1, x2, y1, y2 t❡ts③✆♦❧❡❣❡s s③☎✉rr❡✁❛❧✐s s③✁❛♠♦❦✳ ❆❦❦♦r ✐❣❛③❛❦ ❛

❦☎♦✈❡t❦❡③✆♦ ✁❛❧❧✁✙t✁❛s♦❦✿

✶✳ ❤❛ x ✁❡s y s③✁❛♠♦❦✱ ❛❦❦♦r xy ✐s❀

✷✳ ❤❛ x1 = x2✱ ❛❦❦♦r x1y = x2y❀

✸✳ ❤❛ x1 ≤ x2 ✁❡s y1 ≤ y2✱ ❛❦❦♦r x1y2 + x2y1 ≤ x1y1 + x2y2✳

✶✸



✷✳ ❢❡❥❡③❡t

❑✁❡ts③❡♠✁❡❧②❡s ❥✁❛t✁❡❦♦❦

✷✳✶✳ ❆ ❦✁❡ts③❡♠✁❡❧②❡s ❥✁❛t✁❡❦♦❦ ❛❧❛♣❢♦❣❛❧♠❛✐

❏♦❤♥ ❍♦rt♦♥ ❈♦♥✇❛② ❦☎♦♥②✈✁❡❜❡♥ ✭❬✶❪✮ ❛ ❦✁❡ts③❡♠✁❡❧②❡s ❥✁❛t✁❡❦♦❦❛t ❛ ❦☎♦✈❡t❦❡③✆♦❦✁❡♣♣❡♥

❞❡✜♥✐✁❛❧t❛✳

❊❣② ❈♦♥✇❛②✲s③✁❛♠ ❦♦♥str✉✁❛❧✁❛s❛❦♦r ✜❣②❡❧❡♠❜❡ ❦❡❧❧ ✈❡♥♥✐✱ ❤♦❣② ❛ ❜❛❧ ♦❧❞❛❧✐ ❤❛❧♠❛③

❡❧❡♠❡✐ ❦✐s❡❜❜❡❦ ❧❡❣②❡♥❡❦ ❛ ❥♦❜❜ ♦❧❞❛❧✐ ❤❛❧♠❛③ ❡❧❡♠❡✐♥✁❡❧✳ ❍❛ ❡③t ❛ s③❛❜✁❛❧②t ❡❧❤❛❣②❥✉❦✱

❛❦❦♦r ❛ ❥✁❛t✁❡❦ ❢♦❣❛❧♠✁❛t ❦❛♣❥✉❦✳ ❚❡❤✁❛t ❡❣② ❥✁❛t✁❡❦♦t ❛ ❦☎♦✈❡t❦❡③✆♦❦✁❡♣♣❡♥ ❦♦♥str✉✁❛❧✉♥❦ ♠❡❣✿

❤❛ L ✁❡s R ❤❛❧♠❛③♦❦✱ ❛❦❦♦r {L|R} ❥✁❛t✁❡❦✳

❆ s③☎✉rr❡✁❛❧✐s s③✁❛♠♦❦ ❢♦❣❛❧♠✁❛♥❛❦ ♠❡❣❛❧❦♦t✁❛s✁❛t ❡r❡❞❡t✐❧❡❣ ❛ ❣♦ ♠♦t✐✈✁❛❧t❛✱ ✈✐s③♦♥t

♠✁❛s ❥✁❛t✁❡❦♦❦ ♥②❡r✆♦ str❛t✁❡❣✐✁❛✐♥❛❦ ✈✐③s❣✁❛❧❛t✁❛r❛ ✐s ❢❡❧❤❛s③♥✁❛❧❤❛t✁♦❦ ❛ ❈♦♥✇❛②✲s③✁❛♠♦❦✳ ❊❣②

✐❧②❡♥ ❥✁❛t✁❡❦t✁♦❧ ❛ ❦☎♦✈❡t❦❡③✆♦ ❢❡❧t✁❡t❡❧❡❦❡t ✈✁❛r❥✉❦ ❡❧✿

✶✳ ❆ ❥✁❛t✁❡❦ t❡❧❥❡s ✐♥❢♦r♠✁❛❝✐✁♦s❀

✷✳ ❑❡tt❡♥ ❥✁❛ts③❛♥❛❦✿ ❇❛❧ ✁❡s ❏♦❜❜❀

✸✳ ❆ ❥✁❛t✁❡❦ ❢❡❧✈✁❛❧t✈❛ ❧✁❡♣✆♦s❀

✹✳ ❆ ❥✁❛t✁❡❦ ❞❡t❡r♠✐♥✐s③t✐❦✉s❀

✺✳ ❆ ❥✁❛t✁❡❦ ✈✁❡❣❡s s③✁❛♠✁✉ ❧✁❡♣✁❡ss❡❧ ✈✁❡❣❡t ✁❡r✱ ❛❤♦❧ ❇❛❧ ✈❛❣② ❏♦❜❜ ❛ ♥②❡rt❡s❀

✻✳ ❍❛ ❛③ ❡❣②✐❦ ❥✁❛t✁❡❦♦s ♥❡♠ t✉❞ ❧✁❡♣♥✐✱ ❛ ❥✁❛t✁❡❦ ✈✁❡❣❡t ✁❡r ❛ ♠✁❛s✐❦ ❥✁❛t✁❡❦♦s ❣②✆♦③❡❧♠✁❡✈❡❧✳

❆ ❣♦ ❥✁❛t✁❡❦♦♥ ❦✁✙✈☎✉❧ t☎♦❜❜ ♥✁❡♣s③❡r✆✉ ✐❧②❡♥ ❦✁❡ts③❡♠✁❡❧②❡s ❥✁❛t✁❡❦ ❧✁❡t❡③✐❦✿ s❛❦❦✱ ❞✁❛♠❛✱ ♠❛❧♦♠✳

❱✐s③♦♥t ❛ ❦✁❛rt②❛❥✁❛t✁❡❦♦❦ ❜✁❛r ❦✁❡ts③❡♠✁❡❧②❡s❡❦✱ ♥❡♠ t❡s③♥❡❦ ❡❧❡❣❡t ❛ ❢❡❧t✁❡t❡❧❡❦♥❡❦✳

✶✹



❆ ❥✁❛t✁❡❦ ❦♦♥❝❡♣❝✐✁♦❥❛ ❛ ❦☎♦✈❡t❦❡③✆♦✿ ❛❞♦tt ❡❣② ❜❛❧✲ ✁❡s ❡❣② ❥♦❜❜ ♦❧❞❛❧✐ ❥✁❛t✁❡❦♦s✱ ❛③ ❡❧✆♦❜❜✐t

L✲❧❡❧✱ ❛③ ✉t✁♦❜❜✐t R✲r❡❧ ❥❡❧☎♦❧❥☎✉❦✳ ❆❞♦tt ❛ ❥✁❛t✁❡❦ ✁❛❧❧❛♣♦t❛✐♥❛❦ S ❤❛❧♠❛③❛✱ ❛③ s0 ❦❡③❞✆♦✁❛❧❧❛♣♦t✱

✐❧❧❡t✈❡ ❛③ ✁❛❧❧❛♣♦t♦❦ ❦☎♦③☎♦tt✐ →L ✁❡s →R r❡❧✁❛❝✐✁♦❦✳ ❆ ❥✁❛t✁❡❦♦s♦❦ ♠❡❣✁❛❧❧❛♣♦❞♥❛❦✱ ❦✐ ❦❡③❞❥❡

❛ ❥✁❛t✁❡❦♦t s0✲❜✁♦❧ ✐♥❞✉❧✈❛✱ ❡③✉t✁❛♥ ❢❡❧✈✁❛❧t✈❛ ❧✁❡♣♥❡❦✳ ❍❛ ❛ ❥✁❛t✁❡❦ s ✁❛❧❧❛♣♦t❜❛♥ ✈❛♥✱ ✁❡s ❛③ L

❥✁❛t✁❡❦♦s♦♥ ✈❛♥ ❛ s♦r✱ L ❜✁❛r♠❡❧② ♦❧②❛♥ s′ ✁❛❧❧❛♣♦t❜❛ ❧✁❡♣❤❡t✱ ♠❡❧②r❡ s →L s′✳ ❍❛ ♥✐♥❝s ✐❧②❡♥

s′✱ L ❡❧✈❡s③t❡tt❡ ❛ ❥✁❛t✁❡❦♦t✳ ❬✼❪

❆ ❦♦♥❝❡♣❝✐✁♦ ❤❛s♦♥❧✁♦❛♥ ❢❡❧✁✙r❤❛t✁♦ ❛③ R ❥✁❛t✁❡❦♦sr❛✳

❋♦♥t♦s ❦✐❦☎♦t✁❡s✱ ❤♦❣② ❛ ❥✁❛t✁❡❦♥❛❦ ♠✐♥❞❡♥❦✁❡♣♣ ✈✁❡❣❡s s♦❦ ❧✁❡♣✁❡s❜❡♥ ❜❡ ❦❡❧❧ ❢❡❥❡③✆♦❞♥✐✱

✁❡s ✈❛❧❛❦✐ ❜✐③t♦s❛♥ ♥②❡r✳

❱❛❧❛♠✐♥t✱ ♠✁❡❣ ❡❣② ❢♦♥t♦s ❦✐❦☎♦t✁❡sr❡ s③☎✉❦s✁❡❣ ✈❛♥✿ ∀s ∈ S ✁❛❧❧❛♣♦t ❧❡❣②❡♥ ❡❧✁❡r❤❡t✆♦

✈❛❧❛♠✐❧②❡♥ s0 → s1 → . . . → sn = s ✁✉t♦♥ ❛ ❦❡③❞✆♦✁❛❧❧❛♣♦t❜✁♦❧✳ ❆③ ✁✙❣② ♠❡❣❤❛t✁❛r♦③♦tt g

❥✁❛t✁❡❦ ❥❡❧☎♦❧✁❡s❡✿ (S, s0,→L,→R)✳ ❬✽❪

▼✐♥❞❡♥ s ✁❛❧❧❛♣♦tr❛ ❧✁❡t❡③✐❦ g✲♥❡❦ ❡❣② (S ′, s,→L,→R) r✁❡s③❥✁❛t✁❡❦❛✱ ❛❤♦❧ S ′ = {s} ∪

{s′ ∈ S : s′ ❡❧✁❡r❤❡t✆♦ S✲❜✆♦❧ }✳ ❬✶❪

❍❛ s0 →L s✱ ❛❦❦♦r ❛ r✁❡s③❥✁❛t✁❡❦♦t g ❜❛❧ ♦❧❞❛❧✐✱ ❤❛ ♣❡❞✐❣ s0 →R s✱ ❛❦❦♦r ❛ g ❥♦❜❜

♦❧❞❛❧✐ ♦♣❝✐✁♦❥✁❛♥❛❦ ♥❡✈❡③③☎✉❦✱ ✁❡s gL✲❧❡❧ ✐❧❧❡t✈❡ gR✲r❡❧ ❥❡❧☎♦❧❥☎✉❦✳ ❬✽❪

❉❡✜♥✁✙❝✐✁♦✳ ✭❬✶❪✮ ❑✁❡t ❥✁❛t✁❡❦ ✐③♦♠♦r❢✱ ✁❡s ❡③t ∼= s③✐♠❜✁♦❧✉♠♠❛❧ ❥❡❧☎♦❧❥☎✉❦✱ ❤❛ ✁❛❧❧❛♣♦t❛✐❦ ❦☎♦③☎♦tt

r❡❧✁❛❝✐✁♦t❛rt✁♦ ❜✐❥❡❦❝✐✁♦ ❧✁❡t❡s✁✙t❤❡t✆♦✳

✷✳✶✳✶✳ P✁❡❧❞✁❛❦ ❥✁❛t✁❡❦♦❦r❛

❆ ❞♦♠✐♥✁♦❥✁❛t✁❡❦ ❦❡③❞✆♦✁❛❧❧❛♣♦t❛ ❛ s✁✙❦❜❡❧✐ ❦♦♦r❞✐♥✁❛t❛r❡♥❞s③❡r r✁❛❝s♥✁❡❣②③❡t❡✐♥❡❦ ❡❣②

✈✁❡❣❡s r✁❡s③❤❛❧♠❛③❛✳ ❊❣② ❧✁❡♣✁❡s❜❡♥ ❛ s♦r♦♥ ❦☎♦✈❡t❦❡③✆♦ ❥✁❛t✁❡❦♦s ❡❧✈❡❤❡t ❛ ♥✁❡❣②③❡t❡❦ ❦☎♦③☎✉❧

❦✁❡t s③♦♠s③✁❡❞♦s❛t✱ ❛③❛③ ❡❣② ❞♦♠✐♥✁♦❢♦r♠✁❛t✱ ❞❡ L ❝s❛❦ ✈✁✙③s③✐♥t❡s✱ R ❝s❛❦ ❢☎✉❣❣✆♦❧❡❣❡s ✁❛❧❧✁❛s✁✉

❞♦♠✐♥✁♦t ✈❡❤❡t ❡❧✳ ❬✶❪

❆ ♥✐♠ ❡❣② ❦✁❡ts③❡♠✁❡❧②❡s str❛t✁❡❣✐❛✐ ❥✁❛t✁❡❦✱ ♠❡❧②❜❡♥ t☎♦❜❜ ❦✉♣❛❝❜❛♥ ❦❛✈✐❝s♦❦ ✈❛♥✲

♥❛❦ ✁❡s ❛ ❥✁❛t✁❡❦♦s♦❦ ❢❡❧✈✁❛❧t✈❛ ✈❡s③♥❡❦ ❡❧ ❛ ♠❡❣❢❡❧❡❧✆♦ s③❛❜✁❛❧②♦❦ s③❡r✐♥t✳ ❆❧❛♣✈❡t✆♦❡♥ ❛③

♥②❡r✱ ❛❦✐ ❛③ ✉t♦❧s✁♦ ❦❛✈✐❝s♦t ✈❛❣② ❦❛✈✐❝s♦❦❛t ❡❧✈❡s③✐✱ ❞❡ ✈❛♥ ♦❧②❛♥ ✈✁❛❧t♦③❛t ✐s✱ ❛♠❡❧②✲

❜❡♥ ✁❡♣♣❡♥ ❛③t ❦❡❧❧ ❡❧❦❡r☎✉❧♥✐✱ ❤♦❣② ❛③ ✉t♦❧s✁♦ ❦❛✈✐❝s♦t ❡❧✈❡❣②☎✉❦✳ ❆ ❦✉♣❛❝✲ ✈❛❣② ♥✐♠✲

❥✁❛t✁❡❦❜❛♥ ❛③ ✁❛❧❧❛♣♦t♦❦ t❡r♠✁❡s③❡t❡s s③✁❛♠♦❦ (k1, k2, . . . , kn) n✲❡s❡✐✱ ❛❤♦❧ ki ≤ mi r☎♦❣③✁✙t❡tt

mi s③✁❛♠♦❦r❛✳ ❆ ❦❡③❞✆♦✁❛❧❧❛♣♦t (m1,m2, . . . ,mn)✱ ✁❡s ♠✐♥❞❦✁❡t ❥✁❛t✁❡❦♦s ❡❣② ❧✁❡♣✁❡s✁❡❜❡♥ ✈❛✲

❧❛♠❡❧②✐❦ ki✲t ♠❡❣✈✁❛❧t♦③t❛t❤❛t❥❛ t❡ts③✆♦❧❡❣❡s ki✲♥✁❡❧ ❦✐s❡❜❜ t❡r♠✁❡s③❡t❡s s③✁❛♠r❛ ✕ ❡❣②❡t❧❡♥

❦✉♣❛❝❜✁♦❧ ❦❡❧❧ ❡❧✈❡♥♥✐❡✱ ❞❡ ❛❜❜✁♦❧ ❜✁❛r♠❡♥♥②✐t ❡❧✈❡❤❡t✳ ❆③ ♥②❡r✱ ❛❦✐ ❡❧✆♦❜❜ ❡❧❥✉t ❛ ✵ ✁❛❧❧❛♣♦t❜❛✳
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❍❛ ❛ ❥✁❛t✁❡❦♥❛❦ ❛③t ❛ ✈✁❛❧t♦③❛t✁❛t ✈✐③s❣✁❛❧❥✉❦✱ ❛❤♦❧ ❛③ ✈❡s③✁✙t✱ ❛❦✐ ❛③ ✉t♦❧s✁♦ ❡❧❡♠❡t ❦✁❡♥②s③❡r☎✉❧

❡❧✈❡♥♥✐✱ ❛❦❦♦r ❜❡ ❦❡❧❧ ✈❡③❡t♥✐ ♠✁❡❣ ❡❣② w ✁❛❧❧❛♣♦t♦t ✁❡s ❛ 0 →L w✱ 0 →R w r❡❧✁❛❝✐✁♦❦❛t✳ ❬✶❪

❚❡❤✁❛t✱ ❤❛ x ❡❣② ❈♦♥✇❛②✲❥✁❛t✁❡❦✱ ❛❦❦♦r ❛ ❦❡③❞✆♦✁❛❧❧❛♣♦t ❧❡❣②❡♥ ♠❛❣❛ x✱ ♠✐♥❞❡♥ xL✲r❡

x →L xL✱ ♠✐♥❞❡♥ xR✲r❡ x →R xR✱ x ♠✐♥❞❡♥ x′ ☎♦ss③❡t❡✈✆♦❥✁❡r❡ x′ →L x′

L
✐❧❧❡t✈❡ x′ →R x′

R

✁❡s ✁✙❣② t♦✈✁❛❜❜✳

❙tr❛t✁❡❣✐❛ ❛❧❛tt ❡❣② ❢☎✉❣❣✈✁❡♥②t ✁❡rt☎✉♥❦✱ ❛♠❡❧② ❛ ❥✁❛t✁❡❦ ♠✐♥❞❡♥ ✁❛❧❧✁❛s✁❛❤♦③ ❤♦③③✁❛r❡♥❞❡❧

❡❣② ❧✁❡♣✁❡st ❛ ❧❡❤❡ts✁❡❣❡s❡❦ ❦☎♦③☎✉❧✳ ❆③ ♦❧②❛♥ str❛t✁❡❣✐✁❛t✱ ❛♠❡❧②❡t ❦☎♦✈❡t✈❡ ♠✐♥❞✐❣ ♥②❡r♥✐ t✉✲

❞✉♥❦✱ ❢☎✉❣❣❡t❧❡♥☎✉❧ ❛ ♠✁❛s✐❦ ❥✁❛t✁❡❦♦s ❧✁❡♣✁❡s❡✐t✆♦❧✱ ♥②❡r✆♦ str❛t✁❡❣✐✁❛♥❛❦ ♥❡✈❡③③☎✉❦✳

✷✳ P✁❡❧❞❛✳ ✭❬✽❪✮ ❆ {|} ❥✁❛t✁❡❦❜❛♥ ♠✐♥❞✐❣ ❛ ♠✁❛s♦❞✐❦ ❥✁❛t✁❡❦♦s ❧❡s③ ❛ ❣②✆♦③t❡s✱ ♠✐✈❡❧ ♥✐♥❝s ♠✁❛s

❞♦❧❣❛✱ ♠✐♥t ✈✁❛r♥✐✱ ❤♦❣② ❛③ ❡❧s✆♦ ♠❡❣t❡❣②❡ ❛ ❦❡③❞✆♦❧✁❡♣✁❡st✱ ✁❛♠ ❛③ ❧❡❤❡t❡t❧❡♥✱ ♠✐✈❡❧ ♥❡♠ ❧✁❡t❡③✐❦

❧✁❡♣✁❡s✳

❆ {{|}|} ❥✁❛t✁❡❦❜❛♥ ♠✐♥❞✐❣ ❛ ❇❛❧ ❥✁❛t✁❡❦♦s ❛ ❣②✆♦③t❡s✱ ♠✐✈❡❧ ❤❛ ♥❡♠ ✆♦ ❦❡③❞✐ ❛ ❥✁❛t✁❡❦♦t✱ ❛❦❦♦r

❛ ❏♦❜❜ ❥✁❛t❦♦s ♥❡♠ t✉❞❥❛ ❡❧❦❡③❞❡♥✐✱ ❤❛ ✆♦ ❦❡③❞✐✱ ❛❦❦♦r ❛ {|} ❧✁❡♣✁❡st ✈✁❛❧❛s③t❥❛✱ ❡③t ❦☎♦✈❡t✆♦❡♥ ❛

❏♦❜❜ ❥✁❛t✁❡❦♦s ♥❡♠ t✉❞ ❧✁❡♣♥✐✳

❍❛s♦♥❧✁♦❛♥✱ ❛ {|{|}} ❥✁❛t✁❡❦♦t ♠✐♥❞✐❣ ❛ ❏♦❜❜ ❥✁❛t✁❡❦♦s ♥②❡r✐ ♠❡❣✳

✷✳✶✳✷✳ ▼✆✉✈❡❧❡t❡❦ ❥✁❛t✁❡❦♦❦❦❛❧

❉❡✜♥✁✙❝✐✁♦✳ ✭❬✶❪✮ ❆ g = (S, s0,→L,→R) ❥✁❛t✁❡❦ ❡❧❧❡♥t❡tt❥✁❡♥❡❦ ❛ ❦✁❡t ❥✁❛t✁❡❦♦s ❧✁❡♣✁❡s❧❡❤❡t✆♦s✁❡❣❡✐♥❡❦

❢❡❧❝s❡r✁❡❧✁❡s✁❡✈❡❧ ❦❛♣♦tt ❥✁❛t✁❡❦♦t ♥❡✈❡③③☎✉❦✿ −g = (S, s0,→R,→L)✳

❉❡✜♥✁✙❝✐✁♦✳ ✭❬✶❪✮ ▲❡❣②❡♥❡❦ g1 = (S1, s01 ,→L1
,→R1

) ✁❡s g2 = (S2, s02 ,→L2
,→R2

) ❥✁❛t✁❡❦♦❦✳

❆ g1 ✁❡s g2 ❥✁❛t✁❡❦♦❦ ☎♦ss③❡❣❡ ❛❧❛tt ❛ ❦☎♦✈❡t❦❡③✆♦ ❥✁❛t✁❡❦♦t ✁❡rt❥☎✉❦✿ g1+ g2 = (S, s0,→L,→R)✱ ❛❤♦❧

S = S1 × S2✱ s0 = (s01 , s02)✱ ✈❛❧❛♠✐♥t (s1, s2) →L (s′1, s
′

2) t❡❧❥❡s☎✉❧✱ ❤❛ ✈❛❣② s1 →L1
s′1 ✁❡s

s2 = s′2 ✈❛❣② s2 →L2
s′2 ✁❡s s1 = s′1✳ ❯❣②❛♥❡③ ❛③ R ❥✁❛t✁❡❦♦sr❛✿ (s1, s2) →R (s′1, s

′

2) t❡❧❥❡s☎✉❧✱

❤❛ ✈❛❣② s1 →R1
s′1 ✁❡s s2 = s′2 ✈❛❣② s2 →R2

s′2 ✁❡s s1 = s′1✳

❏✁❛t✁❡❦♦❦ ❦☎♦③☎♦tt ♠✆✉❦☎♦❞✐❦ ❛ ❦✐✈♦♥✁❛s ♠✆✉✈❡❧❡t❡ ✐s✿ g1 + (−g2)✳

❊❣②s③❡r✆✉❜❜❡♥ ♠❡❣❢♦❣❛❧♠❛③✈❛ ❛ g1 ✁❡s g2 ❥✁❛t✁❡❦♦❦ ☎♦ss③❡❣❡ ❛❧❛tt ❡❣② ♦❧②❛♥ ❥✁❛t✁❡❦♦t

✁❡rt☎✉♥❦✱ ❛♠❡❧②❜❡♥ ❛ ❜❛❧ ♦❧❞❛❧✐ ✁❡s ❛ ❥♦❜❜ ♦❧❞❛❧✐ ❥✁❛t✁❡❦♦s ♣✁❛r❤✉③❛♠♦s❛♥ ❥✁❛tss③✁❛❦ ❛ g1 ✁❡s ❛

g2 ❥✁❛t✁❡❦♦t✱ ♠✁❡❣♣❡❞✐❣ ✁✉❣②✱ ❤♦❣② ❛ s♦r♦♥ ❦☎♦✈❡t❦❡③✆♦ ❥✁❛t✁❡❦♦s♥❛❦ ❝s❛❦ ❛③ ❡❣②✐❦ ❥✁❛t✁❡❦❜❛♥ ❦❡❧❧

❧✁❡♣♥✐❡✳ ❍❛ ❡❣②✐❦ ❥✁❛t✁❡❦❜❛♥ s❡♠ t✉❞ ❧✁❡♣♥✐✱ ❛❦❦♦r ✈❡s③✁✙t✳

❇❡✈❡③❡t❥☎✉❦ ❛ ❦☎♦✈❡t❦❡③✆♦ ❥❡❧☎♦❧✁❡s❡❦❡t✱ ❛♠❡❧②❡❦❡t ❛ ❦✁❡s✆♦❜❜✐❡❦❜❡♥ ♦s③t✁❛❧②♦❦♥❛❦

♥❡✈❡③☎✉♥❦✿

✶✻



✶✳ g > 0 ✕ ❛ ❥✁❛t✁❡❦❜❛♥ ❛ ❇❛❧ ✭L✮ ❥✁❛t✁❡❦♦s♥❛❦ ✈❛♥ ♥②❡r✆♦ str❛t✁❡❣✐✁❛❥❛❀

✷✳ g < 0 ✕ ❛ ❥✁❛t✁❡❦❜❛♥ ❛ ❏♦❜❜ ✭R✮ ❥✁❛t✁❡❦♦s♥❛❦ ✈❛♥ ♥②❡r✆♦ str❛t✁❡❣✐✁❛❥❛❀

✸✳ g = 0 ✕ ❛ ❥✁❛t✁❡❦❜❛♥ ❛ ♠✁❛s♦❞✐❦ ❥✁❛t✁❡❦♦s♥❛❦ ✈❛♥ ♥②❡r✆♦ str❛t✁❡❣✐✁❛❥❛ ✭♥❡♠ ❛③ ❛ ❥✁❛t✁❡❦♦s✱

❛❦✐ ❦❡③❞✮❀

✹✳ g‖0 ✕ ❛ ❥✁❛t✁❡❦❜❛♥ ❛③ ❡❧s✆♦ ❥✁❛t✁❡❦♦s♥❛❦ ✈❛♥ ♥②❡r✆♦ str❛t✁❡❣✐✁❛❥❛ ✭❛❦✐ ❦❡③❞✮❀ ❬✶❪

❊③❡❦❡t ❛ ❥❡❧☎♦❧✁❡s❡❦❡t ❦♦♠❜✐♥✁❛❧❤❛t❥✉❦ ✐s✿

✶✳ g ≥ 0 ❛③t ❥❡❧❡♥t✐✱ ❤♦❣② g > 0 ✈❛❣② g = 0❀

✷✳ g ≤ 0 ❛③t ❥❡❧❡♥t✐✱ ❤♦❣② g < 0 ✈❛❣② g = 0❀

✸✳ g ⊲ 0 ❛③t ❥❡❧❡♥t✐✱ ❤♦❣② g > 0 ✈❛❣② g‖0❀

✹✳ g ⊳ 0 ❛③t ❥❡❧❡♥t✐✱ ❤♦❣② g < 0 ✈❛❣② g‖0❀ ❬✶❪

✻✳ ❚✁❡t❡❧✳ ✭❬✶❪✮ ▼✐♥❞❡♥ g ❥✁❛t✁❡❦ ❜❡s♦r♦❧❤❛t✁♦ ✈❛❧❛♠❡❧②✐❦ ❢❡♥t ❡♠❧✁✙t❡tt ♦s③t✁❛❧②❜❛✳

❇✐③♦♥②✁✙t✁❛s✳ ❆ t✁❡t❡❧ ✁❛❧❧✁✙t✁❛s❛ ❡❦✈✐✈❛❧❡♥s ❛③③❛❧✱ ❤♦❣② ∀g ❥✁❛t✁❡❦r❛ ✐❣❛③✱ ❤♦❣② g ≥ 0 ✈❛❣② g⊳ 0❀

✈❛❣② g ≤ 0 ✈❛❣② g ⊲ 0✳ ❋❡❧t✁❡t❡❧❡③③☎✉❦✱ ❤♦❣② ❡③ ✐❣❛③ ∀gL, gR ❡s❡t✁❡♥✳ ❆❦❦♦r✱ ❤❛ ∀GL ≥ 0✱

❛♠✐ ❛③t ❥❡❧❡♥t✐✱ ❤♦❣② ❛ ❜❛❧ ♦❧❞❛❧✐ ❥✁❛t✁❡❦♦s♥❛❦ ✭L✮ ✈❛♥ ♥②❡r✆♦ str❛t✁❡❣✐✁❛❥❛ ✈❛❣② ❛ ♠✁❛s♦❞✐❦

❥✁❛t✁❡❦♦s♥❛❦ ✈❛♥ ♥②❡r✆♦ str❛t✁❡❣✐✁❛❥❛✱ ❛❦❦♦r ❛ ❜❛❧ ♦❧❞❛❧✐ ❥✁❛t✁❡❦♦s ♠❡❣ t✉❞❥❛ ♥②❡r♥✐ ❛ ❥✁❛t✁❡❦♦t✱

❤❛ ❡③t ❛ gL ♦♣❝✐✁♦t ✈✁❛❧❛s③t❥❛✱ ❛ ❥♦❜❜ ♦❧❞❛❧✐ ❥✁❛t✁❡❦♦s ✭R✮ ❦❡③❞✐ ❛ ❥✁❛t✁❡❦♦t✳ ❍❛ ❡③ ♥❡♠ t❡❧❥❡s☎✉❧✱

❛❦❦♦r gL⊳0✱ t❡❤✁❛t ❛ ❥♦❜❜ ♦❧❞❛❧✐ ❥✁❛t✁❡❦♦s♥❛❦ ✭R✮ ✈❛♥ ♥②❡r✆♦ str❛t✁❡❣✐✁❛❥❛ ✁❡s ❛ ❜❛❧ ♦❧❞❛❧✐ ❥✁❛t✁❡❦♦s

✭L✮ ❦❡③❞✐ ❛ ❥✁❛t✁❡❦♦t✳❊❜❜❡♥ ❛③ ❡s❡t❜❡♥ R ♠❡❣✈✁❛r❥❛✱ ❤♦❣② L ♠❡❣t❡❣②❡ ❛ ❦❡③❞✆♦❧✁❡♣✁❡st✱ ♠❛❥❞

❛❧❦❛❧♠❛③③❛ ❛ ♥②❡r✆♦ str❛t✁❡❣✐✁❛❥✁❛t✳ ❬✶❪ �

❉❡✜♥✁✙❝✐✁♦✳ ✭❬✶❪✮ ❆ ✵ ❈♦♥✇❛②✲❥✁❛t✁❡❦♥❛❦ ♠❡❣❢❡❧❡❧t❡t❡tt ❥✁❛t✁❡❦♦t ③✁❡r✁♦❥✁❛t✁❡❦♥❛❦ ♥❡✈❡③③☎✉❦✳ ❏❡❧☎♦❧✁❡s❡✿

✵✳

✼✳ ❚✁❡t❡❧✳ ✭❬✽❪✮ ▲❡❣②❡♥ g t❡ts③✆♦❧❡❣❡s ❥✁❛t✁❡❦✱ L ❛ ❜❛❧ ♦❧❞❛❧✐ ❥✁❛t✁❡❦♦s✱ R ❛ ❥♦❜❜ ♦❧❞❛❧✐ ❥✁❛t✁❡❦♦s✳

g − g = 0.

❇✐③♦♥②✁✙t✁❛s✳ ❆ g − g = 0 ❛③t ❥❡❧❡♥t✐✱ ❤♦❣② ❛ g − g ❥✁❛t✁❡❦❜❛♥ ❛ ♠✁❛s♦❞✐❦ ❥✁❛t✁❡❦♦s♥❛❦ ✈❛♥

♥②❡r✆♦ str❛t✁❡❣✐✁❛❥❛✳ −g ❛ g ❥✁❛t✁❡❦ ❡❧❧❡♥t❡tt❥❡✳ ❚❡❤✁❛t ❛ ♠✁❛s♦❞❥✁❛r❛ ❧✁❡♣✆♦ ❥✁❛t✁❡❦♦s♥❛❦ ❛♥♥②✐

❞♦❧❣❛ ✈❛♥✱ ❤♦❣② ♠✁❛s♦❧❥❛ ❛ ♠✁❛s✐❦ ❥✁❛t✁❡❦♦s ❧✁❡♣✁❡s❡✐t✳ P✁❡❧❞✁❛✉❧✱ ❤❛ L ✭✆♦ ❦❡③❞✐ ❛ ❥✁❛t✁❡❦♦t✮ ❧✁❡♣ ❛

gL✲❜❡✱ ❛❦❦♦r R✲♥❡❦ ❛ −gL✲t ❦❡❧❧ ✈✁❛❧❛s③t❛♥✐❛ ❛ −g ❥✁❛t✁❡❦❜❛♥✳ ❊③③❡❧ ❛ ♠✁♦❞s③❡rr❡❧ ❛ ♠✁❛s♦❞✐❦

❥✁❛t✁❡❦♦s s♦s❡♠ ❢♦❣❥❛ ❡❧✈❡s③✁✙t❡♥✐ ❛ ❥✁❛t✁❡❦♦t✳ ❬✽❪ �

✶✼



✽✳ ❚✁❡t❡❧✳ ✭❬✽❪✮ ▲❡❣②❡♥❡❦ g ✁❡s h ❥✁❛t✁❡❦♦❦✱ L ❛ ❜❛❧ ♦❧❞❛❧✐ ❥✁❛t✁❡❦♦s✱ R ❛ ❥♦❜❜ ♦❧❞❛❧✐ ❥✁❛t✁❡❦♦s✳

❍❛ g ≥ 0 ✁❡s h ≥ 0✱ ❛❦❦♦r

g + h ≥ 0.

❇✐③♦♥②✁✙t✁❛s✳ ❚✉❞❥✉❦✱ ❤♦❣② L✲♥❡❦ ❛ g ✁❡s ❛ h ❥✁❛t✁❡❦❜❛♥ ✐s ✈❛♥ ♥②❡r✆♦ str❛t✁❡❣✐✁❛❥❛✱ ❤❛ R ❦❡③❞✳

❊❦❦♦r L ♠❡❣♥②❡r✐ g + h ❥✁❛t✁❡❦♦t ✐s✱ ❤❛ R ♠✐♥❞❡♥ ❧✁❡♣✁❡s✁❡r❡ ✉❣②❛♥❛❜❜❛♥ ❛ ❦♦♠♣♦♥❡♥s❜❡♥

✈✁❛❧❛s③♦❧✱ ♠✐♥t ❛♠✐❜❡♥ R ❧✁❡♣❡tt✱ ❛③ ♦tt❛♥✐ ♥②❡r✆♦ str❛t✁❡❣✐✁❛❥✁❛t ❦☎♦✈❡t✈❡✳ ❚❡❤✁❛t L ♥❡♠ t✉❞❥❛

❡❧✈❡s③✁✙t❡♥✐ s❡♠ ❛ g✱ s❡♠ ❛ h ❥✁❛t✁❡❦♦t ✁❡s ❛ ❦✁❡t ❥✁❛t✁❡❦ ☎♦ss③❡❣✁❡t s❡♠✳ ❬✽❪ �

❆③ ☎♦ss③❡❛❞✁❛s✱ ❡❧❧❡♥t❡tt❦✁❡♣③✁❡s✱ ❦✐✈♦♥✁❛s ✭t✉❧❛❥❞♦♥s✁❛❣❛✐❦❦❛❧ ❡❣②☎✉tt✮ ✉❣②❛♥✁✉❣② t❡❧❥❡s☎✉❧ ❛

❥✁❛t✁❡❦♦❦r❛✱ ♠✐♥t ❛ s③☎✉rr❡✁❛❧✐s s③✁❛♠♦❦r❛✱ ✈✐s③♦♥t ❥✁❛t✁❡❦♦❦ ❡s❡t✁❡❜❡♥ ❛ r❡♥❞❡③✁❡s ❝s❛❦ r✁❡s③❜❡♥

r❡♥❞❡③✁❡s✳

✶✽



✸✳ ❢❡❥❡③❡t

◆✉♠❡r✐❦✉s ❥✁❛t✁❡❦♦❦ ✁❡s

❡❦✈✐✈❛❧❡♥❝✐❛♦s③t✁❛❧②♦❦

✸✳✶✳ ❘✁❡s③❜❡♥ r❡♥❞❡③✁❡s ✁❡s ❡❦✈✐✈❛❧❡♥❝✐❛♦s③t✁❛❧②♦❦

❉❡✜♥✁✙❝✐✁♦✳ ✭❬✼❪✮ ▲❡❣②❡♥❡❦ g ✁❡s h ❥✁❛t✁❡❦♦❦✳ ❆ r✁❡s③❜❡♥ r❡♥❞❡③✁❡st ❛ ❦☎♦✈❡t❦❡③✆♦❦✁❡♣♣❡♥ ❛❞❥✉❦

♠❡❣✿

✶✳ g ≥ h ❛❦❦♦r ✁❡s ❝s❛❦ ❛❦❦♦r✱ ❤❛ g − h ≥ 0❀

✷✳ g ≤ h ❛❦❦♦r ✁❡s ❝s❛❦ ❛❦❦♦r✱ ❤❛ g − h ≤ 0❀

✸✳ g > h ❛❦❦♦r ✁❡s ❝s❛❦ ❛❦❦♦r✱ ❤❛ g − h > 0❀

✹✳ g < h ❛❦❦♦r ✁❡s ❝s❛❦ ❛❦❦♦r✱ ❤❛ g − h < 0✳

✷✳ ▲❡♠♠❛✳ ❬✽❪ ❇✁❛r♠✐❧②❡♥ g ❥✁❛t✁❡❦ ❡s❡t✁❡♥ t❡❧❥❡s☎✉❧✿

g + 0⊲ g.

✁❆❧❧✁✙t✁❛s✳ ❬✽❪ ❆③ ✧❂✧ ❡❦✈✐✈❛❧❡♥❝✐❛r❡❧✁❛❝✐✁♦ ❛ ❥✁❛t✁❡❦♦❦ ❢❡❧❡tt✳

❇✐③♦♥②✁✙t✁❛s✳ ❆❤❤♦③✱ ❤♦❣② ❛③ ✧❂✧ ❡❦✈✐✈❛❧❡♥❝✐❛r❡❧✁❛❝✐✁♦ ❧❡❣②❡♥ ❡❧❡❣❡t ❦❡❧❧ t❡♥♥✐❡ ❛ ❦☎♦✈❡t❦❡③✆♦

❢❡❧t✁❡t❡❧❡❦♥❡❦✿ r❡✢❡①✐✈✐t✁❛s✱ s③✐♠♠❡tr✐❦✉ss✁❛❣✱ tr❛♥③✐t✐✈✐t✁❛s✳ ▲❡❣②❡♥❡❦ g, h, j t❡ts③✆♦❧❡❣❡s

❥✁❛t✁❡❦♦❦✳

• r❡✢❡①✐✈✐t✁❛s✿ g = g❀

❊③ ❛ t✉❧❛❥❞♦♥s✁❛❣ ❛ ✼✳ t✁❡t❡❧ ❦☎♦✈❡t❦❡③♠✁❡♥②❡✱ ♠✐✈❡❧ ❤❛ g − g = 0✱ ❛❦❦♦r ❡❜❜✆♦❧ ❛③

❦☎♦✈❡t❦❡③✐❦✱ ❤♦❣② g = g✳

✶✾



• s③✐♠♠❡tr✐❦✉ss✁❛❣✿ ❤❛ g = h✱ ❛❦❦♦r h = g❀

❋❡❧t✁❡t❡❧❡③③☎✉❦✱ ❤♦❣② g = h✳ ❆❦❦♦r g − h = 0✳ ▼✐✈❡❧ t✉❞❥✉❦✱ ❤♦❣② ∀g : g − g = 0✱

❡③✁❡rt ❢❡❧✁✙r❤❛t❥✉❦ ❛ ❦☎♦✈❡t❦❡③✆♦ ❦✐❢❡❥❡③✁❡st✿ g − h− (g − h) = 0✳

■♥♥❡♥ t✉❞❥✉❦✱ ❤♦❣② g − h = 0 ✁❡s −(g − h) = h− g = 0✱ t❡❤✁❛t h = g✳

• tr❛♥③✐t✐✈✐t✁❛s✿ ❤❛ g = h ✁❡s h = j✱ ❛❦❦♦r g = j❀

❋❡❧t✁❡t❡❧❡③③☎✉❦✱ ❤♦❣② g = h ✁❡s h = j✳ ❆❦❦♦r g − h = 0 ✁❡s h − j = 0✳ ❊③❡❦ ❛❧❛♣❥✁❛♥

❢❡❧✁✙r❤❛t❥✉❦ ❛ ❦☎♦✈❡t❦❡③✆♦ ❦✐❢❡❥❡③✁❡st✿ g − h+ h− j = 0✳

▼✐✈❡❧ t✉❞❥✉❦✱ ❤♦❣② −h+h = 0✱ ❛③t ❦❛♣❥✉❦✱ ❤♦❣② g− j = 0✳ ❊❜❜✆♦❧ ❦☎♦✈❡t❦❡③✐❦✱ ❤♦❣②

g = j✳

▼✐✈❡❧ t❡❧❥❡s☎✉❧♥❡❦ ❛③ ❡❦✈✐✈❛❧❡♥❝✐❛ ❢❡❧t✁❡t❡❧❡✐✱ ❦✐❥❡❧❡♥t❤❡t❥☎✉❦✱ ❤♦❣② ❛③ ✧❂✧ ❡❦✈✐✈❛❧❡♥❝✐❛r❡❧✁❛❝✐✁♦

❛ ❥✁❛t✁❡❦♦❦ ❢❡❧❡tt✳ ❬✽❪ �

❚❡❤✁❛t ❛③ ❬✶❪✱ ❬✼❪✱ ❬✽❪ ✐r♦❞❛❧♠❛❦ s③❡r✐♥t ❜❡❧✁❛t❤❛t✁♦✱ ❤♦❣② ❛ g > 0✱ g < 0✱ g = 0

❥❡❧☎♦❧✁❡s❡❦ ❡❣②❜❡✈✁❛❣♥❛❦ ❛ r✁❡s③❜❡♥ r❡♥❞❡③✁❡s ❞❡✜♥✁✙❝✐✁♦❥✁❛❜❛♥ ❡♠❧✁✙t❡tt ☎♦ss③❡❤❛s♦♥❧✁✙t✁❛s♦❦❦❛❧✳

✁❆❧❧✁✙t✁❛s✳ ✭❬✼❪✮ ∀g, h, k ❥✁❛t✁❡❦♦❦r❛ ✐❣❛③❛❦ ❛ ❦☎♦✈❡t❦❡③✆♦ ✁❛❧❧✁✙t✁❛s♦❦✿

✭✶✮ ❤❛ g ≥ h✱ ❛❦❦♦r −h ≥ −g✱

✭✷✮ ❤❛ g ≥ h✱ ❛❦❦♦r g + k ≥ k + h✳

❇✐③♦♥②✁✙t✁❛s✳ ✭✶✮ ❆ g − h ❥✁❛t✁❡❦♦t ❢❡❧✁✙r❤❛t❥✉❦ g + (−h) ❛❧❛❦❜❛♥✱ ❛♠✐ ❛③ ☎♦ss③❡❛❞✁❛s ❦♦♠♠✉✲

t❛t✐✈✐t✁❛s❛ ♠✐❛tt ❢❡❧✁✙r❤❛t✁♦ −h + g ❢♦r♠✁❛❜❛♥ ✐s✳ ❆ r✁❡s③❜❡♥ r❡♥❞❡③✁❡s ❞❡✜♥✁✙❝✐✁♦❥❛ s③❡r✐♥t ❤❛

g ≥ h✱ ❛❦❦♦r g − h ≥ 0✱ ✈❛❣②✐s −h+ g ≥ 0✳ ❊❜❜✆♦❧ ❦☎♦✈❡t❦❡③✐❦✱ ❤♦❣② −h ≥ −g✳

✭✷✮ ❆ g ≥ h ❢❡❧✁✙r❤❛t✁♦ g−h ≥ 0 ❛❧❛❦❜❛♥ ✁❡s k−k ≥ 0 ♠✐♥❞✐❣ ✐❣❛③✱ ❡③✁❡rt (g−h)+(k−k) ≥ 0✳

❋❡❧❤❛s③♥✁❛❧✈❛ ❛③ ☎♦ss③❡❛❞✁❛s t✉❧❛❥❞♦♥s✁❛❣❛✐t✱ ❛③t ❦❛♣❥✉❦✱ ❤♦❣② ❛ (g−h)+(k−k) ≥ 0 ❦✐❢❡❥❡③✁❡s

✁❛t❛❧❛❦✁✙t❤❛t✁♦ (g+ k)− (h+ k) ≥ 0 ❢♦r♠✁❛r❛✳ ❊❜❜✆♦❧ ❦☎♦✈❡t❦❡③✐❦✱ ❤♦❣② g+ k ≥ k+h✳ ❬✼❪ �

✸✳✷✳ ◆✉♠❡r✐❦✉s ❥✁❛t✁❡❦♦❦

❉❡✜♥✁✙❝✐✁♦✳ ❬✽❪ ❆ g ❥✁❛t✁❡❦♦t ♥✉♠❡r✐❦✉s ❥✁❛t✁❡❦♥❛❦ ♥❡✈❡③③☎✉❦✱ ❤❛ ∀gLi
✁❡s ∀gRj

❡s❡t✁❡♥ gLi
< gRj

✳

❆ t♦✈✁❛❜❜✐❛❦❜❛♥ ❥❡❧☎♦❧❥❡ Γ ❛③ ☎♦ss③❡s ♥✉♠❡r✐❦✉s ❥✁❛t✁❡❦♦❦ ♦s③t✁❛❧②✁❛t✳ ❍♦❣② ❦☎♦♥♥②❡❜❜

❧❡❣②❡♥ ❛ ❥✁❛t✁❡❦♦❦ ✁❡s ❛ ♥✉♠❡r✐❦✉s ❥✁❛t✁❡❦♦❦ ❦☎♦③☎♦tt✐ ♠❡❣❦☎✉❧☎♦♥❜☎♦③t❡t✁❡s✱ ❛ ❦✁❡s✆♦❜❜✐❡❦❜❡♥ ❛

♥✉♠❡r✐❦✉s ❥✁❛t✁❡❦♦❦ x, y, z ❥❡❧☎♦❧✁❡st ❦❛♣♥❛❦ ❛ g, h, j ❤❡❧②❡tt✳
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✸✳ ▲❡♠♠❛✳ ❬✽❪ Γ ③✁❛rt ❛③ ☎♦ss③❡❛❞✁❛sr❛ ♥✁❡③✈❡✳

❇✐③♦♥②✁✙t✁❛s✳ ▲❡❣②❡♥ x = {xL|xR} ✁❡s y = {yL|yR} ♥✉♠❡r✐❦✉s ❥✁❛t✁❡❦♦❦✳ ❆③ ☎♦ss③❡❛❞✁❛s ❞❡✲

✜♥✁✙❝✐✁♦❥❛ s③❡r✐♥t✿ x + y = {x + yL, xL + y|x + yR, xR + y}✳ ❆ ♥✉♠❡r✐❦✉s ❥✁❛t✁❡❦ ❞❡✜♥✁✙❝✐✁♦❥❛

s③❡r✐♥t✿ ∀yLm
✿ yLm

< y ✁❡s ∀xLm
✿ xLm

< x✳

❆ ✽✳ t✁❡t❡❧ ❦☎♦✈❡t❦❡③t✁❡❜❡♥ x+ yLm
< x+ y✳ ❍❛s♦♥❧✁♦❛♥ ∀xLi

✿ xLi
+ y < x+ y✳

❍❛s♦♥❧✁♦❛♥ ❥✁❛r✉♥❦ ❡❧ ❛ ❥♦❜❜ ♦❧❞❛❧✐ ☎♦ss③❡t❡✈✆♦✈❡❧ ✐s✿ ∀yRn
✿ yRn

< y ✁❡s ∀xRj
✿ xRj

< x✳ ❊❜❜✆♦❧

❛③t ❦❛♣❥✉❦✱ ❤♦❣② x+ y < x+ yRn
✁❡s x+ y < xRj

+ y✳

❊③❡❦❜✆♦❧ ❛③ ❦☎♦✈❡t❦❡③✐❦✱ ❤♦❣② x+y ✐s ♥✉♠❡r✐❦✉s ❥✁❛t✁❡❦✳ ❚❡❤✁❛t ❛ ♥✉♠❡r✐❦✉s ❥✁❛t✁❡❦♦❦ ♦s③t✁❛❧②❛

③✁❛rt ☎♦ss③❡❛❞✁❛sr❛ ♥✁❡③✈❡✳ ❬✽❪ �

✁❆❧❧✁✙t✁❛s✳ ❬✽❪ ▲❡❣②❡♥ x = {xL|xR} ✁❡s y = {yL|yR} ♥✉♠❡r✐❦✉s ❥✁❛t✁❡❦♦❦ ✁❡s ❧❡❣②❡♥ x < y✳

❆❦❦♦r −y < −x✳

❇✐③♦♥②✁✙t✁❛s✳ ❍❛ x < y✱ ❛❦❦♦r x − y < 0 ✁❡s ❛ ❥✁❛t✁❡❦ ❡❧❧❡♥t❡tt❥✁❡♥❡❦ ❞❡✜♥✁✙❝✐✁♦❥❛ s③❡r✐♥t −x =

= {−xR| − xL}✳

❱✐s③♦♥t t✉❞❥✉❦✱ ❤♦❣② −(−xRj
) = xRj

✁❡s −(−xLi
) = xLi

✱ ❛♠❡❧②❜✆♦❧ ❦☎♦✈❡t❦❡③✐❦✱ ❤♦❣②

−(−x) = x✳

❱❛❣②✐s −y − (−x) = −y + x✳ ▼✐✈❡❧ t✉❞❥✉❦✱ ❤♦❣② ❛③ ☎♦ss③❡❛❞✁❛s ❦♦♠♠✉t❛t✁✙✈ ♠✆✉✈❡❧❡t ❛

❥✁❛t✁❡❦♦❦ ❢❡❧❡tt✿ −y + x = x− y < 0✳

❚❡❤✁❛t ❛③t ❦❛♣t✉❦✱ ❤♦❣② −y − (−x) < 0✱ ❡❜❜✆♦❧ ❦☎♦✈❡t❦❡③✐❦✱ ❤♦❣② −y < −x✳ ❬✽❪ �

❑☎♦✈❡t❦❡③♠✁❡♥②✳ ❍❛ x = {xL|xR} ♥✉♠❡r✐❦✉s ❥✁❛t✁❡❦✱ ❛❦❦♦r −x = {−xR| − xL} ✐s✳

✾✳ ❚✁❡t❡❧✳ ❬✽❪ ❆ ✧≤✧ ❡❣② r❡♥❞❡③✁❡s ❛ Γ ❢❡❧❡tt ✁❡s ❛③ ☎♦ss③❡❛❞✁❛s ♠✆✉✈❡❧❡t❡ ♥❡♠ ❜♦♥t❥❛ ♠❡❣ ❛

r❡♥❞❡③✁❡st✳ ❚❡❤✁❛t ❛ ✧≤✧ ❦✐❡❧✁❡❣✁✙t✐ ❛ ❦☎♦✈❡t❦❡③✆♦ ❢❡❧t✁❡t❡❧❡❦❡t✿

✶✳ tr❛♥③✐t✐✈✐t✁❛s✿ ∀x, y, z ♥✉♠❡r✐❦✉s ❥✁❛t✁❡❦♦❦ ❡s❡t✁❡♥ ❤❛ x ≤ y ✁❡s y ≤ z✱ ❛❦❦♦r x ≤ z❀

✷✳ ∀x, y ♥✉♠❡r✐❦✉s ❥✁❛t✁❡❦♦❦ ❡s❡t✁❡♥ ❛ ❦☎♦✈❡t❦❡③✆♦ ❤✁❛r♦♠ ✁❛❧❧✁✙t✁❛s ❦☎♦③☎✉❧ ♣♦♥t♦s❛♥ ❡❣② t❡❧❥❡s☎✉❧✿

x > y✱ x < y ✈❛❣② x = y✳

✸✳ ❤❛ x ≤ y✱ ❛❦❦♦r x+ z ≤ y + z✱ ∀x, y, z ∈ Γ✳

❇✐③♦♥②✁✙t✁❛s✳ ✶✳ ❆❞♦tt✱ ❤♦❣② ∀x, y, z✱ ❛❤♦❧ x ≤ y ✁❡s y ≤ z✱ ❛❦❦♦r x ≤ z✳ ❆❦❦♦r t✉❞❥✉❦✱

❤♦❣② x− y ≤ 0 ✁❡s y− z ≤ 0✳ ❋❡❧✁✙r❤❛t❥✉❦ ❛ ❦☎♦✈❡t❦❡③✆♦ ❦✐❢❡❥❡③✁❡st✿ x− y+ y− z = x− z ≤ 0✳

❚❡❤✁❛t x ≤ z✳

✷✳ ❆ t✁❡t❡❧ ✁❛❧❧✁✙t✁❛s❛ ❡❦✈✐✈❛❧❡♥s ❛ ❦☎♦✈❡t❦❡③✆♦ ✁❛❧❧✁✙t✁❛ss❛❧✿ ∀x, y ∈ Γ✿ x− y ≤ 0 ✈❛❣② x− y ≥ 0✳

✷✶



❆③ ☎♦ss③❡❛❞✁❛s ❞❡✜♥✁✙❝✐✁♦❥❛ s③❡r✐♥t✿ x − y = x + (−y) = {xL − y, x − yR|xR − y, x − yL} ✁❡s

t✉❞❥✉❦✱ ❤♦❣② x− y ✐s ♥✉♠❡r✐❦✉s ❥✁❛t✁❡❦✳

❆❦❦♦r ❛ tr❛♥③✐t✁✙✈ t✉❧❛❥❞♦♥s✁❛❣ ♠✐❛tt x − y ❜✁❛r♠❡❧②✐❦ ❜❛❧ ♦❧❞❛❧✐ ☎♦ss③❡t❡✈✆♦❥❡ ❦✐s❡❜❜✱ ♠✐♥t

❛③ x− y ❜✁❛r♠❡❧② ❥♦❜❜ ♦❧❞❛❧✐ ☎♦ss③❡t❡✈✆♦❥❡✳ ❊③ ❛③t ✈♦♥❥❛ ♠❛❣❛ ✉t✁❛♥✱ ❤♦❣② ❛③ x− y‖0 ♥❡♠

❧❡❤❡ts✁❡❣❡s✳

❚❡❤✁❛t x− y ≤ 0 ✈❛❣② x− y ≥ 0✳

✸✳ ❆❞♦tt ∀x, y, z ∈ Γ✱ ❛❤♦❧ x ≤ y✳ ❆❦❦♦r x−y ≤ 0✳ ✁❊s t✉❞❥✉❦✱ ❤♦❣② z−z = 0✳ ❱✐③s❣✁❛❧❥✉❦

❛③ ❛❧✁❛❜❜✐ ❦✐❢❡❥❡③✁❡st✿ x− y + z − z ≤ x− y ≤ 0✳

❆❦❦♦r ❛③ ❛ss③♦❝✐❛t✐✈✐t✁❛s t✉❞❛t✁❛❜❛♥ ❢❡❧✁✙r❤❛t❥✉❦✱ ❛ ❦☎♦✈❡t❦❡③✆♦t✿ x−y+z−z = x+z−y−z✳

❱❛❣②✐s x+ z − y − z ≤ 0✳

❊❜❜✆♦❧ ❦☎♦✈❡t❦❡③✐❦✱ ❤♦❣② x+ z ≤ y + z✳ ❬✽❪ �

❑☎♦✈❡t❦❡③♠✁❡♥②✳ ❬✽❪ ❆ Γ r❡♥❞❡③❡tt ✁❆❜❡❧✲♠♦♥♦✐❞ ✭❦♦♠♠✉t❛t✁✙✈ ❡❣②s✁❡❣❡❧❡♠❡s ❢✁❡❧❝s♦♣♦rt✮ ❛③

☎♦ss③❡❛❞✁❛s ♠✆✉✈❡❧❡tr❡ ♥✁❡③✈❡✳

❆ ♥✉♠❡r✐❦✉s ❥✁❛t✁❡❦♦❦ ❢❡❧❤❛s③♥✁❛❧❤❛t✁♦❦ s③☎✉rr❡✁❛❧✐s s③✁❛♠♦❦ ❦♦♥str✉✁❛❧✁❛s✁❛r❛✳

❉❡✜♥✁✙❝✐✁♦✳ ❬✽❪ ❆ s③☎✉rr❡✁❛❧✐s s③✁❛♠♦❦ ♦s③t✁❛❧②✁❛♥❛❦ ❛③t ❛③ ♦s③t✁❛❧②t ♥❡✈❡③③☎✉❦✱ ❛♠❡❧② ♥✉♠❡r✐❦✉s

❥✁❛t✁❡❦♦❦ ❡❦✈✐✈❛❧❡♥❝✐❛♦s③t✁❛❧②❛✐❜✁♦❧ ✁❛❧❧✳ ❏❡❧☎♦❧✁❡s❡✿ ◆♦✳

❚❡❤✁❛t ❡❣② s③☎✉rr❡✁❛❧✐s s③✁❛♠ ❡❣② ♥✉♠❡r✐❦✉s ❥✁❛t✁❡❦♦❦❜✁♦❧ ✁❛❧❧✁♦ ❡❦✈✐✈❛❧❡♥❝✐♦s③t✁❛❧②♥❛❦ ❢❡❧❡❧ ♠❡❣ ✁❡s

❦✁❡t❢✁❡❧❡❦✁❡♣♣❡♥ ✁✙r❤❛t✁♦ ❧❡✿

✶✳ ❛ s③✁❛♠✱ ❤♦③③✁❛r❡♥❞❡❧✈❡ ❛③ ❡❦✈✐✈❛❧❡♥❝✐♦s③t✁❛❧②✁❛❤♦③✱ ♣✁❡❧❞✁❛✉❧ ❛ ✵❀

✷✳ ❡❣② ♥✉♠❡r✐❦✉s ❥✁❛t✁❡❦ ❛③ ❛❞♦tt s③☎✉rr❡✁❛❧✐s s③✁❛♠ ❡❦✈✐✈❛❧❡♥❝✐❛♦s③t✁❛❧②✁❛❜❛♥✳

❉❡✜♥✁✙❝✐✁♦✳ ❬✽❪ ☎❖ss③❡❛❞✁❛s ✁❡s r❡♥❞❡③✁❡s ❛ ◆♦ ❢❡❧❡tt✿

✶✳ ☎♦ss③❡❛❞✁❛s✿ ▲❡❣②❡♥❡❦ a ✁❡s b ♥✉♠❡r✐❦✉s ❥✁❛t✁❡❦♦❦ ❡❦✈✐✈❛❧❡♥❝✐❛♦s③t✁❛❧②❛✐✳ ❆❦❦♦r a + b =

x+ y✱ ❛❤♦❧ x ✁❡s y ♥✉♠❡r✐❦✉s ❥✁❛t✁❡❦♦❦ ✁❡s x = a✱ y = b❀

✷✳ r❡♥❞❡③✁❡s✿ ▲❡❣②❡♥❡❦ a ✁❡s b ♥✉♠❡r✐❦✉s ❥✁❛t✁❡❦♦❦ ❡❦✈✐✈❛❧❡♥❝✐❛♦s③t✁❛❧②❛✐✳ ❆❦❦♦r a > b✱

a < b ✈❛❣② a = b ❛❦❦♦r ✁❡s ❝s❛❦ ❛❦❦♦r✱ ❤❛ ∀x ∈ Γ✿ x = a ✁❡s ∀y ∈ Γ✿ y = b✱ ❛❦❦♦r

x > y✱ x < y ✈❛❣② x = y ♠❡❣❢❡❧❡❧✆♦❡♥✳

✶✵✳ ❚✁❡t❡❧✳ ❬✽❪ ❆ s③☎✉rr❡✁❛❧✐s s③✁❛♠♦❦ ♦s③t✁❛❧②❛ r❡♥❞❡③❡tt ✁❆❜❡❧✲❝s♦♣♦rt♦t ❛❧❦♦t ❛③ ☎♦ss③❡❛❞✁❛s

♠✆✉✈❡❧❡tr❡ ♥✁❡③✈❡✳

✷✷



❇✐③♦♥②✁✙t✁❛s✳ ▲❡❣②❡♥❡❦ a, b, c ♥✉♠❡r✐❦✉s ❥✁❛t✁❡❦♦❦ ❡❦✈✐✈❛❧❡♥❝✐❛♦s③t✁❛❧②❛✐✳

❆❤❤♦③✱ ❤♦❣② ❛ (No; +) r❡♥❞❡③❡tt ✁❆❜❡❧✲❝s♦♣♦rt♦t ❛❧❦♦ss♦♥ ❛③ ❛❧✁❛❜❜✐ ❢❡❧t✁❡t❡❧❡❦❡t ❦❡❧❧ ✈✐③s❣✁❛❧♥✐✿

✶✳ ❘❡♥❞❡③❡tts✁❡❣✿ ❧❡❣②❡♥❡❦ x, y, z ♥✉♠❡r✐❦✉s ❥✁❛t✁❡❦♦❦ ✁❡s ❧❡❣②❡♥ x = a✱ y = b✱ z = c✳

▼✐✈❡❧ ❛ ✾✳ t✁❡t❡❧ ❛❧❛♣❥✁❛♥ t✉❞❥✉❦✱ ❤♦❣② ❛ ♥✉♠❡r✐❦✉s ❥✁❛t✁❡❦♦❦ ♦s③t✁❛❧②❛ r❡♥❞❡③❡tt✱ ❡③✁❡rt

❛ s③☎✉rr❡✁❛❧✐s s③✁❛♠♦❦ ♦s③t✁❛❧②❛ ✐s r❡♥❞❡③❡tt❀

✷✳ ❑♦♠♠✉t❛t✐✈✐t✁❛s✿ a+ b = b+ a✳

▲❡❣②❡♥❡❦ x1, x2, y1, y2 ♥❡♠ ❢❡❧t✁❡t❧❡♥☎✉❧ ✉❣②❛♥❛③♦❦ ❛ ♥✉♠❡r✐❦✉s ❥✁❛t✁❡❦♦❦ ✁❡s x1 = a✱

y1 = b✱ x2 = a✱ y2 = b✳

❆❦❦♦r ♥②✐❧✈✁❛♥✈❛❧✁♦✱ ❤♦❣② x1 + y1 = x2 + y2✳

❆ ❦❛♣♦tt ❦✐❢❡❥❡③✁❡s❜❡♥ ❛③ x1 + y1 ♥✉♠❡r✐❦✉s ❥✁❛t✁❡❦ ✁❡s ❛③ x2 + y2 ♥✉♠❡r✐❦✉s ❥✁❛t✁❡❦

✉❣②❛♥❛❜❜❛♥ ❛③ ❡❦✈✐✈❛❧❡♥❝✐❛♦s③t✁❛❧②❜❛♥ ✈❛♥✳

❚❡❤✁❛t a+ b = b+ a❀

✸✳ ❆ss③♦❝✐❛t✐✈✐t✁❛s✿ (a+ b) + c = a+ (b+ c)✳

▲❡❣②❡♥❡❦ x1, x2, y1, y2, z1, z2 ♥❡♠ ❢❡❧t✁❡t❧❡♥☎✉❧ ✉❣②❛♥❛③♦❦ ❛ ♥✉♠❡r✐❦✉s ❥✁❛t✁❡❦♦❦ ✁❡s x1 =

a✱ y1 = b✱ z1 = c✱ x2 = a✱ y2 = b✱ z2 = c✳

❇❡ ❦❡❧❧ ❜✐③♦♥②✁✙t❛♥✉♥❦✱ ❤♦❣② (x1 + y1) + z1 = x2 + (y2 + z2)✳

❆ ♥✉♠❡r✐❦✉s ❥✁❛t✁❡❦♦❦r✁♦❧ t✉❞❥✉❦✱ ❤♦❣② x2+(y2+z2) = (x2+y2)+z2✱ ❞❡ ❛③t ✐s t✉❞❥✉❦✱

❤♦❣② x1 = x2✱ y1 = y2✱ z1 = z2✳

■♥♥❡♥ ♠✁❛r ❡❣②❡♥❡s❡♥ ❦☎♦✈❡t❦❡③✐❦✱ ❤♦❣② (x1 + y1) + z1 = x2 + (y2 + z2)✳ ❱❛❣②✐s

(a+ b) + c = a+ (b+ c)❀

✹✳ ◆❡✉tr✁❛❧✐s ❡❧❡♠ ❧✁❡t❡③✁❡s❡✿ a+ 0 = 0 + a = a✳

▲❡❣②❡♥ x ❡❣② ♥✉♠❡r✐❦✉s ❥✁❛t✁❡❦ ✁❡s ❧❡❣②❡♥ x = a✳

◆②✐❧✈✁❛♥✈❛❧✁♦✱ ❤♦❣② x+0 = x✱ ❜✁❛r♠✐❧②❡♥ ❡❦✈✐✈❛❧❡♥❝✐❛♦s③t✁❛❧② ❡❧❡♠✁❡❤❡③✱ ❤❛ ❤♦③③✁❛❛❞❥✉❦

❛ ③✁❡r✁♦❥✁❛t✁❡❦♦t✱ ❛③ ❡r❡❞♠✁❡♥② ✉❣②❛♥❛❤❤♦③ ❛③ ❡❦✈✐✈❛❧❡♥❝✐❛♦s③t✁❛❧②❤♦③ ❢♦❣ t❛rt♦③♥✐✳

❚❡❤✁❛t a+ 0 = 0 + a = a❀

✺✳ ■♥✈❡r③❡❧❡♠ ❧✁❡t❡③✁❡s❡✿ ∀a ∈ No ∃ − a ∈ No✿ a+ (−a) = −a+ a = 0.

▲❡❣②❡♥ x ♥✉♠❡r✐❦✉s ❥✁❛t✁❡❦✱ ♠❡❧②♥❡❦ ❡❧❧❡♥t❡tt❥❡ −x ✁❡s x✲❡t ✁✉❣② ✈✁❛❧❛s③t♦tt✉❦ ❦✐✱ ❤♦❣②

x = a✳

❆③ ❡❧✆♦③✆♦ ♦❧❞❛❧❛❦♦♥ ♠✁❛r ❜✐③♦♥②✁✙t♦tt✉❦✱ ❤♦❣② −x ✐s ♥✉♠❡r✐❦✉s ❥✁❛t✁❡❦ ✁❡s x+(−x) = 0✳

❍❛ −x✲❡t −a✲✈❛❧ ❥❡❧☎♦❧❥☎✉❦✱ ❛❦❦♦r a+ (−a) = −a+ a = 0✳

✷✸



▼✐✈❡❧ ♠✐♥❞❡❣②✐❦ ❢❡❧t✁❡t❡❧ t❡❧❥❡s☎✉❧✱ ♠❡❣❦❛♣t✉❦✱ ❤♦❣② ❛ s③☎✉rr❡✁❛❧✐s s③✁❛♠♦❦ ♦s③t✁❛❧②❛✱ ❛ ◆♦

r❡♥❞❡③❡tt ✁❆❜❡❧✲❝s♦♣♦rt♦t ❛❧❦♦t ☎♦ss③❡❛❞✁❛sr❛ ♥✁❡③✈❡✳ ❬✽❪ �

✷✹



☎❖ss③❡❣③✁❡s

❆ ♠✉♥❦❛ ♠❡❣✁✙r✁❛s❛ s♦r✁❛♥ ♠❡❣✐s♠❡r❦❡❞t❡♠ ❛ ♠❛t❡♠❛t✐❦❛ ❡❣② ✈✐s③♦♥②❧❛❣ ✁✉❥ t❡r☎✉❧❡t✁❡✲

✈❡❧✱ ❛ s③☎✉rr❡✁❛❧✐s s③✁❛♠♦❦❦❛❧✳ ❆ s③☎✉rr❡✁❛❧✐s s③✁❛♠♦❦ ❢♦❣❛❧♠✁❛♥❛❦ ♠❡❣❛❧❦♦t✁♦❥❛✱ ❏♦❤♥ ❍♦rt♦♥

❈♦♥✇❛② ❛③ ✶✾✼✵✲❡s ✁❡✈❡❦❜❡♥ ❞♦❧❣♦③t❛ ❦✐ ❛③ ❡❧♠✁❡❧❡t✁❡t ✁❡s ❦☎✉❧☎♦♥❜☎♦③✆♦ ❦✁❡ts③❡♠✁❡❧②❡s ❥✁❛t✁❡❦♦❦

♥②❡r✆♦ str❛t✁❡❣✐✁❛✐♥❛❦ ✈✐③s❣✁❛❧❛t✁❛r❛ ❤❛s③♥✁❛❧t❛ ❛③♦❦❛t✳ ❆ s③❛❦❞♦❧❣♦③❛t ❤✁❛r♦♠ ❢❡❥❡③❡t❜✆♦❧ ✁❛❧❧✳

❆③ ❡❧s✆♦ ❢❡❥❡③❡t t❛rt❛❧♠❛③③❛ ❛ s③☎✉rr❡✁❛❧✐s s③✁❛♠♦❦ ❞❡✜♥✁✙❝✐✁♦❥✁❛t✱ ❦♦♥str✉✁❛❧✁❛s✁❛♥❛❦ ♠❡✲

♥❡t✁❡t✱ ❛ s③☎✉rr❡✁❛❧✐s s③✁❛♠♦❦❦❛❧ ❡❧✈✁❡❣❡③❤❡t✆♦ ❛❧❛♣✈❡t✆♦ ♠✆✉✈❡❧❡t❡❦❡t✱ ✈❛❧❛♠✐♥t ❡③❡❦ t✉❧❛❥❞♦♥s✁❛❣❛✲

✐t✳

❆ ♠✁❛s♦❞✐❦ ❢❡❥❡③❡t ❛ ❥✁❛t✁❡❦❡❧♠✁❡❧❡t ❛❧❛♣❥❛✐t t❛❣❧❛❧❥❛✳ ❊❜❜❡♥ ❛ ❢❡❥❡③❡t❜❡♥ ❜❡♠✉t❛t✁❛sr❛

❦❡r☎✉❧♥❡❦ ❛ ❦✁❡ts③❡♠✁❡❧②❡s ❥✁❛t✁❡❦♦❦t✁♦❧ ❡❧✈✁❛rt ❢❡❧t✁❡t❡❧❡❦✱ ❛ ❥✁❛t✁❡❦♦❦❦❛❧ ❦❛♣❝s♦❧❛t♦s ❛❧❛♣❢♦❣❛❧✲

♠❛❦✱ ♣✁❡❧❞✁❛❦ ❥✁❛t✁❡❦♦❦r❛ ✁❡s ❛ ❥✁❛t✁❡❦♦❦❦❛❧ ❡❧✈✁❡❣❡③❤❡t✆♦ ♠✆✉✈❡❧❡t❡❦ ❦☎♦③☎✉❧ ❛③ ☎♦ss③❡❛❞✁❛s✱ ❦✐✈♦♥✁❛s

✁❡s ❡❧❧❡♥t❡tt❦✁❡♣③✁❡s✳

❆ ❤❛r♠❛❞✐❦ ❢❡❥❡③❡t ❛ ❥✁❛t✁❡❦♦❦ ❡❣② ♦s③t✁❛❧②✁❛♥❛❦✱ ❛ ♥✉♠❡r✐❦✉s ❥✁❛t✁❡❦♦❦ ✈✐③s❣✁❛❧❛t✁❛t ✁❡s

❛♥♥❛❦ ❛ s③☎✉rr❡✁❛❧✐s s③✁❛♠♦❦❦❛❧ ✈❛❧✁♦ ❦❛♣❝s♦❧❛t✁❛t t❛rt❛❧♠❛③③❛✳ ❊♠❡❧❧❡tt ❡③ ❛ ❢❡❥❡③❡t t❛rt❛❧✲

♠❛③ s③✁❛♠♦s t✁❡t❡❧t✱ ❛♠❡❧② ❜❡♠✉t❛t❥❛ ❛ ❥✁❛t✁❡❦♦❦♦♥ ❡❧✈✁❡❣❡③❤❡t✆♦ r✁❡s③❜❡♥ r❡♥❞❡③✁❡st ✁❡s ❡♥♥❡❦

❦☎♦✈❡t❦❡③♠✁❡♥②❡✐t ❛ ♥✉♠❡r✐❦✉s ❥✁❛t✁❡❦♦❦r❛ ✁❡s ❛③ ❡❦✈✐✈❛❧❡♥❝✐❛♦s③t✁❛❧②♦❦r❛ ♥✁❡③✈❡✳

✷✺



■r♦❞❛❧♦♠❥❡❣②③✁❡❦

❬✶❪ ❏♦❤♥ ❍✳ ❈♦♥✇❛②✿ ❖♥ ◆✉♠❜❡rs ❛♥❞ ●❛♠❡s✳ ❆ ❑ P❡t❡rs ▲t❞✳✱ ✷✵✵✵

❬✷❪ ❉♦♥❛❧❞ ❊✳ ❑♥✉t❤✿ ❙③✁❛♠♦❦ ✈❛❧✁♦s♦♥ ✐♥♥❡♥ ✁❡s t✁✉❧✳ ●♦♥❞♦❧❛t✱ ✶✾✽✼

❬✸❪ ❍❛❥♥❛❧ ❆♥❞r✁❛s✱ ❍❛♠❜✉r❣❡r P✁❡t❡r✿ ❍❛❧♠❛③❡❧♠✁❡❧❡t✳ ◆❡♠③❡t✐ ❚❛♥❦☎♦♥②✈❦✐❛❞✁♦✱ ✸✳❦✐✲

❛❞✁❛s✱ ✶✾✾✹

❬✹❪ ❉♦♥❛❧❞ ❊✳ ❑♥✉t❤✿ ❙✉rr❡❛❧ ◆✉♠❜❡rs✳ ❆❞❞✐s♦♥ ❲❡s❧❡②✱ ✶✾✼✹

❬✺❪ ❏♦s❤✉❛ ❍♦st❡t❧❡r✿ ❙✉rr❡❛❧ ◆✉♠❜❡rs✳ ❱✐r❣✐♥✐❛ ❈♦♠♠♦♥✇❡❛❧t❤ ❯♥✐✈❡rs✐t②✱ ✷✵✶✷

❬✻❪ ❏✐♠ ❙✐♠♦♥s✿ ▼❡❡t t❤❡ ❙✉rr❡❛❧ ◆✉♠❜❡rs✳✱ ✷✵✶✼

❤tt♣s✿✴✴✇✇✇✳♠✲❛✳♦r❣✳✉❦✴r❡s♦✉r❝❡s✴❞♦✇♥❧♦❛❞s✴✹❍✲❏✐♠✲❙✐♠♦♥s✲▼❡❡t✲t❤❡✲s✉rr❡❛❧✲♥✉♠❜❡rs✳

♣❞❢

❬✼❪ ❉✐❡r❦ ❙❝❤❧❡✐❝❤❡r✱ ▼✐❝❤❛❡❧ ❙t♦❧❧✿ ❆♥ ■♥tr♦❞✉❝t✐♦♥ t♦ ❈♦♥✇❛②✬s ●❛♠❡s ❛♥❞ ◆✉♠❜❡rs✳✱

✷✵✵✺

❤tt♣✿✴✴✇✇✇✳♠❛t❤❡✷✳✉♥✐✲❜❛②r❡✉t❤✳❞❡✴st♦❧❧✴♣❛♣❡rs✴❣❛♠❡s✶✷✳♣❞❢

❬✽❪ ▼✐❝❤❛❡❧ ❈r♦♥✐♥✿ ❈♦♠❜✐♥❛t♦r✐❛❧ ●❛♠❡s ❛♥❞ ❙✉rr❡❛❧ ◆✉♠❜❡rs✳✱ ✷✵✶✻

❤tt♣✿✴✴♠❛t❤✳✉❝❤✐❝❛❣♦✳❡❞✉✴⑦♠❛②✴❘❊❯✷✵✶✻✴❘❊❯P❛♣❡rs✴❈r♦♥✐♥✳♣❞❢

✷✻

https://www.m-a.org.uk/resources/downloads/4H-Jim-Simons-Meet-the-surreal-numbers.pdf
https://www.m-a.org.uk/resources/downloads/4H-Jim-Simons-Meet-the-surreal-numbers.pdf
http://www.mathe2.uni-bayreuth.de/stoll/papers/games12.pdf
http://math.uchicago.edu/~may/REU2016/REUPapers/Cronin.pdf


Ðåçþìå

Ï✐ä ÷àñ íàïèñàííÿ ðîáîòè ÿ îçíàéîìèëàñü ✐ç äîâîë✐ íîâîþ ÷àñòèíîþ ìàòåìàòè✲

êè✱ ✐ç ñþððåàëüíèìè ÷èñëàìè✳ Òâîðåöü êîíöåïö✐➝ ñþððåàëüíèõ ÷èñåë ➘æîí Õîðòîí

✃îíâåé ðîçðîáèâ ñâîþ òåîð✐þ â ✶✾✼✵✲õ ðîêàõ ✐ âèêîðèñòîâóâàâ ➝➝ äëÿ âèâ÷åííÿ âèãðàø✲

íèõ ñòðàòåã✐é ð✐çíèõ äâîì✐ñíèõ ✐ãîð✳ ➘èïëîìíà ðîáîòà ñêëàäà➵òüñÿ ç òðüîõ ðîçä✐ë✐â✳

Ïåðøèé ðîçä✐ë ì✐ñòèòü âèçíà÷åííÿ ñþððåàëüíèõ ÷èñåë✱ ïðîöåñ ➝õ êîíñòðóêö✐➝✱

îñíîâí✐ îïåðàö✐➝ ç íèìè✱ òàêîæ âëàñòèâîñò✐ öèõ îïåðàö✐é✳

➶ äðóãîìó ðîçä✐ë✐ éäåòüñÿ ïðî îñíîâè òåîð✐➝ ✐ãîð✳ ➶ öüîìó ðîçä✐ë✐ ïðåäñòàâëÿ✲

þòüñÿ ïîòð✐áí✐ óìîâè òåîð✐➝ ✐ãîð✱ îñíîâí✐ ïîíÿòòÿ ✐ãîð✱ ïðèêëàäè ✐ãîð✱ òàêîæ ✐ç

ìîæëèâèõ îïåðàö✐é ç ✐ãðàìè ✕ äîäàâàííÿ✱ â✐äí✐ìàííÿ òà ïðîòèëåæíà ôîðìà✳

Ó òðåòüîìó ðîçä✐ë✐ éäåòüñÿ ïðî êëàñ ÷èñëîâèõ ✐ãîð✱ îçíàéîìëåííÿ ç íèìè ✐

➝õ çâ✬ÿçîê ✐ç ñþððåàëüíèìè ÷èñëàìè✳ Òàêîæ öåé ðîçä✐ë ì✐ñòèòü ÷èìàëî òåîðåì✱ ÿê✐

ïîêàçóþòü ÷àñòêîâå âïîðÿäêóâàííÿ ✐ãîð ✐ íàñë✐äêè ç íèõ✱ ïî â✐äíîøåííþ äî ÷èñëîâèõ

✐ãîð òà êëàñ✐â åêâ✐âàëåíòíîñò✐✳

✷✼
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Nyilatkozat 

 

Alulírott, Baksa Adrien 014. Középiskolai oktatás (Matematika) képzési program hallgatója, 

kijelentem, hogy a dolgozatomat a II. Rákóczi Ferenc Kárpátaljai Magyar Főiskolán, a 

Matematikai és Informatika Tanszéken készítettem, 014. Középiskolai oktatás (Matematika) 

BSc diploma megszerzése végett. 

Kijelentem, hogy a dolgozatot más szakon korábban nem védtem meg, saját munkám 

eredménye, és csak a hivatkozott forrásokat (szakirodalom, eszközök stb.) használtam fel. 

Tudomásul veszem, hogy dolgozatomat a II. Rákóczi Ferenc Kárpátaljai Magyar 

Főiskola könyvtárában a kölcsönözhető könyvek között helyezik el. 

 


