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❑☎✉❧☎♦♥☎♦s❡♥ ❢♦♥t♦s ❛ s③t♦❝❤❛s③t✐❦✉s s♦r♦❦ t❛♥✉❧♠✁❛♥②♦③✁❛s❛ ❦☎✉❧☎♦♥❜☎♦③✆♦ ❢✉♥❦❝✐♦♥✁❛❧✐s t❡✲

r❡❦❡♥✳ ❆③ ✉t✁♦❜❜✐ ✁❡✈❡❦❜❡♥ t☎♦❜❜ ♠✉♥❦❛ ✐s ♠❡❣❥❡❧❡♥t✱ ❛♠❡❧②❡❦❜❡♥ s♦r❜❛ ❢❡❥t❤❡t✆♦

s③t♦❝❤❛s③t✐❦✉s s♦r♦❦❛t t❛♥✉❧♠✁❛♥②♦③t❛❦✳

❆ ●❛✉ss✲❢♦❧②❛♠❛t♦❦ ✲ ♦❧②❛♥ ❢♦❧②❛♠❛t♦❦✱ ❛♠❡❧②❡❦ st❛♥❞❛r❞ ♥♦r♠✁❛❧✐s ❡❧♦s③❧✁❛s✁✉❛❦ ✲

❢♦♥t♦s s③❡r❡♣❡t ❥✁❛ts③❛♥❛❦ ❛ s③t♦❝❤❛s③t✐❦✉s ❢♦❧②❛♠❛t♦❦ ❦☎♦③☎♦tt✳ ❆③ ❖r❧✐❝③✲❢✁❡❧❡ s③t♦✲

❝❤❛s③t✐❦✉s ❢☎✉❣❣✈✁❡♥②t✁❡rr❡ ❛ ●❛✉ss✲❢♦❧②❛♠❛t♦❦ ❢☎✉❣❣✈✁❡♥②t❡r✁❡♥❡❦ ❦✐t❡r❥❡s③t✁❡s❡❦✁❡♥t t❡✲

❦✐♥t❤❡t☎✉♥❦✳

❆ s③❛❦❞♦❧❣♦③❛t♦♠ ❝✁❡❧❥❛✱ ❤♦❣② t❛♥✉❧♠✁❛♥②♦③③❛♠ ❛③ ❡①♣♦♥❡♥❝✐✁❛❧✐s ❖r❧✐❝③ t❡r❡❦❡t ✁❡s ❛③

✐s♠❡r❡t❡✐♠ ❢❡❧❤s③♥✁❛❧✁❛s✁❛✈❛❧ ❦✁❡s③✁✙ts❡❦ ❡❣② ♠♦❞❡❧❧t✳

✻



✶✳ ❢❡❥❡③❡t

❑✁❛r♣✁❛t❛❧❥❛✐ ♠❛t❡♠❛t✐❦✉s♦❦

t❡✈✁❡❦❡♥②s✁❡❣❡ ❛ s③t♦❝❤❛s③t✐❦✉s

❢♦❧②❛♠❛t♦❦ ❡❧♠✁❡❧❡t✁❡❜❡♥

❆ ❦☎♦✈❡t❦❡③✆♦ ❢❡❥❡③❡t❜❡♥ ♥✁❡❤✁❛♥② ❦✁❛r♣✁❛t❛❧❥❛✐ ❦☎♦t✆♦❞✁❡s✆✉ ♠❛t❡♠❛t✐❦✉s ♠✉♥❦✁❛ss✁❛❣✁❛t ❢♦✲

❣♦♠ ❜❡♠✉t❛t♥✐✱ ❛❦✐❦ s③t♦❝❤❛s③t✐❦✉s ❢♦❧②❛♠❛t♦❦ ♠♦❞❡❧❧❡③✁❡s✁❡✈❡❧ ❢♦❣❧❛❧❦♦③♥❛❦✳ ❊③❡♥

♠❛t❡♠❛t✐❦✉s♦❦ ♠✐♥❞❡❣②✐❦✁❡♥❡❦ ❛ ❦✉t❛t✁❛s✐ t❡r☎✉❧❡t❡ ❛ s③t♦❝❤❛s③t✐❦✉s ❢♦❧②❛♠❛t♦❦ ❦✉✲

t❛t✁❛s❛ ✁❡s ♠♦❞❡❧❧❡③✁❡s❡✱ ❞❡ ♥❡♠ ❢❡❧t✁❡t❧❡♥☎✉❧ ❖r❧✐❝③ ❢♦❧②❛♠❛t♦❦❛t ❦✉t❛t♥❛❦✳

❆ s③t♦❝❤❛s③t✐❦✉s ❢♦❧②❛♠❛t♦❦ ♠♦❞❡❧❧❡③✁❡s✁❡✈❡❧ ❢♦❣❧❛❧❦♦③✁♦ ❦✁❛r♣✁❛t❛❧❥❛✐ ❦☎♦t✆♦❞✁❡s✆✉ ♠❛t❡✲

♠❛t✐❦✉s❦✁❡♥t✱ ❛ ❦☎♦✈❡t❦❡③✆♦ ❦✉t❛t✁♦❦ ♠✉♥❦✁❛❥✁❛✈❛❧ ❢♦❣❧❛❧❦♦③t❛♠✿ ❙③❧✐✈❦❛✲❚✐❧✐s❝s❛❦ ❍❛♥✲

♥❛✱ ❚r♦s❦✐ ❱✐❦t♦r✱ ❚r♦s❦✐ ◆❛t✁❛❧✐❛✱ ❚❡❣③❛ ❆♥t✁♦♥✐❛✱ ▼❧❛✈❡❝ ❏✉r✐❥ ✁❡s ❍✉❞✐✈♦❦ ❚❛t❥❛♥❛✳

❆③ ✁❛❧t❛❧❛♠ ❢❡❧❦✉t❛t♦tt ♠❛t❡♠❛t✐❦✉s♦❦❜❛♥ ❛③ ❛ ❦☎♦③☎♦s✱ ❤♦❣② ♠✐♥❞❡❣②✐❦☎✉❦✱ ❦✐✈✁❡t❡❧

♥✁❡❧❦☎✉❧✱ ❑♦③❛❝s❡♥❦♦ ❏✉r✐❥ ❱❛s③✐❧❥❡✈✐❝s t❛♥✁✙t✈✁❛♥②❛✐✳ ❚❡❤✁❛t ❡❧s✆♦❦✁❡♥t ♥✁❡③③☎✉❦ ♠❡❣✱ ♠✐✈❡❧

✐s ❢♦❣❧❛❧❦♦③♦tt ❑♦③❛❝s❡♥❦♦ ❏✉r✐❥ ❱❛s③✐❧❥❡✈✐❝s✳ ❆ ❦✁❡s✆♦❜❜✐❡❦❜❡♥ ♣❡❞✐❣ ❜❡♠✉t❛t♦♠ ❛③

❡♠❧✁✙t❡tt ♠❛t❡♠❛t✐❦✉s♦❦ ❦✉t❛t✁❛s✐ t❡r☎✉❧❡t❡✐t✳

❱✁❡❣☎✉❧✱ ❞❡ ♥❡♠ ✉t♦❧s✁♦ s♦r❜❛♥ ♠❡❣ ❦❡❧❧ ❡♠❧✁✙t❡♥❡♠✱ ❤♦❣② s③t♦❝❤❛s③t✐❦✉s ❢♦❧②❛♠❛t♦❦

♠♦❞❡❧❧❡③✁❡s✁❡✈❡❧ ❢♦❣❧❛❧❦♦③✐❦ ❛ t✉t♦r♦♠✱ ❉r✳ ❑✉❝s✐♥❦❛ ❑❛t❛❧✐♥✱ ✐❧❧❡t✈❡ ✁❡♥✳ ❆ 2020✲❛s

✁❡✈❜❡♥ s✐❦❡r☎✉❧t ❜❡❜✐③♦♥②✁✙t❛♥✉♥❦ ❡❣② t✁❡t❡❧t ✁❡s ❡③✁❛❧t❛❧ ♠♦❞❡❧❧❡③♥☎✉♥❦ ❡❣② ❖r❧✐❝③ ❢♦❧②❛✲

♠❛t♦t✳ ❆ ♠♦❞❡❧❧t ✁❛❜r✁❛③♦❧t✉❦ ✐s ❛ ▼❛t▲❛❜ ♣r♦❣r❛♠❝s♦♠❛❣ s❡❣✁✙ts✁❡❣✁❡✈❡❧✳

✼



✶✳✶✳ ❑♦③❛❝s❡♥❦♦ ❏✉r✐❥ ❱❛s③✐❧❥❡✈✐❝s

❑♦③❛❝s❡♥❦♦ ❏✉r✐❥ ❱❛s③✐❧❥❡✈✐❝s ✐s♠❡rt ✁❡s ♠❡❣❤❛t✁❛r♦③✁♦ s③❛❦❡♠❜❡r✱ ❛❦✐ ❛ s③t♦❝❤❛s③t✐✲

❦✉s ❢♦❧②❛♠❛t♦❦ ❡❧♠✁❡❧❡t✁❡✈❡❧ ✁❡s ♠♦❞❡❧❧❡③✁❡s✁❡✈❡❧ ❢♦❣❧❛❧❦♦③♦tt✳ ✆❖ ❛ ●❛✉ss t❡r❡❦❡♥ ✁❡s ❛③

❖r❧✐❝③ t❡r❡❦❡♥ ✁❡rt❡❧♠❡③❡tt ✈✁❡❧❡t❧❡♥s③❡r✆✉ ❢♦❧②❛♠❛t♦❦ ❡❣②✐❦ ♠❡❣❛❧❦♦t✁♦❥❛✳ ▲✁❡tr❡❤♦③♦tt

❡❣② ✁✉❥ t✉❞♦♠✁❛♥②♦s s③❛❦✐r✁❛♥②t✱ ❛♠❡❧② ❛ ✈✁❡❧❡t❧❡♥s③❡r✆✉ ❢♦❧②❛♠❛t♦❦ ♠♦❞❡❧❧❡③✁❡s✁❡✈❡❧ ❢♦❣✲

❧❛❧❦♦③✐❦ ❦☎✉❧☎♦♥❜☎♦③✆♦ ❢✉♥❦❝✐♦♥✁❛❧✐s t❡r❡❦❡♥ ✁❡s ♠❡❣❛❞❥❛ ❡③❡❦❡t ❛ ♠♦❞❡❧❧❡❦❡t ❡❧✆♦r❡ ♠❡❣✲

❤❛t✁❛r♦③♦tt ♣♦♥t♦ss✁❛❣❣❛❧ ✁❡s ♠❡❣❜✁✙③❤❛t✁♦s✁❛❣❣❛❧✳ ❆ ♣r♦❢❡ss③♦r r❡♥❣❡t❡❣ t✉❞♦♠✁❛♥②♦s

❡r❡❞♠✁❡♥♥②❡❧ ✁❡s ❦✉t❛t✁❛ss❛❧ ❜☎✉s③❦✁❡❧❦❡❞❤❡t❡tt✳ ❑✉t❛t✁❛s❛✐❜❛♥ ❛ s③t♦❝❤❛s③t✐❦✉s ❢♦❧②❛✲

♠❛t♦❦ t✉❧❛❥❞♦♥s✁❛❣✁❛♥❛❦ ❛♥❛❧✐③✁❛❧✁❛s✁❛✈❛❧✱ ❛ ♠❛t❡♠❛t✐❦❛✐✲✜③✐❦❛ ❡❣②❡♥❧❡t❡✐✈❡❧ s③t♦❝❤❛s③✲

t✐❦✉s ❢❡❧t✁❡t❡❧❡❦ ♠❡❧❧❡tt✱ ✈✁❡❧❡t❧❡♥s③❡r✆✉ ❢♦❧②❛♠❛t♦❦ st❛t✐s③t✐❦✁❛❥✁❛✈❛❧ ✁❡s ❤✉❧❧✁❛♠❡❧❡♠③✁❡ss❡❧

❢♦❣❧❛❧❦♦③t❛❦✳ ❬✶✸❪

❑♦③❛❝s❡♥❦♦ ❏✉r✐❥ ❱❛s③✐❧❥❡✈✐❝s 1940✲❜❡♥ s③☎✉❧❡t❡tt ❑✐❥❡✈❜❡♥✳ ❚❛♥✉❧♠✁❛♥②❛✐t ❛ ❚❛r❛s③

❙❡✈❝s❡♥❦♦ ❑✐❥❡✈✐ ✁❆❧❧❛♠✐ ❊❣②❡t❡♠❡♥ ✈✁❡❣❡③t❡✱ ✈❛❧✁♦s③✁✙♥✆✉s✁❡❣s③✁❛♠✁✙t✁❛s ✁❡s ♠❛t❡♠❛t✐❦❛✐

st❛t✐s③t✐❦❛ s③❛❦♦s♦❞✁❛st ✈✁❛❧❛s③t✈❛✱ ❛♠❡❧②❡t 1963✲❜❛♥ ❢❡❥❡③❡tt ❜❡✳ ❆③ ❯❦r✁❛♥ ◆❡♠✲

③❡t✐ ❚✉❞♦♠✁❛♥②♦s ❆❦❛❞✁❡♠✐✁❛♥ 1968✲❜❛♥ ♠❡❣✈✁❡❞t❡ ❞♦❦t♦r✐ ❞✐ss③❡rt✁❛❝✐✁♦❥✁❛t✱ ❛♠❡❧②❡t

✬❆ s③t♦❝❤❛s③t✐❦✉s ✐♥t❡❣r✁❛❧♦❦ ❡❣②s✁❡❣❡s ❦♦♥✈❡r❣❡♥❝✐✁❛❥✁❛r✁♦❧✱ ❛ ❢♦❧②t♦♥♦s ✈✁❡❧❡t❧❡♥s③❡r✆✉

♠❡③✆♦❦ s♦r♦③❛t❛✐ ✁❡s t✉❧❛❥❞♦♥s✁❛❣❛✐r✁♦❧✬ ✁✙rt✳❬✶✸❪

1967✲t✆♦❧ ✁❡❧❡t❡ ✈✁❡❣✁❡✐❣ ❛ ❚❛r❛s③ ❙❡✈❝s❡♥❦♦ ❑✐❥❡✈✐ ✁❆❧❧❛♠✐ ❊❣②❡t❡♠ ✈❛❧✁♦s③✁✙♥✆✉s✁❡❣s③✁❛♠✁✙t✁❛s

✁❡s ♠❛t❡♠❛t✐❦❛✐ st❛t✐s③t✐❦❛ ❦❛r✁❛♥ ❞♦❧❣♦③♦tt✳ 1974− 1975 ❦☎♦③☎♦tt ❛ ❖❧❛❥✲ ✁❡s ●✁❛③✐♣❛r✐

■♥t✁❡③❡t ✭❆❧❣✁❡r✐❛✱ ❇✉♠❡r❞❡s✮ ♠✉♥❦❛t✁❛rs❛✳ ❬✶✸❪

1985✲❜❡♥ ♠❡❣✈✁❡❞t❡ ❞♦❦t♦r✐ ❞✐ss③❡rt✁❛❝✐✁♦❥✁❛t ❛ ❦☎♦✈❡t❦❡③✆♦ t✁❡♠✁❛❜❛♥✿ ✬❱✁❡❧❡t❧❡♥s③❡r✆✉ ❢♦✲

❧②❛♠❛t♦❦ ❛③ ❖r❧✐❝③✲t✁❡r❜❡♥✳ ❆ ♣✁❛❧②✁❛❦ t✉❧❛❥❞♦♥s✁❛❣❛✐✱ ❛ s♦r♦❦ ✁❡s ❛③ ✐♥t❡❣r✁❛❧♦❦ ❦♦♥✈❡r✲

❣❡♥❝✐✁❛❥❛✬✳❬✶✸❪

❑♦③❛❝s❡♥❦♦ ❏✉r✐❥ ❱❛s③✐❧❥❡✈✐❝s ♠✉♥❦✁❛ss✁❛❣✁❛♥❛❦ ❢✆♦ ✐r✁❛♥②❛✐ ❛ ❦☎♦✈❡t❦❡③✆♦❦ ✈♦❧t❛❦✿

• ✈✁❡❧❡t❧❡♥s③❡r✆✉ ❢♦❧②❛♠❛t♦❦ ❛♥❛❧✐t✐❦❛✐ t✉❧❛❥❞♦♥s✁❛❣❛✐✳ ❆ ❢✉♥❦❝✐♦♥✁❛❧✐s ❡❧♦s③❧✁❛s♦❦

❜❡❝s❧✁❡s❡ ✈✁❡❧❡t❧❡♥s③❡r✆✉ ❢♦❧②❛♠❛t♦❦❜✁♦❧❀

• ✈✁❡❧❡t❧❡♥s③❡r✆✉ ❢♦❧②❛♠❛t♦❦ ❛③ ❖r❧✐❝③✲t✁❡r❜❡♥❀

• ♣r❡✲●❛✉ss ✁❡s ❙✉❜✲●❛✉ss ✈✁❡❧❡t❧❡♥s③❡r✆✉ ❢♦❧②❛♠❛t♦❦❀

• ♠❛t❡♠❛t✐❦❛✐ ✜③✐❦❛ ❤✐♣❡r❜♦❧✐❦✉s ✁❡s ♣❛r❛❜♦❧✐❦✉s t✁✙♣✉s✁✉ ❡❣②❡♥❧❡t❡✐ ✈✁❡❧❡t❧❡♥s③❡r✆✉

t✁❡♥②❡③✆♦❦❦❡❧❀

✽



• ✈✁❡❧❡t❧❡♥s③❡r✆✉ ❢♦❧②❛♠❛t♦❦ ♠♦❞❡❧❧❡③✁❡s❡❀

• ✈✁❡❧❡t❧❡♥s③❡r✆✉ ❢♦❧②❛♠❛t♦❦ ❤✉❧❧✁❛♠❡❧♦s③❧✁❛s❛✳ ❬✹❪

❑♦③❛❝s❡♥❦♦ ❏✉r✐❥ ❱❛s③✐❧❥❡✈✐❝s ❞♦❧❣♦③♦tt ❛③ ❯♥❣✈✁❛r✐ ✁❆❧❧❛♠✐ ❊❣②❡t❡♠ ✈❛❧✁♦s③✁✙♥✆✉s✁❡❣s③✁❛♠✁✙t✁❛s

✁❡s ♠❛t❡♠❛t✐❦❛✐ ❛♥❛❧✁✙③✐s ❦❛r✁❛♥❛❦ ♣r♦❢❡ss③♦r❛❦✁❡♥t ❛ 2000 − 2015 ❦☎♦③☎♦tt✐ ✐❞✆♦s③❛❦❜❛♥✳

❊③❡♥ ✐❞✆♦s③❛❦❜❛♥ ❦✁❡s③✁✙t❡tt❡ ❢❡❧ ❛ ❦♦r✁❛❜❜❛♥ ❡♠❧✁✙t❡tt ❦✉t❛t✁♦❦❛t ❛ ❞♦❦t♦r✐ ❞✐ss③❡rt✁❛❝✐✁♦✐❦

s✐❦❡r❡s ♠❡❣✈✁❡❞✁❡s✁❡r❡✳ ❬✶✸❪

❆ ♣r♦❢❡ss③♦r ♥❡✈❡ ❛❧❛tt s③❡r❡♣❡❧ ❦☎♦③❡❧ 300 t✉❞♦♠✁❛♥②♦s ♠✉♥❦❛✱ 13♠♦♥♦❣r✁❛✜❛✳ ▼✉♥❦✁❛✐

❦☎♦③☎✉❧ ♥✁❡❤✁❛♥②❛t ♠✁❛s ♥②❡❧✈r❡ ✐s ❧❡❢♦r❞✁✙t♦tt❛❦✳ ❑♦③❛❝s❡♥❦♦ ❏✉r✐❦ ❱❛s③✐❧❥❡✈✐❝s ♥❡♠ ❡❣②✲

s③❡r ❧❡tt ❦✐t☎✉♥t❡t✈❡ ❦☎✉❧☎♦♥❜☎♦③✆♦ ❞✁✙❥❛❦❦❛❧✿

• ❯❦r❛❥♥❛ ✁❆❧❧❛♠✐ ❉✁✙❥❛ ❦✐t☎✉♥t❡t❡tt❥❡ ❛ t✉❞♦♠✁❛♥② ✁❡s ❛ t❡❝❤♥♦❧✁♦❣✐❛ t❡r☎✉❧❡t✁❡♥✱ ✷✵✵✸❀

• ❆③ ❯♥❣✈✁❛r✐ ❊❣②❡t❡♠ t✐s③t❡❧❡t❜❡❧✐ ❞♦❦t♦r❛✱ ✷✵✵✺❀

• ❯❦r❛❥♥❛ ❖❦t❛t✁❛s✐ ✁❡s ❚✉❞♦♠✁❛♥②♦s ▼✐♥✐s③t✁❡r✐✉♠✁❛♥❛❦ ♦❦❧❡✈❡❧❡✱ ✷✵✵✼❀

• ❆ ❚❛r❛s③ ❙❡✈❝s❡♥❦♦ ❑✐❥❡✈✐ ◆❡♠③❡t✐ ❊❣②❡t❡♠ ❦✐t☎✉♥t❡t❡tt ♣r♦❢❡ss③♦r❛✱ ✷✵✵✾❀

• ❯❦r❛❥♥❛ ❦✐t☎✉♥t❡t❡tt t✉❞♦♠✁❛♥②♦s ✁❡s t❡❝❤♥♦❧✁♦❣✐❛✐ ♠✉♥❦❛t✁❛rs❛✱ ✷✵✶✵❀

• ❆③ ❯❦r❛❥♥❛✐ ◆❡♠③❡t✐ ❚✉❞♦♠✁❛♥②♦s ❆❦❛❞✁❡♠✐❛ ✷✵✶✷✳ ✁❡✈✐ ❑r✐❧♦✈✲❞✁✙❥✁❛♥❛❦ ❞✁✙❥❛③♦tt❥❛

❛ ✧❋r❛❦t✁❛❧✲ ✁❡s ❦☎♦③❡❧✁✙t✁❡s✐ s✁❡♠✁❛❦ ❛ ✈✁❡❧❡t❧❡♥s③❡r✆✉ ❢♦❧②❛♠❛t♦❦ ❡❧♠✁❡❧❡t✁❡❜❡♥ ✁❡s ❛❧✲

❦❛❧♠❛③✁❛s✁❛❜❛♥✧ ❝✁✙♠✆✉ ♠✉♥❦❛s♦r♦③❛t✁❡rt ✭t✁❛rss③❡r③✆♦✮❀

• ✧✁❊r❞❡♠❡❦✁❡rt✧ ■■■✳ ❋♦❦♦③❛t✱ ✷✵✶✽✳ ❬✶✸❪

✶✳✷✳ ❙③❧✐✈❦❛✲❚✐❧✐s❝s❛❦ ❍❛♥♥❛

❙③❧✐✈❦❛✲❚✐❧✐s❝s❛❦ ❍❛♥♥❛ ♠❡❣✈✁❡❞t❡ ❞♦❦t♦r✐ ❞✐ss③❡rt✁❛❝✐✁♦❥✁❛t 2004. ❥✁✉♥✐✉s 14✲✁❡♥ ❛ ❦☎♦✈❡t❦❡③✆♦

t✁❡♠✁❛❜❛♥✿ ✬❆ ♠❛t❡♠❛t✐❦❛✐ ✜③✐❦❛ ❤❛t✁❛r✁❡rt✁❡❦✲♣r♦❜❧✁❡♠✁❛✐ ✈✁❡❧❡t❧❡♥s③❡r✆✉ ❦❡③❞❡t✐ ❢❡❧t✁❡t❡❧❡❦❦❡❧✬✳

❊③❡♥ ❛ t❡r☎✉❧❡t❡♥ ❢♦❧②t❛tt❛ ❦✉t❛t✁❛s✁❛t ✁❡s ❦✁❡s✆♦❜❜✱ 2015 ❥✁✉♥✐✉s 2✲✁❛♥ ♠❡❣✈✁❡❞t❡ ♥❛❣②❞♦❦✲

t♦r✐ ❞✐ss③❡rt✁❛❝✐✁♦❥✁❛t ❛ ❦☎♦✈❡t❦❡③✆♦ t✁❡♠✁❛❜❛♥✿ ✬▼❛t❡♠❛t✐❦❛✐ ✜③✐❦❛ ❢❡❧❛❞❛t❛✐ ✈✁❡❧❡t❧❡♥s③❡r✆✉

t✁❡♥②❡③✆♦❦❦❡❧✬✳ ❬✶✸❪

❋✐❣②❡❧❡♠r❡ ♠✁❡❧t✁♦ ❙③❧✐✈❦❛✲❚✐❧✐s❝s❛❦ ❍❛♥♥❛ ❦✉t❛t✁❛s❛ ❛ ❤✐♣❡r❜♦❧✐❦✉s ✁❡s ♣❛r❛❜♦❧✐❦✉s

t✁✙♣✉s✁✉ ♠❛t❡♠❛t✐❦❛✐ ✜③✐❦❛ ❡❣②❡♥❧❡t❡✐r✆♦❧ ✈✁❡❧❡t❧❡♥s③❡r✆✉ t✁❡♥②❡③✆♦❦❦❡❧✳ ❆ ❦✉t❛t✁❛s ❝✁❡❧❥❛
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❛ ❤✐♣❡r❜♦❧✐❦✉s ✁❡s ♣❛r❛❜♦❧✐❦✉s t✁✙♣✉s✁✉ ❢❡❧❛❞❛t♦❦ ✈✁❡❧❡t❧❡♥s③❡r✆✉ t✁❡♥②❡③✆♦❦❦❡❧ ✈❛❧✁♦ ♠❡❣✲

♦❧❞✁❛s❛✐ ❛❧❛♣t✉❧❛❥❞♦♥s✁❛❣❛✐♥❛❦ ♠❡❣❤❛t✁❛r♦③✁❛s❛ ✁❡s ✁❛❧t❛❧✁❛♥♦s✁✙t✁❛s❛✱ ❛③♦❦ ♠♦❞❡❧❧❡③✁❡s❡ ♠❡❣✲

❤❛t✁❛r♦③♦tt ♣♦♥t♦ss✁❛❣❣❛❧ ✁❡s ♠❡❣❜✁✙③❤❛t✁♦s✁❛❣❣❛❧ ✁❡s ❛ s③t♦❝❤❛s③t✐❦✉s t❡r❡❦ ♥✁❡❤✁❛♥② ♦s③t✁❛❧②❛

s③✉♣r✁❡♠✉♠✲❡❧♦s③❧✁❛s✁❛♥❛❦ ✁❡rt✁❡❦❡❧✁❡s❡✳ ❬✹❪

❆ ❦✉t❛t✁❛s ❢✆♦ t✉❞♦♠✁❛♥②♦s ❡r❡❞♠✁❡♥②❡✐ ❛③ ❛❧✁❛❜❜✐❛❦✿

• ❛ ❤✐♣❡r❜♦❧✐❦✉s t✁✙♣✉s✁✉ ♠❛t❡♠❛t✐❦❛✐ ✜③✐❦❛ ❤❛t✁❛r✁❡rt✁❡❦✲♣r♦❜❧✁❡♠✁❛✐t ✈✁❡❧❡t❧❡♥s③❡r✆✉

❦❡③❞❡t✐ ❢❡❧t✁❡t❡❧❡❦❦❡❧ ✈✐③s❣✁❛❧❥✉❦✳ ❆③ ✐❧②❡♥ ♣r♦❜❧✁❡♠✁❛❦ ❡s❡t✁❡♥ ❡❧❡❣❡♥❞✆♦ ♠❡❣t❛❧✁❛❧♥✐

❛ ❦✁❡ts③❡r ❢♦❧②t♦s❛♥ ❞✐✛❡r❡♥❝✐✁❛❧t ♠❡❣♦❧❞✁❛s ❧✁❡t❡③✐ ❢❡❧t✁❡t❡❧❡✐t✱ ❛③ ✁❛❧t❛❧✁❛♥♦s✁✙t♦tt

♠❡❣♦❧❞✁❛s ✁❡s ❛ ❦❛♣♦tt ❜❡❝s❧✁❡s ❛③ ❛❞♦tt ❢❡❧❛❞❛t s③✉♣r✁❡♠✉♠✲❡❧♦s③❧✁❛s✁❛r❛✱ ❛♠✐✲

❦♦r ❛ ❦❡③❞❡t✐ ❢❡❧t✁❡t❡❧❡❦ s③t♦❝❤❛s③t✐❦✉s ❢♦❧②❛♠❛t♦❦ ❛③ ❖r❧✐❝③ t✁❡r ❢❡❧❡tt✳ ❆

❧✁❡t❡③✁❡s✐ ❢❡❧t✁❡t❡❧❡❦ ❡❧s✆♦❦✁❡♥t ❛ ❦♦rr❡❧✁❛❝✐✁♦s ❢☎✉❣❣✈✁❡♥②❡❦ ❦❧❛ss③✐❦✉s ♠❡❣♦❧❞✁❛s✁❛❜❛♥

t❛❧✁❛❧❤❛t✁♦❛❦ ♠❡❣❀

• ❜❡♠✉t❛t♦tt ❡❣② ✁✉❥ ♠✁♦❞s③❡rt ❛ s③t♦❝❤❛s③t✐❦✉s ❦❡③❞❡t✐ ❢❡❧t✁❡t❡❧❡❦❦❡❧ ♠❡❣❛❞♦tt

❤✐♣❡r❜♦❧✐❦✉s ♠❛t❡♠❛t✐❦❛✐ ✜③✐❦❛ ❢❡❧❛❞❛t❛✐ ♠❡❣♦❧❞✁❛s❛✐♥❛❦ ♠♦❞❡❧❧❡③✁❡s✁❡r❡✳ ❆③

❡❣②❡♥❧❡t❡❦ ♠❡❣♦❧❞✁❛s❛✐r❛ ❢❡❧✁❡♣✁✙t❡tt ♠♦❞❡❧❧❡❦ ❦✐③✁❛r✁♦❧❛❣ s✉❜✲❣❛✉ss✲❢✁❡❧❡ s③t♦❝❤❛s③✲

t✐❦✉s ❦❡③❞❡t✐ ❢❡❧t✁❡t❡❧❡❦❦❡❧ ♠❡❣❛❞♦tt ❤✐♣❡r❜♦❧✐❦✉s ♠❛t❡♠❛t✐❦❛✐ ✜③✐❦❛ ❡❣②❡♥❧❡✲

t❡✐r❡ ❧❡tt❡❦ ❢❡❧✁❡♣✁✙t✈❡❀

• ❜❡❝s❧✁❡s❡❦❡t t❛❧✁❛❧t ❛ Subϕ(Ω) t✁❡r❜✆♦❧✱ ❛ ✈✁❡❣t❡❧❡♥ t❛rt♦♠✁❛♥♥②❛❧ r❡♥❞❡❧❦❡③✆♦ ❖r❧✐❝③

t✁❡r❜✆♦❧✱ ✈❛❧❛♠✐♥t ❛③ LP (Ω) s③t♦❝❤❛s③t✐❦✉s t✁❡r❜✆♦❧ s③✁❛r♠❛③✁♦ ✈✁❡❧❡t❧❡♥s③❡r✆✉ ♠❡③✆♦❦

s③✉♣r❡♠✉♠✁❛♥❛❦ ❡❧♦s③❧✁❛s✁❛r❛✳ ❆ ✈✁❡❣t❡❧❡♥ t❛rt♦♠✁❛♥②❜❛♥ ❛ s③t♦❝❤❛s③t✐❦✉s t❡r❡❦

♥☎♦✈❡❦❡❞✁❡s✁❡♥❡❦ ❣②♦rs❛s✁❛❣✁❛t ❦♦r✁❛❜❜❛♥ ♠✁❡❣ ♥❡♠ ❦✉t❛tt✁❛❦✳ P✁❡❧❞✁❛t ❤♦③♦tt ❢❡❧ ❛

❦❛♣♦tt ❜❡❝s❧✁❡s ❤✐♣❡r❜♦❧✐❦✉s t✁✙♣✉s✁✉ ♠❛t❡♠❛t✐❦❛✐ ✜③✐❦❛ ❡❣②❡♥❧❡t❡❦ ♠❡❣♦❧❞✁❛s✁❛♥✁❛❧

✈❛❧✁♦ ❢❡❧❤❛s③♥✁❛❧✁❛s✁❛r❛❀

• ❛ ❈❛✉❝❤②✲❢❡❧❛❞❛t ❦❧❛ss③✐❦✉s ♠❡❣♦❧❞✁❛s✁❛♥❛❦ ✈❛❧✁♦s③✁✙♥✆✉s✁❡❣✐ ❡❣②s✁❡❣✁❡✈❡❧ ❡❧s✆♦❦✁❡♥t

t❛❧✁❛❧t ❡❧✁❡❣s✁❡❣❡s ❢❡❧t✁❡t❡❧❡❦❡t ❛ ❤✆♦✈❡③❡t✁❡s ❡❣②❡♥❧❡tr❡✱ ❛♠✐❦♦r ❛ ❥♦❜❜ ♦❧❞❛❧♦♥ s③t♦✲

❝❤❛s③t✐❦✉s t✁❡r ✈❛♥ ✁❡s ❡③ ❛ t✁❡r ❛ Subϕ(Ω) t✁❡r❜✆♦❧ ✁❡s ❛③ ❖r❧✐❝③ t✁❡r❜✆♦❧ ✈❛♥❀

• ❦✉t❛tt❛ ❛ ❈❛✉❝❤②✲❢❡❧❛❞❛t ♠❡❣♦❧❞✁❛s❛ s③✉♣r✁❡♠✉♠✲❡❧♦s③❧✁❛s✁❛♥❛❦ ❜❡❝s❧✁❡s✁❡t ❛ ❤✆♦✈❡③❡t✁❡s

❡❣②❡♥❧❡t✁❡r❡✱ ❛♠✐❦♦r ❛ ❥♦❜❜ ♦❧❞❛❧♦♥ s③t♦❝❤❛s③t✐❦✉s t✁❡r ✈❛♥ ✁❡s ❡③ ❛ t✁❡r ❛ Subϕ(Ω)

t✁❡r❜✆♦❧ ✭❦♦♠♣❛❦t ✁❡s ✈✁❡❣t❡❧❡♥ t❛rt♦♠✁❛♥②❜❛♥✮ ✁❡s ❛♠✐❦♦r ❛ s③t♦❝❤❛s③t✐❦✉s t✁❡r ❛③

❖r❧✐❝③ t✁❡r❜✆♦❧ ✈❛♥✳ ❬✶✶❪

✶✵



✶✳✸✳ ❚r♦s❦✐ ❱✐❦t♦r

❚r♦s❦✐ ❱✐❦t♦r ❦✉t❛t✁❛s❛✐♥❛❦ ❢✆♦ ❡r❡❞♠✁❡♥②❡✐✱ ❛♠❡❧②❡❦ ❤♦③③✁❛s❡❣✁✙t❡tt✁❡❦ ❛ ❞♦❦t♦r✐ ❝✁✙♠❤❡③✱

❛ ❦☎♦✈❡t❦❡③✆♦❦ ✈♦❧t❛❦✿ ❬✸❪

• ❦✉t❛t♥✐ ❛ ✈✁❡❧❡t❧❡♥s③❡r✆✉ ✈✁❛❧t♦③✁♦❦ t❡❧❥❡s ♦s③t✁❛❧②✁❛♥❛❦ ❛❧❛♣✈❡t✆♦ t✉❧❛❥❞♦♥s✁❛❣❛✐t✱

♥❡✈❡③❡t❡s❡♥ ❛ ❦✈❛❞r❛t✐❦✉s❛♥ ϕ✲s③✉❜❣❛✉ss✐ ✈✁❡❧❡t❧❡♥ ✈✁❛❧t♦③✁♦❦ ♦s③t✁❛❧②✁❛t❀

• ❡❧❡❣❡♥❞✆♦ ❢❡❧t✁❡t❡❧t t❛❧✁❛❧♥✐ ❛rr❛✱ ❤♦❣② ❛ ✈✁❡❧❡t❧❡♥ ✈✁❛❧t♦③✁♦ ❛ ❦✈❛❞r❛t✐❦✉s❛♥ ϕ✲

s③✉❜❣❛✉ss ✈✁❡❧❡t❧❡♥ ✈✁❛❧t♦③✁♦❦ ♦s③t✁❛❧②✁❛❜❛ t❛rt♦③✐❦❀ ❜❡❝s❧✁❡s❡❦❡t ❦❛♣♥✐ ❛ ♠✁❛s♦❞❢♦❦✁✉

ϕ✲s③✉❜❣❛✉ss ✈✁❡❧❡t❧❡♥ ✈✁❛❧t♦③✁♦❦ ❡①♣♦♥❡♥❝✐✁❛❧✐s ♠♦♠❡♥t✉♠❛✐r❛❀

• ✁✉❥ ❜❡❝s❧✁❡s❡❦❡t ❦❛♣♥✐ ❛③ LP (T ), p ≥ 1 t✁❡r ♥♦r♠✁❛✐♥❛❦ ❡❧♦s③❧✁❛s✁❛r✁♦❧ ❛ ✈✁❡❧❡t❧❡♥s③❡r✆✉

❢♦❧②❛♠❛t♦❦❤♦③ ❛ ❦✈❛❞r❛t✐❦✉s❛♥ ●❛✉ss✲❢✁❡❧❡ ✈✁❡❧❡t❧❡♥ ✈✁❛❧t♦③✁♦❦ t❡r✁❡❜✆♦❧❀

• ❛ ❦✐❞♦❧❣♦③♦tt ❡❧♠✁❡❧❡t ❢❡❧❤❛s③♥✁❛❧✁❛s✁❛✈❛❧ ✁✉❥ ♠✁❛tr✐①♦❦ ❢❡❧✁❡♣✁✙t✁❡s❡✱ ✁❡s ♠❡❣✁❛❧❧❛♣✁✙t❛♥✐✱

❤♦❣② ❡③❡❦ ❛ ♠✁❛tr✐①♦❦ ❦✐❡❧✁❡❣✁✙t✐❦ ❛ ❦♦r❧✁❛t♦③♦tt ✐③♦t❡r♠ t✉❧❛❥❞♦♥s✁❛❣✁❛t❀

• ❛ ❦❛♣♦tt ✁✉❥ ❜❡❝s❧✁❡s❡❦ ❛❧❛♣❥✁❛♥ ❢❡❧✁❡♣✁✙t❡♥✐ ❛ ●❛✉ss✲❢✁❡❧❡ ✧❦☎♦♥♥②❡❜❜✧ ✭✧♥❡❤❡③❡❜❜✧✮

❡❧♦s③❧✁❛s♦❦ ✧❢❛r♦❦✧ ③❛❥✁❛♥❛❦ s③✆✉r✁❡s✐ s✁❡♠✁❛❥✁❛t❀

• ✁✉❥ ❦r✐t✁❡r✐✉♠♦❦❛t ❥❛✈❛s♦❧♥✐ ❛ ●❛✉ss✲st❛❝✐♦♥✁❛r✐✉s✱ ♥❡♠ st❛❝✐♦♥✁❛r✐✉s ❢♦❧②❛♠❛✲

t♦❦✱ ✈❛❧❛♠✐♥t ❛ ❤♦♠♦❣✁❡♥ ✁❡s ✐③♦tr✁♦♣ ✈✁❡❧❡t❧❡♥ ♠❡③✆♦❦ ❦♦✈❛r✐❛♥❝✐❛✲❢☎✉❣❣✈✁❡♥②❡✐♥❡❦

❢♦r♠✁❛❥✁❛✈❛❧ ❦❛♣❝s♦❧❛t♦s ❤✐♣♦t✁❡③✐s❡❦ t❡s③t❡❧✁❡s✁❡r❡✳ ❬✸❪

❆ ❦✉t❛t✁❛s ❡r❡❞♠✁❡♥②❡✐t ♥❡♠ ❝s❛❦ ❛③ ❡❧♠✁❡❧❡t❜❡♥✱ ❤❛♥❡♠ ❛ ❣②❛❦♦r❧❛t❜❛♥ ✐s ❢❡❧❤❛s③♥✁❛❧❥✁❛❦

s③✁❛♠♦s t❡r♠✁❡s③❡tt✉❞♦♠✁❛♥②❜❛♥✱ t✁❛rs❛❞❛❧♦♠t✉❞♦♠✁❛♥②❜❛♥ ✁❡s ❦☎♦③❣❛③❞❛s✁❛❣❜❛♥ ✐s✳ ❚r♦s✲

❦✐ ❱✐❦t♦r ❦✉t❛t✁❛s❛✐ ❢❡❧❧❡❧❤❡t✆♦❦ ❛ ♣✁❡♥③☎✉❣②✐ ♠❛t❡♠❛t✐❦✁❛❜❛♥✱ ❛③ ✐♥❢♦r♠❛t✐❦✁❛❜❛♥✱ ❛

❣❡♦✜③✐❦✁❛❜❛♥✱ ❣❡♦❧✁♦❣✐✁❛❜❛♥✱ r✁❛❞✐✁♦t❡❝❤♥✐❦✁❛❜❛♥✱ ❛s③tr♦♥✁♦♠✐❛✐ ❦✉t❛t✁❛s♦❦❜❛♥ ✁❡s ❛③ ✐♥✲

❢♦r♠✁❛❝✐✁♦ ❦✁♦❞♦❧✁❛s ❡❧♠✁❡❧❡t✁❡❜❡♥ ✐s✳ ❬✷❪

✶✳✹✳ ❚r♦s❦✐ ◆❛t✁❛❧✐❛

❚r♦s❦✐ ✭❋❡❞♦r❥❛♥✐❝s✮ ◆❛t✁❛❧✐❛ ❦✉t❛t✁❛s✁❛♥❛❦ ❝✁❡❧❥❛ ✁❡s ❢❡❧❛❞❛t❛ ❛ ✈✁❡❧❡t❧❡♥s③❡r✆✉ ❢♦❧②❛♠❛t♦❦

✁❡s ♠❡③✆♦❦ ♠♦❞❡❧❧❡③✁❡s✐ ♠✁♦❞s③❡r❡✐♥❡❦ ❡❧♠✁❡❧❡t✐ ❛❧❛♣❥❛✐✱ ♠♦❞❡❧❧❡❦ ❢❡❧✁❡♣✁✙t✁❡s❡✱ ❛♠❡❧②❡❦

❛ ✈✁❡❧❡t❧❡♥s③❡r✆✉ ❢♦❧②❛♠❛t♦❦❛t ✁❡s ♠❡③✆♦❦❡t ❛❞♦tt ♣♦♥t♦ss✁❛❣❣❛❧ ✁❡s ♠❡❣❜✁✙③❤❛t✁♦s✁❛❣❣❛❧

✶✶



❦☎♦③❡❧✁✙t✐❦ ♠❡❣ ❛ C(T ) ✁❡s ❛③ LP (Ω) t✁❡r❜❡♥✳ ❚♦✈✁❛❜❜✐ ❢❡❧❛❞❛t❛✐ ❦☎♦③✁❡ t❛rt♦③✐❦ ❛ ❦☎♦✈❡t❦❡③✆♦

❢❡❧❛❞❛t♦❦ ♠❡❣♦❧❞✁❛s❛✿ ❬✷❪

• ❛ ●❛✉ss✲❢✁❡❧❡ ♥❡♠ st❛❝✐♦♥✁❛r✐✉s ✈✁❡❧❡t❧❡♥s③❡r✆✉ ❢♦❧②❛♠❛t♦❦ ✁❡s ♠❡③✆♦❦ ♠♦❞❡❧❧❥❡✐♥❡❦

❢❡❧✁❡♣✁✙t✁❡s❡ ❛ s♣❡❦tr✉♠ ❢❡❧♦s③t✁❛s✁❛♥❛❦ ✁❡s r❛♥❞♦♠✐③✁❛❧✁❛s✁❛♥❛❦ ♠✁♦❞s③❡r✁❡✈❡❧✱ ✈❛❧❛✲

♠✐♥t ❛ ❤♦♠♦❣✁❡♥ ✁❡s ✐③♦tr✁♦♣ ✈✁❡❧❡t❧❡♥ ♠❡③✆♦ ♠♦❞❡❧❧❥✁❡✈❡❧ ❛❞♦tt ♣♦♥t♦ss✁❛❣❣❛❧ ✁❡s

♠❡❣❜✁✙③❤❛t✁♦s✁❛❣❣❛❧ ❛ C(T ) t✁❡r❜❡♥❀

• ♠❡❣❦❛♣❥❛ ♥✁❡❤✁❛♥② ❢r❛❦❝✐♦♥✁❛❧✐s ✈✁❡❧❡t❧❡♥s③❡r✆✉ ❢♦❧②❛♠❛t ♠♦❞❡❧❧❥✁❡♥❡❦ ❦♦♥✈❡r❣❡♥❝✐❛✲

❢❡❧t✁❡t❡❧❡✐t ❛ C(T ) t✁❡r❜❡♥ ❧✁❡✈✆♦ ✈❛❧✁♦s③✁✙♥✆✉s✁❡❣❣❡❧❀

• ❛ ●❛✉ss✲♥❡♠st❛❝✐♦♥✁❛r✐✉s ❢♦❧②❛♠❛t♦❦ ✁❡s ♠❡③✆♦❦ ❢❡❧✁❡♣✁✙t❡tt ♠♦❞❡❧❧❥❡✐♥❡❦ ♣♦♥✲

t♦ss✁❛❣✁❛t ✁❡s ♠❡❣❜✁✙③❤❛t✁♦s✁❛❣✁❛t ✈✐③s❣✁❛❧♥✐ ❛③ LP (T ) t✁❡r❜❡♥❀

• ❤♦♠♦❣✁❡♥ ✁❡s ✐③♦tr✁♦♣ ♠❡③✆♦❦ ♠♦❞❡❧❧❥❡✐♥❡❦ ❢❡❧✁❡♣✁✙t✁❡s❡✱ ❛❞♦tt ♠❡❣❜✁✙③❤❛t✁♦s✁❛❣❣❛❧ ✁❡s

♣♦♥t♦ss✁❛❣❣❛❧ ❛③ LP (T ) t✁❡r❜❡♥✳ ❬✶✸❪

✶✳✺✳ ❍✉❞✐✈♦❦ ❚❛t❥❛♥❛

❋❡❞♦r❥❛♥✐❝s ✭❍✉❞✐✈♦❦✮ ❚❛t❥❛♥❛ ❛ ●❛✉ss✲❢✁❡❧❡ ✈✁❡❧❡t❧❡♥s③❡r✆✉ ❢♦❧②❛♠❛t♦❦ ✁❡s ♠❡③✆♦❦ ❦♦r✲

r❡❧✁❛❝✐✁♦s ❢☎✉❣❣✈✁❡♥②✁❡♥❡❦ t✁✙♣✉s✁❛r❛ ✈♦♥❛t❦♦③✁♦ ❤✐♣♦t✁❡③✐s❡❦ t❡s③t❡❧✁❡s✁❡♥❡❦ ❦r✐t✁❡r✐✉♠❛✐t t❛✲

♥✉❧♠✁❛♥②♦③t❛✳❬✷❪

❍✉❞✐✈♦❦ ❚❛t❥❛♥❛✱ ❚r♦s❦✐ ❱✐❦t♦r ✁❡s ❚r♦s❦✐ ◆❛t✁❛❧✐❛✱ ❑♦③❛❝s❡♥❦♦ ❏✉r✐❥ ❱❛s③✐❧❥❡✈✐❝s

✐r✁❛♥②✁✙t✁❛s✁❛✈❛❧ ❛ ❦☎♦✈❡t❦❡③✆♦ ❡r❡❞♠✁❡♥②❡❦❡t ✁❡rt✁❡❦ ❡❧✿

✶✳ ❚✁❡t❡❧✳ ❬✷❪ ▲❡❣②❡♥ ❛❞♦tt ❛ ξ = {ξ(t), t ∈ T} ❛ s✉❜✲●❛✉ss t✁❡r❜❡♥ ❡❣② ✈✁❡❧❡t❧❡♥s③❡r✆✉

❢♦❧②❛♠❛t✱ Eξ(t) = 0, r2(t) = r2(ξ(t)) = E(ξ(t))2✳ ❚❡❣②☎✉❦ ❢❡❧✱ ❤♦❣② ❧✁❡t❡③✐❦ ❛ ❦☎♦✈❡t❦❡③✆♦

✐♥t❡❣r✁❛❧✿
∫

T
(E(ξ(t))2)

p

2dt < ∞, p ≥ 1✳ ❆❦❦♦r ❛③ ✐♥t❡❣r✁❛❧
∫

T
|ξ(t)|pdt < ∞✱ ✶

✈❛❧✁♦s③✁✙♥✆✉s✁❡❣❣❡❧ ❧✁❡t❡③✐❦✱ ✁❡s ♠✐♥❞❡♥ ε ❡s❡t✁❡❜❡♥✱ ε > c
1

p
p p

1

2 ✱ ❛❤♦❧ cp =
∫

T
(E(ξ(t))2)

p

2dt

✐❣❛③ ❛③ ❛❧✁❛❜❜✐ ❡❣②❡♥❧✆♦t❧❡♥s✁❡❣✿

P{||ξ(t)||LP
> ε} ≤ 2exp

{

− ε2

2c
1

p
p

}

.

✷✳ ❚✁❡t❡❧✳ ❬✷❪ ❚❡❣②☎✉❦ ❢❡❧✱ ❤♦❣② ❛ Λ ♣❛rt✁✙❝✐✁♦ ❛ ξΛ(t) ♠♦❞❡❧❧❜❡♥ ♦❧②❛♥✱ ❤♦❣②
∫

T

(τ(ξ(t)− ξΛ(t)))
pdt ≤ εp

max(p
1

p , (2ln2
δ
)
p

2

.

❆❦❦♦r ❡③ ❛ ♠♦❞❡❧❧ ❦☎♦③❡❧✁✙t✐ ❛ ξ(t) ●❛✉sss ❢♦❧②❛♠❛t♦t ε ♣♦♥t♦ss✁❛❣❣❛❧ ✁❡s 1−δ ♠❡❣❜✁✙③❤❛t✁♦s✁❛❣❣❛❧✱

0 < δ < 1 ❛③ LP (T ), p ≥ 1 t✁❡r❜❡♥✳

✶✷



✶✳✻✳ ❚❡❣③❛ ❆♥t✁♦♥✐❛

❆③ ✉t✁♦❜❜✐ ✐❞✆♦❦❜❡♥ ❛ s③t♦❝❤❛s③t✐❦✉s ❢♦❧②❛♠❛t♦❦ ❡❧♠✁❡❧❡t✁❡♥❡❦ ❛❧❦❛❧♠❛③✁❛s❛ s③✁❛♠♦s t✉✲

❞♦♠✁❛♥②❜❛♥ ❡❧t❡r❥❡❞t✱ t☎♦❜❜❡❦ ❦☎♦③☎♦tt ❛ t❡r♠✁❡s③❡tt✉❞♦♠✁❛♥②♦❦❜❛♥✱ ❛③ ❡❧❡❦tr♦♥✐❦✁❛❜❛♥✱

❛③ ♦♣t✐❦✁❛❜❛♥✳ ❆ ♠❛t❡♠❛t✐❦❛✐ ♠♦❞❡❧❧❡❦ ❢❡❧✁❡♣✁✙t✁❡s❡ ❢♦♥t♦s s③❡r❡♣❡t ❥✁❛ts③✐❦ ❛ ❢❡❧❛❞❛t♦❦

♠❡❣♦❧❞✁❛s✁❛❜❛♥✱ ❛ ♠♦❞❡❧❧❡❦ t✉❧❛❥❞♦♥s✁❛❣❛✐♥❛❦ t❛♥✉❧♠✁❛♥②♦③✁❛s❛✱ ✐❧❧❡t✈❡ ❛ ♠♦❞❡❧❧ ♠❡❣✲

❢❡❧❡❧✆♦ ♣♦♥t♦ss✁❛❣❣❛❧ ✁❡s ♠❡❣❜✁✙③❤❛t✁♦s✁❛❣❣❛❧ ✈❛❧✁♦ ♠❡❣❛❞✁❛s❛✳ ❬✶✵❪

❚❡❣③❛ ❆♥t✁♦♥✐❛✱ ♠✐♥t ❑♦③❛❝s❡♥❦♦ t❛♥✁✙t✈✁❛♥②❛ t❛♥✉❧♠✁❛♥②♦③t❛ ❛ st❛❝✐♦♥✁❛r✐✉s ❣❛✉ss✲❢✁❡❧❡

s③t♦❝❤❛s③t✐❦✉s ❢♦❧②❛♠❛t♦❦ ♠♦❞❡❧❧❥❡✐ ♣♦♥t♦ss✁❛❣✁❛♥❛❦ ✁❡s ♠❡❣❜✁✙③❤❛t✁♦s✁❛❣✁❛♥❛❦ ✁❡rt✁❡❦❡❧✁❡s✁❡t✳

▼✉♥❦✁❛✐❜❛♥ ❦✉t❛tt❛ ❛ ❦☎✉❧☎♦♥❜☎♦③✆♦ ❢✉♥❦❝✐♦♥✁❛❧✐s t❡r❡❦❡♥ ❢❡❧✁❡♣✁✙t❡tt ●❛✉ss✲❢✁❡❧❡ s③t♦❝❤❛s③✲

t✐❦✉s ❢♦❧②❛♠❛t♦❦ ♣♦♥t♦ss✁❛❣✁❛t ✁❡s ♠❡❣❜✁✙③❤❛t✁♦s✁❛❣✁❛t✱ ❦☎♦③☎♦tt☎✉❦C([0, T ]), LP ([0, T ]), p >

1✱ ✐❧❧❡t✈❡ ♥✁❡❤✁❛♥② s③t♦❝❤❛s③t✐❦✉s ❢♦❧②❛♠❛t♦t ❛③ ❖r❧✐❝③ t❡r❡❦ ❢❡❧❡tt✳ ❬✶✸❪

✶✳✼✳ ▼❧❛✈❡❝ ❏✉r✐❥

▼❧❛✈❡❝ ❏✉r✐❥ t❛♥✉❧♠✁❛♥②♦③t❛ ❛ ✈✁❡❧❡t❧❡♥s③❡r✆✉ ✈✁❛❧t♦③✁♦❦ t❡r✁❡t✱ ♣✐❧❧❛♥❛t♥②✐ ♥♦r♠✁❛❦❦❛❧

Fψ(Ω) ✁❡s ✈✁❡❧❡t❧❡♥s③❡r✆✉ ❢♦❧②❛♠❛t♦❦❦❛❧ ❡③❡❦❜✆♦❧ ❛ t❡r❡❦❜✆♦❧✳ ❑✉t❛t✁❛s❛✐♥❛❦ ❢✆♦ t✉❞♦♠✁❛♥②♦s

❡r❡❞♠✁❡♥②❡✐ ❛③ ❛❧✁❛❜❜✐❛❦✿ ❬✼❪

• ❦✉t❛tt❛ ❛③ Fψ(Ω) t❡r❡❦ ❛❧❛♣t✉❧❛❥❞♦♥s✁❛❣❛✐t ✁❡s ♠❡❣❦❛♣t❛ ❛③♦❦❛t ❛ ❢❡❧t✁❡t❡❧❡❦❡t✱

❛♠❡❧②❡❦♥✁❡❧ ❛ ❝❡♥tr✁❛❧t✱ ❢☎✉❣❣❡t❧❡♥ ✈❛❧✁♦s③✁✙♥✆✉s✁❡❣✐ ✈✁❛❧t♦③✁♦❦r❛ ❡❜❜✆♦❧ ❛ t✁❡r❜✆♦❧ t❡❧❥❡s☎✉❧

❛ H ❢❡❧t✁❡t❡❧❀

• ♠❡❣❦❛♣t❛ ❛ ❦♦♠♣❛❦t t❛rt♦♠✁❛♥②❜❛♥ ❧✁❡✈✆♦ Fψ(Ω) t✁❡r❜✆♦❧ s③✁❛r♠❛③✁♦ s③t♦❝❤❛s③t✐❦✉s

❢♦❧②❛♠❛t♦❦ s③✉♣r✁❡♠✉♠✲❡❧♦s③❧✁❛s✁❛♥❛❦ ❜❡❝s❧✁❡s✁❡t❀

• ❛ ❢♦❧②❛♠❛t♦❦ s③❡❧❡❦t✁✙✈ ❢♦❧②t♦♥♦ss✁❛❣✁❛♥❛❦ ❢❡❧t✁❡t❡❧❡✐ ❡❣② ✈❛❧✁♦s③✁✙♥✆✉s✁❡❣t✆♦❧❀

• ♠❡❣❦❛♣t❛ ❛ ❜❡❝s❧✁❡st ❛③ Fψ(Ω) t✁❡r❜✆♦❧ ✈❡ttR s③t♦❝❤❛s③t✐❦✉s ❢♦❧②❛♠❛t♦❦ s③✉♣r✁❡♠✉♠

❡❧♦s③❧✁❛s✁❛r❛ ✁❡s ❛③ Fψ(Ω) t✁❡r❜✆♦❧ ✈❡tt ❢♦❧②❛♠❛t♦❦ ❤✉❧❧✁❛♠✲❡❧♦s③❧✁❛s❛ ❡❣②❡♥❧❡t❡s ❦♦♥✲

✈❡r❣❡♥❝✐✁❛❥✁❛♥❛❦ ❢❡❧t✁❡t❡❧❡✐t❀

• ♠❡❣✁❛❧❧❛♣✁✙t♦tt❛ ❛ ❦❛♣❝s♦❧❛t♦t ❛③ ❡①♣♦♥❡♥❝✐✁❛❧✐s ❖r❧✐❝③ t❡r❡❦ ✁❡s ❛③ Fψ(Ω) t❡r❡❦

❦☎♦③☎♦tt✱ ✐❧❧❡t✈❡ ❛③♦❦❛t ❛ ❢❡❧t✁❡t❡❧❡❦❡t✱ ❛♠❡❧②❡❦ ♠❡❧❧❡tt ❛③ ❡①♣♦♥❡♥❝✐✁❛❧✐s ❖r❧✐❝③

t❡r❡❦ H t❡r❡❦ ❧❡s③♥❡❦❀

✶✸



• ♠❡❣❦❛♣t❛ ❛③ Fψ(Ω) t✁❡r❜✆♦❧ ✈❡tt s③t♦❝❤❛s③t✐❦✉s ❢♦❧②❛♠❛t♦❦ ♥♦r♠✁❛❧✐s ❡❧♦s③❧✁❛s✁❛♥❛❦

❜❡❝s❧✁❡s✁❡t ❛③ LP (T ) t✁❡r❜❡♥✳ ❬✼❪

❋❡❧❤❛s③♥✁❛❧✈❛ ❛③ ❖r❧✐❝③ t❡r❡❦ ✁❡s ❛③ Fψ(Ω) t❡r❡❦ ❡❧♠✁❡❧❡t✁❡t✱ ♠❡❣✁❛❧❧❛♣✁✙t♦tt❛ ❛③ ✐♥t❡❣r✁❛❧♦❦

▼♦♥t❡ ❈❛r❧♦ ♠✁♦❞s③❡rr❡❧ t☎♦rt✁❡♥✆♦ ❦✐s③✁❛♠✁✙t✁❛s✁❛♥❛❦ ♠❡❣❜✁✙③❤❛t✁♦s✁❛❣✁❛t ✁❡s ♣♦♥t♦ss✁❛❣✁❛t✱

❛ ♣❛r❛♠✁❡t❡r❡❦t✆♦❧ ❢☎✉❣❣✆♦ ✐♥t❡❣r✁❛❧♦❦ ❦✐s③✁❛♠✁✙t✁❛s✁❛♥❛❦ ♠❡❣❜✁✙③❤❛t✁♦s✁❛❣✁❛t ✁❡s ♣♦♥t♦ss✁❛❣✁❛t

C(T ) ✁❡s LP (T ) t✁❡r❜❡♥ ❛ ▼♦♥t❡ ❈❛r❧♦ ♠✁♦❞s③❡rr❡❧✳ ❬✼❪

✶✹



✷✳ ❢❡❥❡③❡t

❆③ ❖r❧✐❝③✲❢✁❡❧❡ s③t♦❝❤❛s③t✐❦✉s

❢♦❧②❛♠❛t♦❦

❆ ♠✉♥❦✁❛♠ ❡③❡♥ ❢❡❥❡③❡t✁❡❜❡♥ ❜❡♠✉t❛t♦♠ ❛③♦♥ ❛❧❛♣✈❡t✆♦ ❢♦❣❛❧♠❛❦❛t✱ ♠❡❧②❡❦ ✐s♠❡r❡✲

t❡ ♥✁❡❧❦☎✉❧ ❛ ❦✉t❛t✁❛st ✁❡s ♠♦❞❡❧❧❡③✁❡st ♥❡♠ ❧❡❤❡t♥❡ ❡❧❦❡③❞❡♥✐✳ ▼✐♥❞❡♥ s③t♦❝❤❛s③t✐❦✉s

❢♦❧②❛♠❛t❜❛♥ s③❡r❡♣❡❧♥❡❦ ✈❛❧✁♦s③✁✙♥✆✉s✁❡❣✐ ✈✁❛❧t♦③✁♦❦✱ ❛♠❡❧②❡❦❡t ❛ ❦☎♦✈❡t❦❡③✆♦❦✁❡♣♣ ❧❡❤❡t

♠❡❣❢♦❣❛❧♠❛③♥✐✿

❉❡✜♥✁✙❝✐✁♦✳ ▲❡❣②❡♥ (Ω, F, P ) ❡❣② ✈❛❧✁♦s③✁✙♥✆✉s✁❡❣✐ ♠❡③✆♦✳ ❆ ξ : Ω → R ❧❡❦✁❡♣❡③✁❡st

✈❛❧✁♦s③✁✙♥✆✉s✁❡❣✐ ✈✁❛❧t♦③✁♦♥❛❦ ♥❡✈❡③③☎✉❦✱ ❤❛ ❜✁❛r♠❡❧② r☎♦❣③✁✙t❡tt x ∈ R ❡s❡t✁❡♥

{ω : ξ(ω) < x} ∈ F.

❉❡✜♥✁✙❝✐✁♦✳ ❆③ f(x) ❢☎✉❣❣✈✁❡♥②t ❦♦♥✈❡①♥❡❦ ♥❡✈❡③③☎✉❦ ❛③ I ✐♥t❡r✈❛❧❧✉♠♦♥✱ ❤❛ ∀x1; x2 ∈ I

✁❡s ∀p; q ∈ [0; 1]; p+ q = 1 ❡s❡t✁❡♥ t❡❧❥❡s☎✉❧✿ f(p · x1 + q · x2) ≤ f(x1) + q · f(x2)

❉❡✜♥✁✙❝✐✁♦✳ ❆ ♣✁❛r♦s✱ ❦♦♥✈❡① U(x) ❢☎✉❣❣✈✁❡♥②t C✲❢☎✉❣❣✈✁❡♥②♥❡❦ ♥❡✈❡③③☎✉❦✱ ❤❛✿ U(0) = 0;

U(x) ♥☎♦✈❡❦✈✆♦✱ ❤❛ x > 0✳

P✁❡❧❞❛✳ ❬✻❪ ❆ ❦☎♦✈❡t❦❡③✆♦ ❢☎✉❣❣✈✁❡♥②❡❦ C✲❢☎✉❣❣✈✁❡♥②❡❦

✶✳ U(x) = a|x|α, x ∈ R, a > 0, α ≥ 1;

✷✳ U(x) = b(exp{a · |x|α} − 1), x ∈ R, b > 0, a > 0, α ≥ 1;

✸✳ U(x) = b(exp{ϕ(x)} − 1), x ∈ R, c > 0, ϕ(x), x ∈ R t❡ts③✆♦❧❡❣❡s C✲❢☎✉❣❣✈✁❡♥②❀

❉❡✜♥✁✙❝✐✁♦✳ ❆③ U(x) C✲❢☎✉❣❣✈✁❡♥② ✁❛❧t❛❧ ❣❡♥❡r✁❛❧t s③t♦❝❤❛s③t✐❦✉s LU(Ω) ❖r❧✐❝③ t✁❡r♥❡❦

♥❡✈❡③③☎✉❦ ❛ ξ(ω) = ξ s③t♦❝❤❛s③t✐❦✉s ❡s❡♠✁❡♥②❡❦ ♦❧②❛♥ t❡r✁❡t✱ ♠❡❧②❜❡♥ ♠✐♥❞❡♥

✶✺



ξ ∈ LU(Ω) ❡s❡t✁❡r❡ ❧✁❡t❡③✐❦ rξ✱ ♠❡❧②r❡ t❡❧❥❡s☎✉❧

EU(
ξ

rξ
) <∞.

❉❡✜♥✁✙❝✐✁♦✳ ❆③ X(t) = {X(t), t ∈ T}✱ s③t♦❝❤❛s③t✐❦✉s ❢♦❧②❛♠❛t ❛③ LU(Ω) ❖r❧✐❝③ t✁❡r

❢☎♦❧☎♦tt✱ ❤❛ ♠✐♥❞❡♥ t ∈ T ❡s❡t✁❡r❡ X(t) ✈✁❡❧❡t❧❡♥ ❡s❡♠✁❡♥② LU(Ω) ❢☎♦❧☎♦tt✳

❉❡✜♥✁✙❝✐✁♦✳ ❆③ LU(Ω) ❖r❧✐❝③ t❡r❡t H✲t✁❡r♥❡❦ ♥❡✈❡③③☎✉❦✱ ❤❛ ❧✁❡t❡③✐❦ D > 0✱ ❛❤♦❧ ❛

ξk, k = 1,∞ ❝❡♥tr✁❛❧t ✈❛❧✁♦s③✁✙♥✆✉s✁❡❣✐ ✈✁❛❧t♦③✁♦❦ ❖r❧✐❝③ ❝s❛❧✁❛❞❥❛ ✁❡s t❡❧❥❡s☎✉❧ ❛ ❦☎♦✈❡t❦❡③✆♦

❡❣②❡♥❧✆♦t❧❡♥s✁❡❣✿
∣

∣

∣

∣

∣

∣

∣

∣

N
∑

k=1

ξk

∣

∣

∣

∣

∣

∣

∣

∣

2

LU

≤ D
N
∑

k=1

||ξk||2LU
.

✶✳ ❚✁❡t❡❧✳ ❬✻❪ ▲❡❣②❡♥ LU(Ω) H✲t✁❡r✱ ξk✲❢☎✉❣❣❡t❧❡♥ ✈❛❧✁♦s③✁✙♥✆✉s✁❡❣✐ ✈✁❛❧t♦③✁♦❦✱ Eξk = 0✱

ξk ∈ LU(Ω) ♦❧②❛♥♦❦✱ ❤♦❣② ❧✁❡t❡③✐❦ R s③✁❛♠✱ ♠❡❧②r❡ t❡❧❥❡s☎✉❧ ❛③ ❡❣②❡♥❧✆♦t❧❡♥s✁❡❣✿

||ξk||2LU
≤ R · Eξ2k. ❍❛ X(t)✲✈✁❡❧❡t❧❡♥ ❢♦❧②❛♠❛t✱ ❛❦❦♦r ❢❡❧✁✙r❤❛t✁♦ ❛ ❦☎♦✈❡t❦❡③✆♦ ❛❧❛❦❜❛♥✿

X(t) =
∞
∑

k=1

ξkϕk(t)

❛❤♦❧ ❡③ ❛③ ☎♦ss③❡❣ ♥✁❡❣②③❡t❡s ❦☎♦③✁❡♣❜❡♥ ❦♦♥✈❡r❣✁❛❧ t ∈ T,X(t) s③✐❣♦r✁✉❛♥ ❖r❧✐❝③ ❢♦❧②❛♠❛t✱
√
DR ♠❡❣❤❛t✁❛r♦③♦tt ✁❛❧❧❛♥❞✁♦✳

✶✳ ▼❡❣❥❡❣②③✁❡s✳ ❬✾❪ ❆ H✲t✁❡r t✉❧❛❥❞♦♥s✁❛❣❛✿

Lp(Ω), p ≥ 2 (u(x) = |x|p), D = 2
√
2

(

Γ

(

p+ 1

2
√
π

))
1

p

.

❆❤♦❧ ❛ Γ =

∫ ∞

0

ts−1e−tdt✳

❖r❧✐❝③ ❝s❛❧✁❛❞ ✲ ♦❧②❛♥ ✈❛❧✁♦s③✁✙♥✆✉s✁❡❣✐ ✈✁❛❧t♦③✁♦❦ t❛rt♦③♥❛❦ ❛③ ❖r❧✐❝③ ❝s❛❧✁❛❞❜❛✱

♠❡❧②❡❦r❡ t❡❧❥❡s☎✉❧♥❡❦ ❛③ ❖r❧✐❝③ t✁❡r ❞❡✜♥✁✙❝✐✁♦❥✁❛❜❛♥ ♠❡❣❛❞♦tt ❢❡❧t✁❡t❡❧❡❦✳

❉❡✜♥✁✙❝✐✁♦✳ ❆③t ♠♦♥❞❥✉❦✱ ❤♦❣② ❛③ XN(t) =
N
∑

k=1

ξkϕk(t) ❛③ X(t) ❢♦❧②❛♠❛t ♠♦❞❡❧❧❥❡ ǫ

♣♦♥t♦ss✁❛❣❣❛❧ ✁❡s 1− δ ♠❡❣❜✁✙③❤❛t✁♦s✁❛❣❣❛❧ ❦☎♦③❡❧✁✙t✐ ❛③ X(t)✲t✱ ❤❛ t❡❧❥❡s☎✉❧ ❛ ❦☎♦✈❡t❦❡③✆♦✿

P{||X(t)−XN(t)|| > ǫ} < δ.

✷✳ ❚✁❡t❡❧✳ ❬✽❪ ❍❛ t❛❧✁❛❧✉♥❦ ❡❣② WM(δ) ❢☎✉❣❣✈✁❡♥②t✱ ♠❡❧②r❡

P{||ξ(t)− ξM(t)|| > δ} < WM(δ),

❛❤♦❧ WM(δ) < α✱ ❛❦❦♦r ♠❡❣✈❛♥ ❛ ❦❡r❡s❡tt ♠♦❞❡❧❧ ❢❡❧s✆♦ ☎♦ss③❡❣ ❤❛t✁❛r❛✳

✶✻



❉❡✜♥✁✙❝✐✁♦✳ ❆③ u(x) = xp ✲ C ✲ ❢☎✉❣❣✈✁❡♥② ✁❛❧t❛❧ ❣❡♥❡r✁❛❧t ❖r❧✐❝③ t❡r❡t Lp(Ω) ❖r❧✐❝③

t✁❡r♥❡❦ ♥❡✈❡③③☎✉❦✳

❆ ♥♦r♠❛ ❥❡❧☎♦❧✁❡s❡✿ || · ||Lp
.

✷✳ ▼❡❣❥❡❣②③✁❡s✳ ❬✻❪ ❆③ Lp(Ω), p ≥ 1 ❛③ u(x) = |x|p C✲❢☎✉❣❣✈✁❡♥② ✁❛❧t❛❧ ❣❡♥❡r✁❛❧t ❖r❧✐❝③

t✁❡r✱ ||ξ||U = ||ξ||p =
(

E|ξ|p
)

1

p ✳

▲❡♠♠❛✳ ❬✶❪ ▲❡❣②❡♥ ξ ∈ LU(Ω)✳ ❆❦❦♦r t❡ts③✆♦❧❡❣❡s ε > 0 ❡s❡t✁❡r❡ t❡❧❥❡s☎✉❧ ❛ ❦☎♦✈❡t❦❡③✆♦

❡❣②❡♥❧✆♦t❧❡♥s✁❡❣✿

P{|ξ| > ε ≤
(

u

(

ξ

||ξ||U

))−1

,

❛❤♦❧ ||ξ||U > 0✳

◆❡✈❡③③☎✉❦ ❛③ XN(t) =
N
∑

k=1

ξkfk(t) ♠♦❞❡❧❧t ❛③ X(t) ❢♦❧②❛♠❛t ♠♦❞❡❧❧❥✁❡♥❡❦✳

❉❡✜♥✁✙❝✐✁♦✳ ❆③t ♠♦♥❞❥✉❦✱ ❤♦❣② ❛③ XN(t) ♠❡❣❦☎♦③❡❧✁✙t✐ ❛③ X(t) ❢♦❧②❛♠❛t♦t ♠❡❣❛❞♦tt

♠❡❣❜✁✙③❤❛t✁♦s✁❛❣❣❛❧ ✁❡s ♣♦♥t♦ss✁❛❣❣❛❧ ❛③ Lp(0;T ) t✁❡r❜❡♥✱ ❤❛ ♠❡❣❛❞♦tt ε > 0 ✭♣♦♥t♦ss✁❛❣✮

✁❡s δ > 0 ✭1− δ ✲ ♠❡❣❜✁✙③❤❛t✁♦s✁❛❣✮ t❡❧❥❡s☎✉❧ ❛ ❦☎♦✈❡t❦❡③✆♦ ❡❣②❡♥❧✆♦t❧❡♥s✁❡❣

P

{(
∫ T

0

|X(t)−XN(t)|pdt
)

1

p

> ε

}

≤ δ.

✸✳ ❚✁❡t❡❧✳ ❬✽❪ ▲❡❣②❡♥ (T, ϕ, µ) ✲ ♠✁❡r❤❡t✆♦ t✁❡r✱ ξk(k = 1, 2,∞) ✲ ❝❡♥tr✁❛❧t✱ ❢☎✉❣❣❡t❧❡♥

✈❛❧✁♦s③✁✙♥✆✉s✁❡❣✐ ✈✁❛❧t♦③✁♦❦ ❛③ ♦❧②❛♥ LU(Ω) ❖r❧✐❝③ t✁❡rr❡❧✱ ❤♦❣② LUp
(Ω) H✲t✁❡r ❛ D ✁❛❧❧❛♥❞✁♦✈❛❧✳

❍❛ ❛ s♦r✿
∞
∑

k=1

||ξi||2Up

(
∫

T

|fk(t)|pdµ(t)
)

2

p

❦♦♥✈❡r❣❡♥s✱ ❛❦❦♦r ❛③ X(t) =
∞
∑

k=1

ξk · fk(t), t ∈ T s♦r s③t♦❝❤❛s③t✐❦✉s❛♥ ❦♦♥✈❡r❣❡♥s✳

❊❜❜❡♥ ❛③ ❡s❡t❜❡♥ t❡ts③✆♦❧❡❣❡s ε > 0 ✁❡s t❡ts③✆♦❧❡❣❡s m ∈ N ❡s❡t✁❡♥ t❡❧❥❡s☎✉❧ ❛ ❦☎♦✈❡t❦❡③✆♦

❡❣②❡♥❧✆♦t❧❡♥s✁❡❣✿

P

{(
∫

T

∣

∣

∣

∣

∞
∑

k=m

ξkfk(t)

∣

∣

∣

∣

p

dµ(t)

)
1

p

> ε

}

≤
(

u

(

εp

D ·
∞
∑

k=m

||ξk||2 · up
(
∫

T

|fk(t)|pdµ(t)
)

2

p

))−1

.

✶✼



✸✳ ❢❡❥❡③❡t

❊①♣♦♥❡♥❝✐✁❛❧✐s ❖r❧✐❝③✲t❡r❡❦

❊❜❜❡♥ ❛ ❢❡❥❡③❡t❜❡♥ ❜❡♠✉t❛t♦♠ ❛③♦❦❛t ❛ ❞❡✜♥✁✙❝✐✁♦❦❛t ✁❡s t✁❡t❡❧❡❦❡t✱ ❛♠❡❧②❡❦ ✐s♠❡r❡t❡

❡❧❡♥❣❡❞❤❡t❡t❧❡♥ ❛❤❤♦③✱ ❤♦❣② ✈✐③s❣✁❛❧❥❛♠ ❛③ ❡①♣♦♥❡♥❝✐✁❛❧✐s ❖r❧✐❝③ t❡r❡❦❡t✳ ❊❧s✆♦❦✁❡♥t

❜❡♠✉t❛t♦♠✱ ❤♦❣② ♠✐ ✐s ❛③ ❛③ ❡①♣♦♥❡♥❝✐✁❛❧✐s ❖r❧✐❝③ t✁❡r✿

❉❡✜♥✁✙❝✐✁♦✳ ▲❡❣②❡♥ ψ(x) ❡❣② ♦❧②❛♥ C✲❢☎✉❣❣✈✁❡♥②✱ ❛♠❡❧②r❡ t❡❧❥❡s☎✉❧

limx→∞
ψ(x)

x
= 0

limx→0
ψ(x)

x
= ∞

❊❦❦♦r ❛③ U(x) = exp{Ψ(x)}− 1✱ ❛❤♦❧ ∀x ∈ R ❢☎✉❣❣✈✁❡♥② ✁❛❧t❛❧ ❣❡♥❡r✁❛❧t t❡r❡t ❡①♣♦♥❡♥✲

❝✐✁❛❧✐s ❖r❧✐❝③ t✁❡r♥❡❦ ♥❡✈❡③③☎✉❦✳

❆③ ❡①♣♦♥❡♥❝✐✁❛❧✐s ❖r❧✐❝③ t✁❡r ❥❡❧☎♦❧✁❡s❡✿ Expϕ(Ω) ✁❡s ❛ t✁❡r ♥♦r♠✁❛❥❛ || • ||Eϕ
✳

❆③ ❡①♣♦♥❡♥❝✐✁❛❧✐s t✁✙♣✉s✁✉ ❖r❧✐❝③ t❡r❡❦❤❡③ t❛rt♦③✁♦ s③t♦❝❤❛s③t✐❦✉s ✈✁❛❧t♦③✁♦❦ ❦❡③❞✆♦✁❡rt✁❡❦❡✐

t❡ts③✆♦❧❡❣❡s❡❦✱ ❡③✁❡rt ❛ ❦☎♦✈❡t❦❡③✆♦t ❦❛♣❥✉❦✿

Expϕ(Ω) ⊂ LP (Ω)

❜✁❛r♠✐❧②❡♥ ξ ∈ Expϕ(Ω) ❡s❡t✁❡♥✳

❏❡❧☎♦❧❥❡

Exp(0)ϕ (Ω) = {ξ ∈ Expϕ(Ω) : Eξ = 0}.

▼❡❣❦☎♦✈❡t❡❧❥☎✉❦✱ ❤♦❣② ❛③ Exp
(0)
ϕ (Ω) ❇❛♥❛❝❤ ❛❧t✁❡r ❧❡❣②❡♥ ❛③ Expϕ(Ω) t✁❡r❜❡♥

❛ || • ||U ♥♦r♠✁❛✈❛❧✳ ❍❛ ❝s❛❦ ❛ ❝❡♥tr✁❛❧t ✈❛❧✁♦s③✁✙♥✆✉s✁❡❣✐ ✈✁❛❧t♦③✁♦❦❛t ✈❡ss③☎✉❦ ✜❣②❡❧❡♠❜❡✱

❛❦❦♦r ❦☎♦♥♥②❡♥ ♠❡❣❤❛t✁❛r♦③❤❛t✉♥❦ ♦❧②❛♥ ♥♦r♠✁❛❦❛t✱ ❛♠❡❧②❡❦ ❡❣②❡♥✁❡rt✁❡❦✆✉❡❦ ❧❡s③♥❡❦

❛ ❧✉①❡♠❜✉r❣✐ ♥♦r♠✁❛❦❦❛❧✳

✶✽



▲❡❣②❡♥ ❛ γ ❡❣② ●❛✉ss ❡❧♦s③❧✁❛s✁✉ ✈❛❧✁♦s③✁✙♥✆✉s✁❡❣✐ ✈✁❛❧t♦③✁♦ ❛ (0, δ2) ♣❛r❛♠✁❡t❡r❡❦❦❡❧✳

❊③ ❛ ✈✁❡❧❡t❧❡♥s③❡r✆✉ ✈✁❛❧t♦③✁♦ ❤♦③③✁❛t❛rt♦③✐❦ ❛③ LU(Ω) ❖r❧✐❝③ t✁❡r❤❡③✱ ❛❤♦❧ U(x) =

exp{x2} − 1 ✁❡s ❡♥♥❡❦ ❛ ✈✁❡❧❡t❧❡♥s③❡r✆✉ ✈✁❛❧t♦③✁♦♥❛❦ ❛ ♥♦r♠✁❛❥❛ ❡❣②❡♥❧✆♦ C|| • ||L2
✳ ❬✷❪

▼❡❣✈✐③s❣✁❛❧♦♠ ❡❣② ♠✁❛r ✐s♠❡rt ❢♦❧②❛♠❛t ♠♦❞❡❧❧❥✁❡t✱ ❛ ❑❛r❤✉♥❡♥✲▲♦❡✈❡ ♠♦❞❡❧❧t✳

▲❡❣②❡♥ X = {x(t), t ∈ [0, T ]} ✲ ✈✁❡❧❡t❧❡♥ ❢♦❧②❛♠❛t✱ ♦❧②❛♥✱ ❤♦❣② EX(t) = 0✱ EX2(t) <

∞✱ t ∈ [0, T ]✱ EX(t)X(S) = R(t, s) ✲ ❦♦✈❛r✐✁❛❝✐✁♦s ❢☎✉❣❣✈✁❡♥②❡ ❡♥♥❡❦ ❛ ♠♦❞❡❧❧♥❡❦✳

❚❡❦✐♥ts☎✉❦ ❛③ ❡❣②❡♥❧❡t ✐♥t❡❣r✁❛❧❥✁❛t✿ ❬✶✸❪

ϕ(t) = λ

∫ T

0

R(t, s)ϕ(s)ds.

▲❡❣②❡♥ λk, k ∈ N ✲ s❛❥✁❛t ✁❡rt✁❡❦❡❦✱ ❛ ϕk(t) ✲ ♥♦r♠✁❛❧t s❛❥✁❛t ❢☎✉❣❣✈✁❡♥②❡✐ ❛③ ❛❞♦tt

❡❣②❡♥❧❡t♥❡❦✱ t❡❤✁❛t
∫ T

0
ϕ2
k(t)dt = 1. ■s♠❡rt✱ ❤♦❣② λk > 0 ♠✐♥❞❡♥ k ∈ N✱ ❛❦❦♦r ❛③

X(t) ✈✁❡❧❡t❧❡♥ ❢♦❧②❛♠❛t♦t ❛ ❦☎♦✈❡t❦❡③✆♦ ❛❧❛❦❜❛♥ ✁❛❜✁❛r③♦❧❥✉❦✿

X(t) =
∞
∑

k=1

ξk√
λk
ϕk(t), (1)

❛❤♦❧ ξk ✲ ❝❡♥tr✁❛❧t ✈❛❧✁♦s③✁✙♥✆✉s✁❡❣✐ ✈✁❛❧t♦③✁♦❦✱ ♦❧②❛♥♦❦✱ ❤♦❣② Eξkξl = δkl✱ ❛❤♦❧ ❛ δkl ✲ ❆

❑r♦♥❡❝❦❡r s③✐♠❜✁♦❧✉♠✳ ❆③ ✭✶✮ s♦r ♥✁❡❣②③❡t❡s ❦☎♦③✁❡♣❜❡♥ ❦♦♥✈❡r❣✁❛❧✳ ❚❡❣②☎✉❦ ❢❡❧✱ ❤♦❣②

❛③ ✭✶✮ ♣✁❡❧❞✁❛❜❛♥ ❛ ξk ✈❛❧✁♦s③✁✙♥✆✉s✁❡❣✐ ✈✁❛❧t♦③✁♦❦ ❢☎✉❣❣❡t❧❡♥❡❦ ❛③ ❖r❧✐❝③ t✁❡rt✆♦❧ LU(Ω) ✁❡s ❛③

LU(Ω) t✁❡r r❡♥❞❡❧❦❡③✐❦ H ✲ t✉❧❛❥❞♦♥s✁❛❣❣❛❧ ✁❡s D ✁❛❧❧❛♥❞✁♦✈❛❧✳ ❬✽❪

✶✾



✹✳ ❢❡❥❡③❡t

❙❛❥✁❛t ❡r❡❞♠✁❡♥②❡❦

✶✳ ❚✁❡t❡❧✳ ▲❡❣②❡♥ (T, ϕ, µ) ♠✁❡r❤❡t✆♦ t✁❡r✱ ξk ❝❡♥tr✁❛❧t✱ ❢☎✉❣❣❡t❧❡♥ ✈❛❧✁♦s③✁✙♥✆✉s✁❡❣✐ ✈✁❛❧t♦③✁♦❦✱

ξk ∈ Expψ(Ω), ψ() ✲ ❖r❧✐❝③ ❢☎✉❣❣✈✁❡♥②✳

❱✐③s❣✁❛❧❥✉❦ ❛③ X(t) =
∞
∑

k=1

ξkfk(t) s③t♦❝❤❛s③t✐❦✉s ❢♦❧②❛♠❛t♦t✱ ♠❡❧②r❡ t❡❧❥❡s☎✉❧♥❡❦ ❛ 3.

❚✁❡t❡❧ ❢❡❧t✁❡t❡❧❡✐✳ ❆③ XN(t) =
N
∑

k=1

ξkfk(t) ε ♣♦♥t♦ss✁❛❣❣❛❧ ✁❡s 1 − δ ♠❡❣❜✁✙③❤❛t✁♦s✁❛❣❣❛❧

❦☎♦③❡❧✁✙t✐ ❛③ X(t) ❢♦❧②❛♠❛t♦t✱ ✭❛③ LP t✁❡r ♥♦r♠✁❛❥❛ s③❡r✐♥t✮✱ ❤❛ t❡❧❥❡s☎✉❧✿

∞
∑

k=N+1

||ξk||2(
∫

T

|fk(t)|Pdµ(t))
2

P ≤ εP

D · ψ(−1)(ln(1
δ
+ 1))

❇✐③♦♥②✁✙t✁❛s✳ ▼✐✈❡❧ ξk ∈ Expψ(x)(Ω) ❡③✁❡rt t✉❞❥✉❦✱ ❤♦❣② u(x) = exp(ψ(x))−1✱

❛❤♦❧ ψ(x) ✲ C ❢☎✉❣❣✈✁❡♥②✳

▼✐✈❡❧ t❡❧❥❡s☎✉❧♥❡❦ ❛ 3. ❚✁❡t❡❧ ❢❡❧t✁❡t❡❧❡✐✱ ❡③✁❡rt ✐❣❛③ ❛ t✁❡t❡❧ ✁❛❧❧✁✙t✁❛s❛ ✐s✳ ❏❡❧☎♦❧❥☎✉❦✿

εP

D ·
∞
∑

k=N+1

||ξk||2LP
· (
∫

T

|fk(t)|Pdµ(t))
2

P

= A

❆ ♠♦❞❡❧❧ ❞❡✜♥✁✙❝✐✁♦❥❛ ✁❡s ❛ 3. ❚✁❡t❡❧ ✁❛❧❧✁✙t✁❛s❛ ♠✐❛tt

(eψ(A) − 1)−1 ≤ δ

1

δ
≤ eψ(A) − 1

eψ(A) ≥ 1

δ
+ 1

ψ(A) ≥ ln(
1

δ
+ 1)

A ≥ ψ(−1)(ln(
1

δ
+ 1))

✷✵



εP

D ·
∞
∑

k=N+1

||ξk||2LP
· (
∫

T

|fk(t)|Pdµ(t))
2

P

≥ ψ−1(ln(
1

δ
+ 1))

∞
∑

k=N+1

||ξk||2LP
· (
∫

T

|fk(t)|Pdµ(t))
2

P ≤ εP

D · ψ−1(ln(1
δ
+ 1))

❊③③❡❧ ❛ t✁❡t❡❧t ❜❡❜✐③♦♥②✁✙t♦tt✉❦✳ �

❑☎♦✈❡t❦❡③♠✁❡♥②✳ ▲❡❣②❡♥ (T, ϕ, µ) ♠✁❡r❤❡t✆♦ t✁❡r✱ ξk ∈ Exp
(0)

x2
(Ω)✳ ❱✐③s❣✁❛❧❥✉❦ ❛③ X(t) =

∞
∑

k=1

ξkfk(t) s③t♦❝❤❛s③t✐❦✉s ❢♦❧②❛♠❛t♦t✱ ♠❡❧②r❡ t❡❧❥❡s☎✉❧♥❡❦ ❛③ 1. t✁❡t❡❧ ❢❡❧t✁❡t❡❧❡✐✳ ❆③

XN(t) =
N
∑

k=1

ξkfk(t) ε ♣♦♥t♦ss✁❛❣❣❛❧ ✁❡s 1− δ ♠❡❣❜✁✙③❤❛t✁♦s✁❛❣❣❛❧ ❦☎♦③❡❧✁✙t✐ ❛③ X(t) ❢♦❧②❛✲

♠❛t♦t✱ ❤❛ t❡❧❥❡s☎✉❧✿

∞
∑

k=N+1

||ξk||2(
∫

T

|fk(t)|Pdµ(t))
2

P ≤ εP

D ·
√

(ln(1
δ
+ 1))

(∗)

❇✐③♦♥②✁✙t✁❛s✳ ❆ t✁❡t❡❧ ❜✐③♦♥②✁✙t✁❛s❛ ❛③ ❡❧✆♦③✆♦ t✁❡t❡❧ ✁❛❧❧✁✙t✁❛s✁❛❜✁♦❧ ❦☎♦✈❡t❦❡③✐❦✱ ✉❣②❛♥✐s

❡③ ❡❣② r✁❡s③❡s❡t❡✱ ❛♠✐❦♦r ψ(x) = x2✱ ✉❣②❛♥✐s ❡❦❦♦r ψ(−1) =
√
x✳ ❊③t ✈✐ss③❛❤❡❧②❡t✲

t❡s✁✙t✈❡ ❛③ ❡❧✆♦③✆♦ t✁❡t❡❧ ✁❛❧❧✁✙t✁❛s✁❛❜❛✱ ❦❛♣❥✉❦ ❛ (∗) ❡❣②❡♥❧✆♦s✁❡❣❡t✳ �

❑☎♦✈❡t❦❡③♠✁❡♥②✳ ▲❡❣②❡♥ ❛❞♦tt ❛
∞
∑

k=1

||ξk||2u2
λk

< ∞ ✲ ❦♦♥✈❡r❣❡♥s s♦r✳ ❍❛ t❡❧❥❡s☎✉❧ ❛

❦☎♦✈❡t❦❡③✆♦ ❢❡❧t✁❡t❡❧✿

∞
∑

k=N+1

||ξk||2(
∫

T

|fk(t)|Pdµ(t))
2

P ≤ εP

D · ψ(−1)(ln(1
δ
+ 1))

❛❦❦♦r ❛③ XN(t) =
N
∑

k=1

ξk√
λk
ϕk(t) ♠♦❞❡❧❧ ❦☎♦③❡❧✁✙t✐ ❛③ X(t) ✈✁❡❧❡t❧❡♥ ❢♦❧②❛♠❛t♦t ❛③

L2(0, T ) t✁❡r❜❡♥✱ ♠❡❣❛❞♦tt ε ♣♦♥t♦ss✁❛❣❣❛❧ ✁❡s 1− δ ♠❡❣❜✁✙③❤❛t✁♦s✁❛❣❣❛❧✳

P✁❡❧❞❛✳ ▲❡❣②❡♥ X = {x(t), t ∈ [0; π]} s③t♦❝❤❛s③t✐❦✉s ❢♦❧②❛♠❛t ❛③ Exp
(0)

x2
(Ω) ❖r❧✐❝③ t✁❡r

❢☎♦❧☎♦tt✱ ξk ❡❣②❡♥❧❡t❡s ❡❧♦s③❧✁❛s✁✉ ✈❛❧✁♦s③✁✙♥✆✉s✁❡❣✐ ✈✁❛❧t♦③✁♦ ❛ [−1; 1] ✐♥t❡r✈❛❧❧✉♠♦♥✳ ❊❦❦♦r

✈✐③s❣✁❛❧❥✉❦ ❛ P = 2 ❡s❡t❡t✳ ❊❦❦♦r ❛ (∗) ❡❣②❡♥❧✆♦s✁❡❣ ❛③ ❛❧✁❛❜❜✐ ♠✁♦❞♦♥ ♥✁❡③ ❦✐✿

∞
∑

k=N+1

||ξk||2 · 1 ≤ ε2

D ·
√

(ln(1
δ
+ 1))

✷✶



❆③ XN(t) =
N
∑

k=1

ξk
λk

· fk(t) ♠♦❞❡❧❧ ❛③ X(t) s③t♦❝❤❛s③t✐❦✉s ❢♦❧②❛♠❛t♦t ε ♣♦♥✲

t♦ss✁❛❣❣❛❧ ✁❡s 1− δ ♠❡❣❜✁✙③❤❛t✁♦s✁❛❣❣❛❧ ❦☎♦③❡❧✁✙t✐✱ ❤❛ t❡❧❥❡s☎✉❧ ❛ ❦☎♦✈❡t❦❡③✆♦ ❢❡❧t✁❡t❡❧✿

∞
∑

k=N+1

||ξk||2
λk

≤ ε2

D ·
√

(ln(1
δ
+ 1))

❛❤♦❧ ξk ∈ Exp
(0)

x2
Ω✳

▼✐✈❡❧ u(x) = exp{x2}−1✱ ❡③✁❡rt ❛ ♥♦r♠❛✿ ||ξk||2 = 2
√
2

3
·σ(t)✱ ❛❤♦❧ ❛ σ(t) =

√
3
3
✳

||ξk||2 =
2
√
2

3
·
√
3

3

✳

2
√
6

9

∞
∑

k=N+1

1

λk
≤ ε2 ·

√
δ

D

❍❛ X(t) ∈ Exp
(0)

x2
(Ω)✱ 0 ≤ t ≤ 1✱ ❛❦❦♦r ✐❣❛③✱ ❤♦❣②✿

EX(t) = 0,

EX(t)X(S) =







t · (1− s), ha t < s

s · (1− t), ha t ≥ s.

❊❦❦♦r ❛ ❑❛r❤✉♥❡♥✲▲♦❡✈❡ ❢♦❧②❛♠❛t ❛ ❦☎♦✈❡t❦❡③✆♦✿
∞
∑

k=1

ξk ·
1

πk
·
√
2·sinπkt✱ ✈❛❣②✐s

❛❦❦♦r λk = π2k2✳

❊❜❜❡♥ ❛③ ❡s❡t❜❡♥ ❢❡❧✁✙r❤❛t✁♦✱ ❤♦❣②

XN(t) =
N
∑

k=1

ξk
πk

√
2 sin πkt

♠♦❞❡❧❧ ❛③

X(t) =
∞
∑

k=1

ξk
πk

√
2 sin πkt

s③t♦❝❤❛s③t✐❦✉s ❢♦❧②❛♠❛t♦t ε ♣♦♥t♦ss✁❛❣❣❛❧ ✁❡s 1− δ ♠❡❣❜✁✙③❤❛t✁♦s✁❛❣❣❛❧ ❦☎♦③❡❧✁✙t✐✱ ❤❛

∞
∑

k=N+1

1

λk
=

1

π2

∞
∑

k=N+1

1

k2
≤ 1

π2

∞
∑

k=N+1

1

k
· 1

k − 1
=

1

π2

∞
∑

k=N+1

( 1

k − 1
− 1

k

)

=
1

π2 ·N .

❚❡❤✁❛t
2
√
6

9

1

π2 ·N ≤ ε2 ·
√
δ

D

✷✷



❊❜❜✆♦❧ ❦☎♦✈❡t❦❡③✐❦✱ ❤♦❣②

N ≥ D2
√
6

9π2ε2
√
δ

❚❡❤✁❛t✱ ❤❛ ε = 0, 01, δ = 0, 01✱ ❛❦❦♦r ❛

16546
∑

k=1

ξk
πk

√
2(sin πkt)

❦☎♦③❡❧✁✙t✁❡st ❛❧❦❛❧♠❛③❤❛t❥✉❦✳

❆ ▼❛t❧❛❜ ♣r♦❣r❛♠❝s♦♠❛❣ s❡❣✁✙ts✁❡❣✁❡✈❡❧ ❧✁❡tr❡❤♦③♦♠ ❛ ❢❡♥t✐ ♠♦❞❡❧❧t✳ ❆❤❤♦③✱

❤♦❣② ❛ ♠♦❞❡❧❧t ❡❧❦✁❡s③✁✙ts❡♠✱ ❛ ❦☎♦✈❡t❦❡③✆♦ ♣r♦❣r❛♠❦✁♦❞♦t ❦❡❧❧ ❛❧❦❛❧♠❛③♥✐✿

L = pi;

t = [0 : 0.1/L : pi];

x = zeros(1, numel(t));

kszi = unifrnd(−1, 1, [16546, 1])

fork = 1 : 16546

x = x+ kszi(k) ∗ (2(0.5)) ∗ sin(pi ∗ k ∗ t)/(pi ∗ k)
end;

plot(t, x)

❆ ❢♦❧②❛♠❛t ♠♦❞❡❧❧❥❡ ❛③ ❛❧✁❛❜❜✐ ✁❛❜r✁❛♥ ❧✁❛t❤❛t✁♦✿

0 0.5 1 1.5 2 2.5 3
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✹✳✶✳ ✁❛❜r❛✳ ❆ ❢♦❧②❛♠❛t ♠♦❞❡❧❧❥❡

✷✸



☎❖ss③❡❣③✁❡s

▼✉♥❦✁❛♠ ❡❧s✆♦ ❢❡❥❡③❡t✁❡❜❡♥ ❢♦❣❧❛❧❦♦③t❛♠ ❛③♦♥ ❑✁❛r♣✁❛t❛❧❥✁❛r✁♦❧ s③✁❛r♠❛③✁♦ ♠❛t❡♠❛t✐❦✉s♦❦✲

❦❛❧✱ ❛❦✐❦ ❦✉t❛t✁❛s✐ t❡r☎✉❧❡t❡ ❛ s③t♦❝❤❛s③t✐❦✉s ❢♦❧②❛♠❛t♦❦ ✁❡s ❛③♦❦ ♠♦❞❡❧❧❡③✁❡s❡ ❦☎✉❧☎♦♥❜☎♦③✆♦

❢✉♥❦❝✐♦♥✁❛❧✐s t❡r❡❦❡♥✳ ▼❡❣✐s♠❡r❦❡❞t❡♠ ✁❡s ❦✐❡♠❡❧t❡♠ ❛ ♠✉♥❦✁❛❜❛♥ ❡③❡♥ ♠❛t❡♠❛t✐❦✉✲

s♦❦ ❦☎♦③☎✉❧ ❡❧s✆♦s♦r❜❛♥ ❛ ❦☎♦✈❡t❦❡③✆♦❦❡t✿ ❙③❧✐✈❦❛✲❚✐❧✐s❝s❛❦ ❍❛♥♥❛✱ ❚r♦s❦✐ ❱✐❦t♦r✱ ❚r♦s❦✐

◆❛t✁❛❧✐❛✱ ❚❡❣③❛ ❆♥t✁♦♥✐❛✱ ▼❧❛✈❡❝ ❏✉r✐❥ ✁❡s ❍✉❞✐✈♦❦ ❚❛t❥❛♥❛✳ ❊③❡♥ ♠❛t❡♠❛t✐❦✉s♦❦

♠✐♥❞❡❣②✐❦❡ s③t♦❝❤❛s③t✐❦✉s ❢♦❧②❛♠❛t♦❦❦❛❧ ✁❡s ❛③♦❦ ♠♦❞❡❧❧❡③✁❡s✁❡✈❡❧ ❢♦❣❧❛❧❦♦③✐❦ ✁❡s ❛③ ❛

❦☎♦③☎♦s ❜❡♥♥☎✉❦✱ ❤♦❣② ♠✐♥❞❛♥♥②✐❛♥ ❑♦③❛❝s❡♥❦♦ ❏✉r✐❥ ❱❛s③✐❧❥❡✈✐❝s t❛♥✁✙t✈✁❛♥②❛✐ ✈♦❧t❛❦✳

❆ s③t♦❝❤❛s③t✐❦✉s ❢♦❧②❛♠❛t♦❦ ♠♦❞❡❧❧❡③✁❡s❡ ❢♦♥t♦s s③❡r❡♣❡t ❥✁❛ts③✐❦ ❛ ✈✁❡❧❡t❧❡♥ ❢♦❧②❛♠❛✲

t♦❦ ❡❧♠✁❡❧❡t✁❡❜❡♥✳ ❊③❡❦ ❛ ✈✁❡❧❡t❧❡♥s③❡r✆✉ ❢♦❧②❛♠❛t♦❦ ❢♦♥t♦s ❡s③❦☎♦③☎♦❦ ❛ s③t♦❝❤❛s③t✐✲

❦✉s ♠♦❞❡❧❧❡③✁❡s❜❡♥✱ ❡③❡❦ t❡s③✐❦ ❧❡❤❡t✆♦✈✁❡✱ ❤♦❣② ❧❡✁✙r❥✉♥❦ ✁❡s ♠♦❞❡❧❧❡③③☎✉♥❦ ✈✁❡❧❡t❧❡♥ ❥❡✲

❧❡♥s✁❡❣❡❦❡t✳ ❆ ✈✁❡❧❡t❧❡♥ ❥❡❧❡♥s✁❡❣❡❦ ❡❧s✆♦s♦r❜❛♥ ❛ t❡r♠✁❡s③❡tt✉❞♦♠✁❛♥②♦s ❛❧❦❛❧♠❛③✁❛s♦❦❜❛♥

t❡r❥❡❞t❡❦ ❡❧✱ ❞❡ ♠❛♥❛♣s✁❛❣ ❡❣②r❡ ♥✁❡♣s③❡r✆✉❜❜ ♠✁❛s t✉❞♦♠✁❛♥②♦❦❜❛♥ ✐s✱ ♠✐♥t ♣✁❡❧❞✁❛✉❧

❛③ ✐♥❢♦r♠❛t✐❦✁❛❜❛♥✱ ❛ ❣❛③❞❛s✁❛❣t❛♥❜❛♥✳

❆ ♠✉♥❦✁❛♠ ♠✁❛s♦❞✐❦ ❢❡❥❡③❡t✁❡❜❡♥ ❛③ ❛❧❛♣✈❡t✆♦ ❢♦❣❛❧♠❛❦❦❛❧ ❢♦❣❧❛❧❦♦③t❛♠✱ ❛♠❡❧②❡❦ ❛

❦✉t❛t✁❛s ❢♦❧②t❛t✁❛s✁❛❤♦③ ✈♦❧t❛❦ s③☎✉❦s✁❡❣❡s❡❦✳ ▼✐♥❞❡♥❡❦ ❡❧✆♦tt ♠❡❣✐s♠❡r❦❡❞t❡♠ ❛ s③t♦✲

❝❤❛s③t✐❦✉s ❖r❧✐❝③ t✁❡r✱ ♠❛❥❞ ❛③ ❡①♣♦♥❡♥❝✐✁❛❧✐s ❖r❧✐❝③ t✁❡r ❞❡✜♥✁✙❝✐✁♦❥✁❛✈❛❧✳ ▼✐✉t✁❛♥ ❛③

❛❧❛♣✈❡t✆♦ ❢♦❣❛❧♠❛❦❛t ♠❡❣✐s♠❡rt❡♠✱ ❦✐t✆✉③t❡♠ ❛ ❦✉t❛t✁❛s♦♠ ❝✁❡❧❥✁❛t✳

❆ ❦✉t❛t✁❛s♦♠ ❝✁❡❧❥❛ ❛③ ✈♦❧t✱ ❤♦❣② ✐s♠❡r❡t❡❦❡t s③❡r❡③③❡❦ ❛ s③t♦❝❤❛s③t✐❦✉s ❢♦❧②❛♠❛t♦❦

♠♦❞❡❧❧❡③✁❡s✁❡✈❡❧ ❛③ ❡①♣♦♥❡♥❝✐✁❛❧✐s t❡r❡❦ ❢☎♦❧☎♦tt✳ ❆③ ❛❧❛♣✈❡t✆♦ ✐s♠❡r❡t❡❦ ❡❧s❛❥✁❛t✁✙t✁❛s❛ ✉t✁❛♥

❡❧✁❡❣ ✐s♠❡r❡tt❡❧ r❡♥❞❡❧❦❡③t❡♠ ❛❤❤♦③✱ ❤♦❣② ❜❡❜✐③♦♥②✁✙ts❛❦ ❡❣② t✁❡t❡❧t✱ ❧❡✈♦♥❥❛♠ ❛♥♥❛❦

❦☎♦✈❡t❦❡③♠✁❡♥②✁❡t ✁❡s ♠❡❣❛❧❦♦ss❛❦ ❡❣② ♠♦❞❡❧❧t✳ ❆③ ✁❛❧t❛❧❛♠ ❧✁❡tr❡❤♦③♦tt ♠♦❞❡❧❧ ♠❡❣✲

❛❞♦tt ❢❡❧t✁❡t❡❧❡❦♥❡❦ ♠❡❣❢❡❧❡❧✈❡ ❦☎♦③❡❧✁✙t ❡❣② ✈✁❡❧❡t❧❡♥ ❢♦❧②❛♠❛t♦t ❛③ Exp
(0)

x2
(Ω) ❖r❧✐❝③

t✁❡r ❢☎♦❧☎♦tt✳ ❆ ♠♦❞❡❧❧t ❛ ❑❛r❤✉♠❡♥✲▲♦❡✈❡ ♠♦❞❡❧❧ ❛❧❛♣❥✁❛♥ ❤♦③t❛♠ ❧✁❡tr❡ ❛ ▼❛t❧❛❜

♣r♦❣r❛♠❝s♦♠❛❣ s❡❣✁✙ts✁❡❣✁❡✈❡❧✳

✷✹



■r♦❞❛❧♦♠❥❡❣②③✁❡❦

❬✶❪ ❇✉❧❞②❣✐♥ ❱✳ ❱✳✱ ❑♦③❛❝❤❡♥❦♦ ❨✉✳ ❱✳ ▼❡tr✐❝ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ r❛♥❞♦♠

✈❛r✐❛❜❧❡s ❛♥❞ r❛♥❞♦♠ ♣r♦❝❡ss❡s✳ ❆♠❡r✐❝❛♥ ▼❛t❤❡♠❛t✐❝❛❧ ❙♦❝✐❡t②✱ Pr♦✈✐❞❡♥❝❡

❘■✱ ✷✵✵✵✳

❬✷❪ ❑♦③❛❝❤❡♥❦♦ ❨✉✳ ❱✳✱ ❍✉❞②✈♦❦ ❚✳ ❱✳✱ ❚r♦s❤❦✐ ❱✳❇✳✱ ❚r♦s❤❦✐ ◆✳ ❱✳

❊st✐♠❛t✐♦♥ ♦❢ ❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥s ♦❢ ●❛✉ss✐❛♥ st♦❝❤❛st✐❝ ✜❡❧❞s ❛♥❞ t❤❡✐r✲

s✐♠✉❧❛t✐♦♥✳ ▼♦♥♦❣r❛♣❤ ✴✴ ❯③❤♦r♦❞✿ ✬❆❯❉❖❘✲❙❤❛r❦✬✱ ✷✵✶✼✳
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Nyilatkozat 

 

Alulírott, Palinszky Alexandra 014. Középiskolai oktatás (Matematika) képzési 

program hallgatója, kijelentem, hogy a dolgozatomat a II. Rákóczi Ferenc Kárpátaljai 

Magyar Főiskolán, a Matematikai és Informatika Tanszéken készítettem, 014. Középiskolai 

oktatás (Matematika) BSc diploma megszerzése végett. 

Kijelentem, hogy a dolgozatot más szakon korábban nem védtem meg, saját munkám 

eredménye, és csak a hivatkozott forrásokat (szakirodalom, eszközök stb.) használtam fel. 

Tudomásul veszem, hogy dolgozatomat a II. Rákóczi Ferenc Kárpátaljai Magyar 

Főiskola könyvtárában a kölcsönözhető könyvek között helyezik el. 

 


