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V. M. Bondarenko1, M. V. Stepochkina2, M. V. Stoika3 
 

THE COEFFICIENTS OF TRANSITIVENESS OF THE POSETS OF MM-TYPE 

BEING THE SMALLEST SUPERCRITICAL POSET OF WIDTH 3 

 
We calculate the coef f icients of  transi t iveness f or  al l  posets of  MM-type being the 
smallest supercr i tical poset of  width 3 (i .e. posets, that are minimax  equivalent to 
the poset (2, 2, 3)). 

Ключові слова: supercr i t ical poset, minimax  equivalence, coef f icient of  transi tiveness, 
MM-type, nodal element, dense subposet. 

 
I ntroduction. M. M. K leiner  [9] proved that  a poset  S  is of  f inite represen-

tat ion type if  and only if  it  does not  contain subsets of  the form 1 (1;1;1;1);K  

2 (2;2;2);K  3 (1;3;3);K  4 (1;2;5);K  and 5 ( ;4)K N , which are called cr it ical 

posets; now they are called the K leiner 's posets. On the other  hand,  
Yu. A . Drozd [8] showed that  a poset  has f inite representat ional type if  and only 
if  its Tits quadrat ic form is weakly posit ive (i.e., it  is posit ive on the set  of  non-
negat ive vectors). Consequent ly, the K leiner 's posets are also cr it ical w ith 
respect  to weak posit iveness of  the Tits form, and there are no other  such 
posets. In [2] the f irst  two authors proved that  a poset  is -P cr it ical (i.e. cr it ical 
with respect  to the posit iveness of  the Tits form) if  and only if  it  is minimax 
equivalent  to a K leiner 's poset . 

A  similar  situat ion takes place for  tame posets. L. A . Nazarova [10] proved 
that  a poset  S is tame if  and only if  it  does not  contain subsets of  the form 

1 (1; 1; 1; 1; 1),N  2 (1; 1; 1; 2),N  3 (2;2;3),N  4 (1; 3; 4),N  5 (1; 2; 6),N  and 

6 ( ; 5)N N ; these condit ions are equivalent  to weak non-negat iv ity of  the 

quadrat ic Tits form. She called these posets supercr it ical. So the supercr it ical 
posets are cr it ical w ith respect  to weak non-negat iv ity of  the Tits form and 
there are no other  such posets. The f irst  two authors proved that  a poset  is 
cr it ical w ith respect  to non-negat iv ity of  the Tits form if  and only if  it  is 
minimax equivalent  to a supercr it ical poset ; all such cr it ical posets were 
descr ibed by them in [3]. 

In many papers (see e.g. [4–7]) combinator ial proper t ies were studied for  
var ious classes of  posers. The present  paper  is devoted to the invest igat ion of  
combinator ial proper t ies of  supercr it ical posets. 

1. The list of posets of MM- type (2; 2; 3). Let  P  be a f ix poset . A  poset  S  
is called of  MM-type P  if  S  is minimax (in other  words, (min, max)-) equiva-
lent  to P  (the not ion of  (min, max)-equivalence was int roduced in [1]; see also 
[2]). From the results of  [3] it  follows that  the table below contains all posets 
(up to isomorphism and duality) of  MM-type (2; 2; 3), which is the smallest  (in 
the sense of  order ) supercr it ical poset  of  width 3. 

 

1 (2) 

 

2 (3) 

 

3 (4) 

 

4 (5) 

 

5 (6) 
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6 (7) 

 

 

7 (46) 

 

 

8 (47) 

 

9 (48) 

 

10 (49) 

 

11 (50) 

 

 

12 (51) 

 

13 (52) 

 

 

14 (53) 

 

15 (54) 

 

 

 

2. Main result . Let  S  be a f inite poset  and      2 : , | , ,S x y x y S x y . I f  

   2,x y S  and there is no z sat isfying  x z y , then one says that x  and y  

are neighbor ing. Put      2:w wn n S S  and denote by  ( )e en n S  the number  

of  pairs of  neighbor ing elements. On the language of  the Hasse diagram ( )H S  

(that  represents S  in the plane), en  is equal to the number  of  all its edges and 

wn  to the number  of  all its paths, up to parallelity, going bot tom-up (two path 

is called parallel if  they star t  and terminate at  the same ver t ices). The rat io 

 ( )t tk k S  of  the numbers wn  –  en  and wn  we call the coef f icient of  transi -

t i veness of  S . I f   0wn  (then  0en ), we assume  0tk  (see [5]). Obviously, 

dual poset  have the same coef f icient  of  t ransit iveness. 

The aim of  this paper  is to calculate tk  for  all posets of  MM - type 

        3 2, 2, 3 1, 2, ..., 7 |1 2, 3 4, 5 6 7N , which is the smallest  super-

cr it ical one of  w idth 3. 

We wr ite all the coef f icients of  t ransit iveness 
t
k  up to the second decimal 

place. 
Theorem. The following holds for  posets of  MM- type 1–15: 
 

N  en  wn  t
k  N  en  wn  t

k  N  en  wn  t
k  

1 6 17 0,65 6 6 13 0,54 11 5 7 0,29 
2 7 17 0,59 7 4 5 0,20 12 6 11 0,45 
3 6 15 0,60 8 5 11 0,55 13 6 9 0,33 
4 7 15 0,53 9 6 11 0,45 14 6 11 0,45 
5 6 15 0,60 10 5 9 0,44 15 7 9 0,22 

 
The proof  is car r ied out  by direct  calculat ions. 
Recall that  an element  of  a poset  T  is called nodal, if  it  is comparable with 

all elements of  T . A  subposet  X  of  T  is said to be dense if  there is not  

 1 2, , \x x X y T X  such that   1 2x y x . 

Corollary.  

a) The poset 3N  is the only poset of  MM- type N3 wi th the smallest coef f i -

cient of  transi t i veness. 

b) A poset of  MM-type 3N  has the largest coef f icient of  transi t i veness i f  

and only i f  i t  contains a dense subposet wi th three nodal element. 
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КОЕФІЦІЄНТИ ТРАНЗИТИВНОСТІ Ч. В. МНОЖИН ММ-ТИПУ, ЩО Є НАЙМЕНШОЮ 

СУПЕРКРИТИЧНОЮ Ч. В. МНОЖИНОЮ ШИРИНИ 3 

 

Обчислено коефіцієнти транзитивності для всіх ч. в. множин ММ-типу, що 
дорівнює найменшій суперкритичній ч. в. множині ширини 3 (тобто ч. в. множин, 
які є мінімаксно еквівалентними ч. в. множині (2, 2, 3)). 

Ключові слова: суперкритична частково впорядкована множина, мiнiмаксна еквiва-
лентнiсть, коефiцiєнт транзитивностi , MM-тип, вузловий елемент, щільна част-
ково впорядкована множина. 
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