ACTA UNIVERSITATIS SZEGEDIENSIS

ACTA
SCIENTIARUM
MATHEMATICARUM

Volume 83, Numbers 1-2, 2017
Founded in 1922 by

ALFRED HAAR FrIGYES RIESZ

Editor-in-Chief:

LAszLO KERCHY

Editors:
GABOR CZEDLI ARPAD KURUSA AGNES SZENDREI
PETER HAJNAL MiIKLOS MAROTI MARIA B. SZENDREI
LAsSzLO HATVANI LAJOsS MOLNAR ViLMos TOTIK
TIBOR KRISZTIN GABOR P.Nacy LASzZLO ZADORI

GyuLA Pap

BOLYAI INSTITUTE, UNIVERSITY OF SZEGED

Acta Scientiarum Mathematicarum 83:1-2 (2017) © Bolyai Institute, University of Szeged



ACTA UNIVERSITATIS SZEGEDIENSIS

ACTA
SCIENTIARUM
MATHEMATICARUM

Volume 83, Numbers 1-2, 2017

Honorary Editors:

B. CSAKANY L. LEINDLER
Co-Editors:

F. FObor G. MAKAY N. SIMANYI
G. GEVAY F. MoRricz L. L. StacHO
J. HEGEDUS J. NEMETH L. SZABO

J. KINCSES Z. NEMETH L. I1.SzABO
L. KLUKOVITS T. ODOR T. SzABO

J. KoszTOLANYI L. PINTER J. TERJEKI
A. KRAMLI L. VIHAROS

Subscription information. Acta Scientiarum Mathematicarum is published twice
a year. Subscriptions, orders, notices of change of address etc. should be addressed
to KATALIN PALFY-NAGY at ACTA DISTRIBUTION, BOLYAI INSTITUTE, UNI-
VERSITY OF SZEGED, ARADI VERTANUK TERE 1, H-6720 SZEGED, HUNGARY.
This office can be reached via e-mail at ACTASM.DIST@MATH.U-SZEGED.HU. For
further information visit our web site http://www.acta.hu/ .

BOLYAI INSTITUTE, UNIVERSITY OF SZEGED

Acta Scientiarum Mathematicarum 83:1-2 (2017) © Bolyai Institute, University of Szeged


http://www.acta.hu/

CONTENTS

Algebra
G. CzEpLI and J. KULIN, A concise approach to small generating sets of lattices
of quasiorders and transitive relations ............ ... i 3
G. CzEpLI and G. MAKAY, Swing Lattice Game and a direct proof of the Swing
Lemma for planar semimodular lattices ......... ... .. ... i i i 13
I. CHAJDA and R. PADMANABHAN, Lattices with unique complementation ... ... 31
M. KuriL, Admissible closure operators and varieties of semilattice-ordered normal
DANAS . ..o 35
V. KoMoRNIK, M. PEDICINI and A. PETHG, Multiple common expansions in
non-integer bases. .. ... ... . 51
G. CzEDLI, Geometric constructibility of Thalesian polygons..................... 61
M. BEessENYEI, A. KoNkoLy and G.SzAB6, Linear functional equations involving
finite SUDSEIEULIONS . . ..ottt e 71
C. DE SEGUINS PAzzis, Sums of three quadratic endomorphisms of an infinite-
dimensional VECtOr SPACE . ... ..ottt e 83
V. M. PETECHUK and J. V. PETECHUK, Isomorphisms of matrix groups over
commutative Tings. ... ... 113
Analysis
F. Q1 and M. MAHMOUD, Bounding the gamma function in terms of the trigono-
metric and exponential functions........... ... .. . i 125
D.BorGoHAIN and S. NaIk, Generalized Cesaro operators on the spaces of Cauchy
BranSfOTIIS ..o 143
Y. E. ZEYyTUNCU, An application of the Prékopa—Leindler inequality and Sobolev
regularity of weighted Bergman projections........... ..., 155
J. E. McCARTHY and J. E. PAscog, The Julia-Carathéodory theorem on the
bidisk revisited ... ... ... 165
K. MatrsumoTo, K-theory for the simple C*-algebra of the Fibonacci-Dyck shift 177
A. MukaNov, Boas’ conjecture in anisotropic Lebesgue and Lorentz spaces...... 201
Y. Wu and Y. YaNnG, Congruence of Hardy submodules over the bidisk.......... 215
K.Kobpaka, Coactions on a UHF-algebra induced by a regular coaction of a C*-Hopf
algebra on the C*-algebra generated by a Hilbert space......................... 223

(Continues on inside back cover)

ACTA SCIENTIARUM MATHEMATICARUM
Aradi vértaniuk tere 1, H-6720 Szeged, Hungary

Acta Sci. Math. (Szeged) ISSN: 0001-6969 (print) 2064-8316 (Online) Index: 26024
Felels szerkeszts: Kérchy Laszlo

. FYX Bt., Szeged — FelelSs vezets: Kurusa Arpad {igyvezets

Acta Scientiarum Mathematicarum 83:1-2 (2017) © Bolyai Institute, University of Szeged



(Continued from back cover)

L. KErcHY, Uniqueness of the numerical range of truncated shifts............... 243
R. GupTA, An improvement on the bound for Co(n).......................o..... 263
E. A. GALLARDO-GUTIERREZ, J. R. PARTINGTON and D. J. RODRIGUEZ, An
extension of a theorem of Domar on invariant subspaces....................... 271
M. R. JABBARZADEH and M. JAFARI BAKHSHKANDI, Reducibility of M, C, on
7 .3 T 291
Geometry
J. KincsEs, On the representation of finite convex geometries with convex sets... 301

Probability Theory
J. M. BENKE and G. PaP, Local asymptotic quadraticity of statistical experiments
connected with a Heston model......... ... . i 313

BOOK REVIBWS. .. v vttt ettt ettt ittt et e e et et e eeeeeererannaannnns 345

Acta Scientiarum Mathematicarum 83:1-2 (2017) (© Bolyai Institute, University of Szeged



doi: 10.14232/actasm-016-004-x Acta Sci. Math. (Szeged)
83 (2017), 113-123

Isomorphisms of matrix groups
over commutative rings

V.M. PETECHUK and J. V. PETECHUK

Communicated by M. B. Szendrei

Abstract. We give a description of the isomorphism classes of matrix groups
over commutative rings with 1 and that have dimension more than 3 and
containing the group of elementary transvections. We characterize those ho-
momorphisms of matrix groups, which satisfy the so-called (*) condition. Such
homomorphisms can be constructed with the help of the standard homomor-
phism. We apply the characterization obtained to the description of the above
class of matrix groups.

1. Introduction

The study of the group of automorphisms of classical matrix groups was started by
the paper [28], in which the authors described the group of automorphisms of the
group PSL(n,R) over an arbitrary field R for n > 3. Extending the ideas of [16],
later J. Dieudonné [7] and C. E. Rickart [27] introduced the method of involutions,
using which they described the group of automorphisms of the group GL(n, R) over
a skew-field R for n > 3.

The first step in building the theory of automorphisms over rings, particulary
for the group GL(n,Z) over the ring of integers Z with n > 3, was done in [13]. In
[14] the authors generalized Hua—Reiner’s results over non-commutative principal
domains.

The methods of the papers above were based in general on the study of
properties of involutions in these groups considered. O’Meara (1966-1970) came
up with a completely new so-called method of residual spaces, which does not use

Received January 26, 2016.

AMS Subject Classification: 20H25, 20K30, 20G20, 15A30.

Key words and phrases: linear group over ring, homomorphism of matrix group, elementary
subgroup over ring.
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involutions. Using this method he managed to describe the group of automorphisms
of the group GL(n, R) for n > 3.

Independently of O’Meara, based on the study of involutions, the group of
automorphisms of the group E(n, R) over an integer domain R of characteristic
different from 2 for n > 3 was described by Shi-Jian Yan (see [29]). In [26] was
defined the group of automorphisms of the group GL(n, R) over a commutative
local ring R where 2 is an invertible in R for n > 3. They used Kaplansky’s theorem
which claims that the projective modules over a local ring are free. Note that the
invertibility of the element 2 gives the possibility to draw upon the study of the
automorphisms of the group GL(n, R) for n > 3, the technique which leans on the
study of involutions.

W. Waterhouse in [32] proved that all automorphisms of the group GL(n, R)
with n > 3 over an arbitrary commutative ring R in which 2 is invertible are
standard. If 2 is not an invertible element of a commutative local ring R, then
the automorphisms of the groups FE(n, R) and GL(n, R) were described in [18-20].
V. Petechuk was first to discover that in some cases a nonstandard automorphism ex-
ists when n = 3, through which he obtained a full description of the automorphisms
of the group E(n, R).

In [19] these results were carried over to arbitrary commutative rings. Using
different methods in [10,21,22,34] were given a full description of the automorphisms
of the group F(n, R) over arbitrary associative rings with 1 in which 2 is an invertible
element and n > 3.

I. Golubchik in [9] described the isomorphisms of matrix groups GL(n, R) for
n > 3 and GL(m, K) for m > 4 over arbitrary associative rings R and K with 1. The
homomorphisms with condition () which is mentioned in this paper were described
in [24,25]. The homomorphisms with condition (*) are in some sense connected with
the theory of representation of matrix groups over rings (for example, see [3-5]).

The description of isomorphisms of classical groups (see the citations in the
surveys [11,17,31,33]), Chevalley groups and unitriangular groups over commutative
rings (see [1,6,15]), as well as the stability of groups over arbitrary rings (see [2]) are
very close to the study of homomorphisms of matrix groups over associative rings.
Note that the description of stability of linear groups over associative rings (see the
citations in the survey [31,33]) is closely connected with all mentioned above.

The contemporary state of the theory of automorphisms of matrix groups as
well as its historical overview is given in the surveys [11,31,33] and in the books
[12,17].
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Isomorphisms of matrix groups 115

2. Preliminaries

In the sequel let R and K be associative rings with 1, let S C K \ {0} be a
multiplicatively closed subset such that 1 € S and let Kg be a localization of K by
S. Let Ag: K — Kg be a canonical homomorphism, defined by

ks

As(k) (ke K,s e S).

Let W be a left nonzero K-module and Wg the localization of the module W by S
and let A: GL(n, R) — GL(W) be a group homomorphism. Let Ag: End(W) —
End(Wg) be the canonical homomorphism defined by

As(0) [E} _ o) (0 € End(W),s € S,w € W).

Clearly Ag is a ring homomorphism.

Images of the elements of the rings K and End(W) as well as the elements
of the module W obtained after the localization will be denoted by a bar. Put
A = AgA. Clearly As(S) C K%, where K% is the group of units of the ring Kg.

Sometime the identity matrix of degree n is denoted by either E,, or 1. Let e;;
be a standard matrix unit of the matrix ring M (n, R) over the ring R. The elements

tij(r)=1+re;; (1#j) and di(r)=14+(r—1)e;; (r € R)

are called the elementary transvection and the elementary diagonal matrices of the
group GL(n, R), respectively.

The subgroup of GL(n, R) generated by the elementary transvections over a
ring R is denoted by E(n, R) and it is called the group of elementary transvections
over the ring R.

Definition 1. Let G be a group such that
E(n,R) CGCGL(n,R) (n>2)

and let A: G — GL(W) be a homomorphism defined as before.
We say that A satisfies condition (x), if for any nonzero nilpotent element
m € End(W) with m? = 0 (we always assume that such an m exists), the following
two items hold:
e there exist A € G and s; € N with the property that s; - 1 € K* such that

A(A) =1+ sym;
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e for each B € G there exists sy € N with the property that s, -1 € K* such
that from the equation AB - AA = AA - AB follows that BA®2 = A%2B.

In particular, condition (x) is satisfied by any isomorphism of the group G to
the group GL(W). For this it is enough to assume that s; = s; = 1 and use the
fact that 1 +m € GL(W).

Definition 2. Let G be a group such that
E(n,R) C G C GL(n,R) (n>2)

and let A: G — GL(W) be a homomorphism defined as before.

We say that A satisfies the extended condition (x), if for any nonzero nilpotent
element m € End(W) with m? = 0 (we always assume that such an m exists), the
following two items hold:

e there exist A € G and s; € N with the propery that s; - 1 € K* such that

A(A) =1+ s1m;

e for each B € @ there exists so € N with the property that s; -1 € K* such
that from the equation AB - AA = AA* . AB follows that B - A%2 = A*s2 . B,
where k is from a given subset of integers.

In particular, a homomorphism satisfying the extended condition (x) also
satisfies condition (x), if the set of integers k in Definition 2 contains 1. For this it
is enough to put k£ = 1.

We start with the following.

Lemma 1. Let R be a ring and let G be a group. If A: G — GL(W) satisfies the
extended condition (%), then the homomorphism A: G — GL(Ws) also satisfies the
extended condition (x).

Proof. Let 7 be a nontrivial nilpotent element of End(Ws) such that m? = 0. It
follows that som € End(W) for some so € S and there exists s € S such that
st (som)? = 0. Hence (sgsym)? = 0. By the conditions of our definition there exists
A € G such that AA = 1+ symy, where my = sgsim, s1 € S, m; = m and
AA =1+ S1my.

If g€ Gand Ag- AA = AAF . Ag for some k € Z, then there exists s’ € S,
such that (Ag-AA — AA* . Ag)s’ = 0. Consequently

(Agmy — kmyAg)sis’ =0

and, as a consequence Ag - AASS = AA¥s15" . Ag. By the extended condition (%)
there exists so € S such that gA%2 = AFs2g.
This proves that A satisfies the extended condition ().
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Isomorphisms of matrix groups 117

It is easy to see that a product of a homomorphism which satisfies the extended
condition (x) and an isomorphism is also a homomorphism fulfilling the extended
condition ().

We shall use the following result.

Theorem 1. ([24,25]) Let R, K be rings with 1 and let G be a group such that
E(n,R) CGC GL(n,R) (n>4).

Let W be a left K-module and let A: G — GL(W) be a homomorphism satisfying
the condition (x). Then there exist submodules L # 0 and P of the module W and
an isomorphism g: W — L & --- ® L@®P such that

—_—

Az) =g " @(x)e +7(z)" (1 —e) + el]g.
Here x € E(n,R), 0: M(n,R) — End(L @ ---@® L®P) is a ring homomorphism
—_———
and7: M(n,R) — End(L@® ---® L®P) is a ring antihomomorphism which are
—_———

induced by the ring homomorphism §: R — End(L) and the ring antihomomorphism

v: R — End(L), respectively. The element e is a central idempotent of End(L), 1 is

a unity element of End(L @ --- @ L) and ey is the unity element of the ring End(P).
—_————

In particular, At;;(1) = g7 [t;j(1)e+tj;(—1)(1—e)+e1]g, where 1 <i#j <n.

Remark 1. If additionally we assume 2 € R*, then the theorem is also true for
n > 3. If n =3 and 2 ¢ R* then there exists a nonstandard homomorphism (see
[20]).

Let R, K be commutative rings with 1. Let G, G be isomorphic groups with
group isomorphism A, such that

E(n,R) C G C GL(n,R), E(m,K)C Gy CGL(m,K) (n,m>4).

Since A(G) = G1 C GL(m, K) = GL(W), so A satisfies condition () by our lemma
in Section 2.
Moreover A defines the homomorphism

ArA: E(n,R) = GL(n,K) — GL(n, Ky), (1)

where I is a maximal ideal of the ring K and K7 is the localization of K by S = K\I.
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118 V.M. PETEcHUK and J. V. PETECHUK

The homomorphism A;A (see (1)) defines the homomorphism
AoA: E(n,R) — GL(n,K) — GL(n, Ky),

where Ky = [] K is the direct product of the local rings K, where I runs over
the maximal ideals of the ring K and also includes the ring K itself. With the help
of the description of the homomorphism A: G — G it is easy to describe both
AjA and AgA. Furthermore, using the property of the homomorphism AgA, we can
obtain a description of the homomorphism A.

Note that the description of the isomorphism A: G — G can be obtained
in a different way using ideas of the paper [19]. First of all consider the following
commutative diagram:

B(n, R) —2 s GL(m, K)
| |
E(n, Ry) GL(m, K)
o
E(n, R/T) GL(m, K/J),

where E(n, R) C G and E(m, K) C A(G). This is possible due to the fact that the
kernel of the homomorphism E(n,R) — E(n,R/I) for a maximal ideal I of the
ring R is normalized by the group GL(n,R) and AE(n, R) is normalized by the
group A(G) 2 E(m, K). Since the structure of the groups which are normalized by
E(m, K) over the commutative rings K is known (see [8,12,23,30]), the isomorphism
A induces the isomorphism of the groups A: E(n, R/I) — E(m, K/J), where J is a
maximal ideal of the ring K. Using the fact that the isomorphism between special
linear groups over the fields R/I and K/J is also described (see [12]), we have that
the fields R/I and K/J are isomorphic, m = n and the homomorphism A is a
product of standard homomorphisms. The description of the homomorphisms A;A
and AgA follows from which follows the description of the isomorphism A.

As a consequence, it is easy to see that in the case for the description of the
isomorphism A between G and G; we need to use a description of the normal
structure of matrix groups over the commutative rings and also a description of
the isomorphism of matrix groups over the fields, which is not an easy challenge.
The proposed approach of this paper does not use these classical results. Rather
our results are obtained as a special case of a description of the homomorphisms
with condition (x).
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3. Main result

The main result of the present paper is the following.

Theorem 2. Let R, K be commutative rings with 1. Let G, Gy be isomorphic groups
with group isomorphism A, such that

E(n,R) C G C GL(n, R), E(m,K)C Gy CGL(m,K) (n,m>4).
Then n = m and there exists a ring isomorphism §: R — K such that
Atij(r) = g~ [tij(0r)e + t;:(=0r)(1 — €)]g,

for some g € GL(m, Ky). Here r € R, e is an idempotent of the ring R, 1 < i #
j <n and Ky is a commutative extension of the ring K.

Proof. Clearly GL(m, K) = GL(W) for some left free K-module W of rank m over
the ring K. By the conditions of Theorem 1 there exist submodules L # 0 and P
of the module W and there exists an isomorphism of the K-modules

gW-—=L&---®LBP
—_—

n

such that
Atij(r)=g! [tij(ér)e +t(—vr)(l—e)+ el}g, (2)

forall 1 <i# j <mnandr € R. Here 6: R — End(L) is a ring homomorphism,
v: R — End(L) is a ring antihomomorphism and e is a central idempotent of the
ring End(L).

Let I be a maximal ideal of the ring K and let S = K \ I. Let K; be the
localization of the ring K by the multiplicative set S and let W be the localization
of the module W by S, respectively. From the isomorphism of the left K-modules

W=Lg---®&LoP
—_——

n

follows the isomorphism of the following left K;-modules

Wiy2L;®---® L ®FP;.
S ———

n

The isomorphism A: G — G induces a homomorphism

A[AI G— (Gl)] - GL(W[)
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120 V.M. PETEcHUK and J. V. PETECHUK

which is a homomorphism satisfying condition (%) by the lemma in Section 2 with
the condition that L; # 0. Since K is a commutative local ring and W7 is a free
Kj-module of rank m, then the projective submodules L; and P; are also free and
they have finite rank over the local ring K;. Using the fact that L # 0 and 1 € K,
we obtain that Anng L # K and there exists a maximal ideal (which again we call
I) of the ring K which contains Anng L. Hence

dim(W;) =m > ndim(Ly) > n.

Using the same argument for A~!, we obtain that n > m. Consequently n = m,
dimL; =1, dim P = 0 so P; = 0. It is easy to see that in the case when P # 0,
there exists a maximal ideal J of the ring K such that Anng P C J and Py # 0.
Consequently P = 0 and the homomorphism A;A (see (2)) has the form

ArAti;(r) =7 -t [tij (6r)e +tj;(—vr)(1 —€)|7,

forall 1 < i # j < n and r € R. Since Ky is a local ring, it has only trivial
idempotents (0 and 1) and € € {0,1} in the ring K.

Put gy =9 € GL(n, K;) and e; = €. (Remember that n = m.)

The ring K can be written as the cartesian product Ky = [ K of all local
rings K, where each K is obtained by the localization of K by a different maximal
ideal. Clearly the group GL(n, K) can be embedded into the group GL(n, K). Put
go=1lgr-

Now put K1 = [[ K1, g1 = [[gr and e; = [] e, where in the product we
chose those maximal ideals I for which @ = 1 in K;. Similarly put Ky = [] K7,
g2 = [1 g1 and e2 =[] es (here we require that € = 0).

Clearly Ko = K1 x K5, GL(n, Ko) = GL(n, K1) Xx GL(n, K3) and 1 = e; + e
is the unity element in K and K, respectively. This yields that

Atij(’f’) = 9071 [tij(ér)el + tji(—l/r)eg]go S Gl Q GL(TL, K), (3)

where 6: R — K; and v: R — K are ring homomorphisms such that 6(1) = e;
and v(1) = eq.
k—1, if kis even;

For a natural number k € N we define k =
k+1, if kis odd.

Put
C = |:61En + e Htkﬁ(l)tﬁk(_l)tkﬁ(l)} 4o,
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where k is even and 1 < k,k < n. Now it is easy to check (see (3)) that

Atz(1) = C7,2(1)C € M(n, K);
Atl‘j(l) =C! [tij(l)el + tﬁ(—l)i+j€2]c € M(?’L, K),
Atij(1) = At(=1)" = C 7 ey + (1)1 ex] C € M(n, K)

forall1 <i+#j <n.
If n is odd, then we need to consider additionally the elements At;, (1), At,;(1)
and the following difference:

Atin(1) = At ~(—1)" € M(n, K).

Put C~! = (¢;;) € M(n, Ky) and C = (C;;) € M(n, Ky). It is easy to check that
the elements of the rows of the matrix C' and the elements of the columns of C~!
can be expressed as a linear combination over K in terms of each other, respectively.
Hence (c1; -+ i)Y (Cj1 - - Cyp) is a matrix over the ring K (here T is the classical
transpose). This proves that ¢;Cj € K for all 1 < k,4,7,0 < n. Since Ky is a
commutative ring, Cic;; € K for all 1 < k.4, j,1 < n. Hence

tij(l)el + t}f’i\(fl)i+j62 = CAtU(l)Cil € GL(TL, K)

Moreover, ey, es are idempotents of the ring K and C~'GL(n,K)C = GL(n, K).
Put g = d + v. Then eqvr = exdr = 0 and

Atii(r) = go " [tij(dor)er + tji(—dor)e2] go,

forall 1 <i# j <nand dy: R — K is the isomorphism.
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