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t❛♥✉❧✁♦❦ t✉❞✁❛s❤✁❛❧✁♦❥✁❛❜❛✳ ❚♦✈✁❛❜❜✁❛ ♠✐❧②❡♥ ✈✐ss③❛❥❡❧③✁❡s❡❦❡t ❦❛♣❤❛t✉♥❦ ❛ t❛♥✉❧✁♦❦t✁♦❧✱

♠✐❧②❡♥ s③✐♥t❡♥ s❛❥✁❛t✁✙t♦tt✁❛❦ ❡❧ ❛ ♠✁♦❞s③❡r❡❦ ❧✁❡♣✁❡s❡✐t✱ ❤♦❣②❛♥ ❛❧❦❛❧♠❛③③✁❛❦ ♣✁❡❧❞✁❛❦♦♥ ❛

❦❛♣♦tt ❡❧♠✁❡❧❡t✐ t✉❞✁❛s✉❦❛t✱ ✐❧❧❡t✈❡ ♠✐❧②❡♥ ❣②❛❦♦r✐ ❤✐❜✁❛❦❛t ✈✁❡t❡♥❡❦✳

✻



✶✳ ❢❡❥❡③❡t

▲✐♥❡✁❛r✐s ❡❣②❡♥❧❡tr❡♥❞s③❡r❡❦

❑✁❡t ✈❛❣② t☎♦❜❜ ❧✐♥❡✁❛r✐s ❡❣②❡♥❧❡t ❧✐♥❡✁❛r✐s ❡❣②❡♥❧❡tr❡♥❞s③❡rt ❛❧❦♦t✳ P✁❡❧❞✁❛✉❧✿

x− 3y = −5

2x+ 4y = 10

❉❡✜♥✁✙❝✐✁♦✳ ▲✐♥❡✁❛r✐s ❡❣②❡♥❧❡tr❡♥❞s③❡r❡♥ ✉❣②❛♥❛③♦❦❜❛♥ ❛ ✈✁❛❧t♦③✁♦❦❜❛♥ ❧✐♥❡✁❛r✐s ❡❣②❡♥✲

❧❡t❡❦ ❡❣② ✈✁❡❣❡s ❤❛❧♠❛③✁❛t ✁❡rt❥☎✉❦✳ ✁❆❧t❛❧✁❛♥♦s ❛❧❛❦❥❛ m ❡❣②❡♥❧❡t ✁❡s n ✐s♠❡r❡t❧❡♥ ❡s❡t✁❡♥

a11x1 + a12x2 + · · ·+ a1nxn = b1

a21x1 + a22x2 + · · ·+ a2nxn = b2

✳✳✳

am1x1 + am2x2 + · · ·+ amnxn = bm

❛❤♦❧ x1, x2, . . . xn ❛③ ✐s♠❡r❡t❧❡♥❡❦✱ aij ❛③ i✲❡❞✐❦ ❡❣②❡♥❧❡t❜❡♥ ❛③ xj ✐s♠❡r❡t❧❡♥ ❡❣②☎✉tt❤❛✲

t✁♦❥✁❛t ❥❡❧☎♦❧✐✱ ✁❡s bi ❛③ i✲❡❞✐❦ ❡❣②❡♥❧❡t ❦♦♥st❛♥s t❛❣❥❛✳ ❍❛ ♠✐♥❞❡❣②✐❦ ❡❣②❡♥❧❡t ❦♦♥st❛♥s

t❛❣❥❛ 0✱ ❛ ❧✐♥❡✁❛r✐s ❡❣②❡♥❧❡tr❡♥❞s③❡r ❤♦♠♦❣✁❡♥✱ ❤❛ ❝s❛❦ ❡❣② ✐s ❦☎✉❧☎♦♥❜☎♦③✐❦ 0✲t✁♦❧ ✐♥❤♦✲

♠♦❣✁❡♥✳

❆ ❧✐♥❡✁❛r✐s ❡❣②❡♥❧❡tr❡♥❞s③❡r ♠❡❣♦❧❞✁❛s❛ ❡❣② r❡♥❞❡③❡tt ♣✁❛r✱ ❛♠❡❧② ♠✐♥❞❡♥ ❡❣②❡s

❧✐♥❡✁❛r✐s ❡❣②❡♥❧❡t ♠❡❣♦❧❞✁❛s❛✳

❉❡✜♥✁✙❝✐✁♦✳ ❆③t ♠♦♥❞❥✉❦✱ ❤♦❣② ❛ r❡♥❞❡③❡tt (u1, u2, . . . , un) s③✁❛♠✲n✲❡s ♠❡❣♦❧❞✁❛s❛ ❛③

❡❧✆♦③✆♦ ❡❣②❡♥❧❡tr❡♥❞s③❡r♥❡❦✱ ❤❛ ♠❡❣♦❧❞✁❛s❛ ♠✐♥❞❡♥ ❡❣②❡♥❧❡t♥❡❦✱ ❛③❛③ ♠✐♥❞❡♥ ❡❣②❡♥❧❡t❡t

❦✐❡❧✁❡❣✁✙t ❛③ x1 = u1, x2 = u2, . . . xn = un ❤❡❧②❡tt❡s✁✙t✁❡ss❡❧✳ ❍❛ ❡ s③✁❛♠✲n✲❡st ✈❡❦t♦r♥❛❦

✼



t❡❦✐♥t❥☎✉❦✱ ♠❡❣♦❧❞✁❛s✈❡❦t♦rr✁♦❧ ❜❡s③✁❡❧☎✉♥❦✳ ❆③ ☎♦ss③❡s ♠❡❣♦❧❞✁❛s ❤❛❧♠❛③✁❛t ❛③ ❡❣②❡♥❧❡t✲

r❡♥❞s③❡r ♠❡❣♦❧❞✁❛s❤❛❧♠❛③✁❛♥❛❦ ♥❡✈❡③③☎✉❦✳ ❊❣② ❡❣②❡♥❧❡tr❡♥❞s③❡rt ♠❡❣♦❧❞❤❛t✁♦♥❛❦ ✈❛❣②

❦♦♥③✐s③t❡♥s♥❡❦ ♥❡✈❡③☎✉♥❦✱ ❤❛ ✈❛♥ ♠❡❣♦❧❞✁❛s❛✱ ❛③❛③ ❤❛ ♠❡❣♦❧❞✁❛s❤❛❧♠❛③❛ ♥❡♠ ☎✉r❡s✳

❊❧❧❡♥❦❡③✆♦ ❡s❡t❜❡♥ ❛③ ❡❣②❡♥❧❡tr❡♥❞s③❡r ♥❡♠ ♠❡❣♦❧❞❤❛t✁♦ ✈❛❣② ✐♥❦♦♥③✐s③t❡♥s✳

❆③ ❡❣②❡♥❧❡tr❡♥❞s③❡r❡❦ ♠❡❣♦❧❞✁❛s✐ ♠✁♦❞s③❡r❡✐ ❦☎♦③☎✉❧ t❡❦✐♥ts☎✉❦ ✁❛t ❛ ✸ ❧❡❣✐s♠❡r✲

t❡❜❜ ♠✁♦❞s③❡rt✳

✶✳✶✳ ▲✐♥❡✁❛r✐s ❡❣②❡♥❧❡tr❡♥❞s③❡r❡❦ ♠❡❣♦❧❞✁❛s❛ ❣r❛✜❦✉✲

s❛♥

✶✳ ❋❡❧❛❞❛t✳ ❖❧❞❥✉❦ ♠❡❣ ❛③ ❡❣②❡♥❧❡tr❡♥❞s③❡rt ♠✐♥❞❦✁❡t ❧✐♥❡✁❛r✐s ❡❣②❡♥❧❡t ✁❛❜r✁❛③♦❧✁❛s✁❛✈❛❧

✁❡s ❛ ♠❡ts③✁❡s♣♦♥t✭♦❦✮ ♠❡❣❦❡r❡s✁❡s✁❡✈❡❧✳

4x = 8

6y = −3x+ 6

▼❡❣♦❧❞✁❛s✳ ❆③ ❡❧s✆♦ 4x = 8 ❡❣②❡♥❧❡t ❢❡❧✁✙r❤❛t✁♦ ♠✐♥t x = 2✳ ❊③ ❡❣② ❢☎✉❣❣✆♦❧❡❣❡s ❡❣②❡♥❡s

❡❣②❡♥❧❡t❡✳ ❆ ♠✁❛s♦❞✐❦ ❡❣②❡♥❧❡t ✁❛❜r✁❛③♦❧✁❛s✁❛❤♦③ ✁✙r❥❛ ❢❡❧ ❛③ ❡❣②❡♥❧❡t❡t ♦❧②❛♥ ❛❧❛❦❜❛♥✱

❤♦❣② ♠❡❣ t✉❞❥✉❦ ✁❛❧❧❛♣✁✙t❛♥✐ ❛ ♠❡r❡❞❡❦s✁❡❣❡t✳ ❊❧s✆♦ ❡❣②❡♥❧❡t✿

4x = 8

x = 2

▼✁❛s♦❞✐❦ ❡❣②❡♥❧❡t✿

6y = −3x+ 6

6y

6
=

−3x

6
+

6

6

y = −
1

2
x+ 1

❆③ ❡❣②❡♥❧❡t❡❦ ❣r❛✜❦♦♥❥❛✐t ❛③ ✶✳✶ ✁❛❜r❛ ♠✉t❛t❥❛✳ ❆ ♠❡ts③✁❡s♣♦♥t (2, 0)✳ ❊③t

♠❡❣❡r✆♦s✁✙t❤❡t❥☎✉❦✱ ❤❛ ♠✐♥❞❦✁❡t ❡❣②❡♥❧❡t❜❡ ❜❡❤❡❧②❡tt❡s✁✙t❥☎✉❦ ❛ (2, 0)✲t✳

✽



✶✳✶✳ ✁❛❜r❛✳ ●r❛✜❦✉s ♠✁♦❞s③❡r

4(2) = 8

8 = 8

6(0) = −3(2) + 6

0 = 0

▼✐♥❞❦✁❡t ❡s❡t❜❡♥ ✐❣❛③ ❡❣②❡♥❧✆♦s✁❡❣❡t ❦❛♣✉♥❦✳ ❚❡❤✁❛t ❛ ♠❡❣♦❧❞✁❛s (2, 0)

❆ ❢❡❧❛❞❛t❜❛♥ ❛③ ❡❣②❡♥❡s❡❦❡t ❛③ x ✁❡s y ♠❡ts③✁❡s♣♦♥t♦❦ ✈❛❣② t✁❛❜❧✁❛③❛t s❡❣✁✙ts✁❡❣✁❡✈❡❧

✐s ❧❡❤❡t❡tt ✈♦❧♥❛ ✁❛❜r✁❛③♦❧♥✐✳ ❆③ ❡❣②❡♥❧❡t❡❦ ✐❧②❡♥ ❛❧❛❦❜❛♥ t☎♦rt✁❡♥✆♦ ❢❡❧✁✙r✁❛s✁❛♥❛❦ ❛③♦♥❜❛♥

❛③ ❛③ ❡❧✆♦♥②❡✱ ❤♦❣② ☎♦ss③❡ t✉❞❥✉❦ ❤❛s♦♥❧✁✙t❛♥✐ ❛③ ❡❣②❡s ❡❣②❡♥❡s❡❦ ♠❡r❡❞❡❦s✁❡❣✁❡t ✁❡s y

t❡♥❣❡❧②♠❡ts③❡t✁❡t✳

✶✳ ❍❛ ❛ ♠❡r❡❞❡❦s✁❡❣❡❦ ❦☎✉❧☎♦♥❜☎♦③♥❡❦✱ ❛ ✈♦♥❛❧❛❦ ❦☎✉❧☎♦♥❜☎♦③✆♦❡❦✱ ♥❡♠ ♣✁❛r❤✉③❛♠♦s❛❦✱ ✁❡s

♣♦♥t♦s❛♥ ❡❣② ♣♦♥t❜❛♥ ❦❡❧❧ ♠❡ts③❡♥✐☎✉❦ ❡❣②♠✁❛st✳

✷✳ ❍❛ ❛ ♠❡r❡❞❡❦s✁❡❣❡❦ ❛③♦♥♦s❛❦ ✁❡s ❛③ y t❡♥❣❡❧②♠❡ts③❡t❡❦ ❡❧t✁❡r✆♦❡❦✱ ❛③ ❡❣②❡♥❡s❡❦

♣✁❛r❤✉③❛♠♦s❛❦ ✁❡s ♥❡♠ ♠❡ts③✐❦ ❡❣②♠✁❛st✳

✸✳ ❍❛ ❛ ♠❡r❡❞❡❦s✁❡❣❡❦ ❛③♦♥♦s❛❦ ✁❡s ❛③ y ♠❡ts③✁❡s♣♦♥t♦❦ ❛③♦♥♦s❛❦✱ ❛❦❦♦r ❛ ❦✁❡t ❡❣②❡♥✲

❧❡t❤❡③ ✉❣②❛♥❛③ ❛③ ❡❣②❡♥❡s t❛rt♦③✐❦✳

✾



✶✳✷✳ ▲✐♥❡✁❛r✐s ❡❣②❡♥❧❡tr❡♥❞s③❡r❡❦ ♠❡❣♦❧❞✁❛s❛ ❜❡❤❡❧②❡t✲

t❡s✁✙t✆♦ ♠✁♦❞s③❡rr❡❧

❊③ ❛ ♠✁♦❞s③❡r ❦☎✉❧☎♦♥☎♦s❡♥ ❢♦♥t♦s✱ ♠❡rt ❢❡❥❧❡tt❡❜❜ ♣r♦❜❧✁❡♠✁❛❦ ♠❡❣♦❧❞✁❛s✁❛r❛ ✐s ❤❛s③♥✁❛❧❤❛t✁♦✱

❜❡❧❡✁❡rt✈❡ ❛ ♥❡♠❧✐♥❡✁❛r✐s ❡❣②❡♥❧❡tr❡♥❞s③❡r❡❦❡t ✐s✳

✷✳ ❋❡❧❛❞❛t✳ ❖❧❞❥✉❦ ♠❡❣ ❛③ ❛❧✁❛❜❜✐ ❡❣②❡♥❧❡tr❡♥❞s③❡rt ❜❡❤❡❧②❡tt❡s✁✙t✆♦ ♠✁♦❞s③❡r ❛❧❦❛❧✲

♠❛③✁❛s✁❛✈❛❧✳

x− y = 4

x+ y = 16

▼❡❣♦❧❞✁❛s✳ ❆ ♠✁♦❞s③❡r ❡❧s✆♦ ❧✁❡♣✁❡s❡✱ ❤♦❣② ❛③ ❡❣②✐❦ ✈✁❛❧t♦③✁♦t ❦✐❢❡❥❡③③☎✉❦ ❛③ ❡❣②✐❦ ❡❣②❡♥✲

❧❡t❜✆♦❧✳ ❆③ ❡❧s✆♦ ❡❣②❡♥❧❡t ♠❡❣♦❧❞✁❛s❛ x✲r❡ x = 4+ y✳ ❊❦❦♦r✱ ♠✐✈❡❧ x ❡❣②❡♥❧✆♦ 4+ y✲❛❧✱ ❛

❦✐❢❡❥❡③✁❡s ❤❡❧②❡tt❡s✁✙t❤❡t✐ x✲❡t ❛ ♠✁❛s♦❞✐❦ ❡❣②❡♥❧❡t❜❡♥✳ ✁■❣② ❛ ♠✁❛s♦❞✐❦ ❡❣②❡♥❧❡t❜❡♥ ❝s❛❦

y ♠❛r❛❞✳

(4 + y) + y = 16

4 + 2y = 16

2y = 12

y = 6

❆③ x ♠❡❣t❛❧✁❛❧✁❛s✁❛❤♦③ ❛③ y = 6 ✁❡rt✁❡❦❡t ❜❡❤❡❧②❡tt❡s✁✙t❥☎✉❦ ❛③ x = 4 + y ❡❣②❡♥❧❡t❜❡

x = 4 + (6)

x = 10

❱✐ss③❛❤❡❧②❡tt❡s✁✙t❥☎✉❦ ❛ ❦❛♣♦t x ✁❡s y ✁❡rt✁❡❦❡❦❡t ❛③ ❡❣②❡♥❧❡tr❡♥❞s③❡r❜❡

(10)− (6) = 4

4 = 4

(10) + (6) = 16

16 = 16

■❣❛③ ❡❣②❡♥❧✆♦s✁❡❣❡❦❡t ❦❛♣t✉♥❦✱ ❛ ♠❡❣♦❧❞✁❛s t❡❤✁❛t (10, 6)

❆ ❜❡❤❡❧②❡tt❡s✁✙t✆♦ ♠✁♦❞s③❡r ❧✁❡♣✁❡s❡✐✿

✶✵



✶✳ ❋❡❥❡③③☎✉❦ ❦✐ ❛③ ❡❣②✐❦ ✈✁❛❧t♦③✁♦t ❡❣② ❡❣②❡♥❧❡t❜✆♦❧✳

✷✳ ❍❡❧②❡tt❡s✁✙ts☎✉❦ ❜❡ ❛③ ✶✳ ❧✁❡♣✁❡s❜❡♥ ❦❛♣♦tt ❡❣②❡♥❧✆♦s✁❡❣❡t ❛ ♠✁❛s✐❦ ❡❣②❡♥❧❡t❜❡✳

✸✳ ❖❧❞❥✉❦ ♠❡❣ ❛ ❦❛♣♦tt ❡❣②❡♥❧❡t❡t✦

✹✳ ❍❡❧②❡tt❡s✁✙ts☎✉❦ ✈✐ss③❛ ❛ ✸✳ ❧✁❡♣✁❡s❜❡♥ t❛❧✁❛❧t ✁❡rt✁❡❦❡t ❛③ ✶✳ ❧✁❡♣✁❡s❜❡♥ s③❡r❡♣❧✆♦ ❡❣②❡♥✲

❧❡t❜❡✱ ✁❡s ❦❡r❡ss☎✉❦ ♠❡❣ ❛ ❢❡♥♥♠❛r❛❞✁♦ ✈✁❛❧t♦③✁♦ ✁❡rt✁❡❦✁❡t✳

✺✳ ❊❧❧❡♥✆♦r✐③③☎✉❦ ♠✐♥❞❦✁❡t ❡❣②❡♥❧❡t ❡s❡t✁❡❜❡♥✱ ❤♦❣② ❛ ❦❛♣♦tt ✁❡rt✁❡❦❡❦❦❡❧ ✐❣❛③ ❡❣②❡♥✲

❧✆♦s✁❡❣❡t ❦❛♣✉♥❦✱ ✁❡s ✁✙r❥✉❦ ❧❡ ❛ ♠❡❣♦❧❞✁❛st r❡♥❞❡③❡tt ♣✁❛r❦✁❡♥t✦

✶✳✸✳ ▲✐♥❡✁❛r✐s ❡❣②❡♥❧❡tr❡♥❞s③❡r❡❦ ♠❡❣♦❧❞✁❛s❛ ❡❣②❡♥❧✆♦

❡❣②☎✉tt❤❛t✁♦❦ ♠✁♦❞s③❡r✁❡✈❡❧

❆③ ❡❣②❡♥❧❡tr❡♥❞s③❡r❡❦ ❡❣②❡♥❧✆♦ ❡❣②☎✉tt❤❛t✁♦❦ ♠✁♦❞s③❡r✁❡✈❡❧ t☎♦rt✁❡♥✆♦ ♠❡❣♦❧❞✁❛s✁❛t ✁✉❣②

❦❡③❞❥☎✉❦✱ ❤♦❣② ♠✐♥❞❦✁❡t ❡❣②❡♥❧❡t❡t s③❛❜✈✁❛♥②♦s Ax + By = C ❢♦r♠✁❛❜❛♥ ✁✙r❥✉❦ ❢❡❧✳

❊③✉t✁❛♥ ❡❣② ❡❦✈✐✈❛❧❡♥s r❡♥❞s③❡rt ❤♦③✉♥❦ ❧✁❡tr❡ ✁✉❣②✱ ❤♦❣② ❛③ ❡❣②✐❦ ✈❛❣② ♠✐♥❞❦✁❡t

❡❣②❡♥❧❡t❡t ♠❡❣s③♦r♦③③✉❦ ❛ ♠❡❣❢❡❧❡❧✆♦ ✁❛❧❧❛♥❞✁♦❦❦❛❧✱ ❤♦❣② ❡❧❧❡♥t✁❡t❡s ❡❣②☎✉tt❤❛t✁♦❦❛t ❤♦③✲

③✉♥❦ ❧✁❡tr❡ ❛③ x ✈❛❣② ❛③ y ✈✁❛❧t♦③✁♦♥✳ ❊③✉t✁❛♥ ❛③ ❡❣②❡♥❧❡t❡❦❡t ☎♦ss③❡❛❞❤❛t❥✉❦✱ ❤♦❣②

❦✐❦☎✉s③☎♦❜☎♦❧❥☎✉❦ ❛③ ❡❧❧❡♥t✁❡t❡s ❡❣②☎✉tt❤❛t✁♦❥✁✉ ✈✁❛❧t♦③✁♦t✳ ❊③t ❛ ❢♦❧②❛♠❛t♦t ❛ ❦☎♦✈❡t❦❡③✆♦

❢❡❧❛❞❛t ♠❡❣♦❧❞✁❛s✁❛♥ ♠✉t❛t❥✉❦ ❜❡✳

✸✳ ❋❡❧❛❞❛t✳ ❖❧❞❥✉❦ ♠❡❣ ❛③ ❛❧✁❛❜❜✐ ❡❣②❡♥❧❡tr❡♥❞s③❡rt ❡❣②❡♥❧✆♦ ❡❣②☎✉tt❤❛t✁♦❦ ♠✁♦❞s③❡r✁❡♥❡❦

❛❧❦❛❧♠❛③✁❛s✁❛✈❛❧✳

4x+ 5y = 2

3x = 1− 4y

▼❡❣♦❧❞✁❛s✳ ✁■r❥✉❦ ❢❡❧ ♠✐♥❞❦✁❡t ❡❣②❡♥❧❡t❡t s③❛❜✈✁❛♥②♦s ❢♦r♠✁❛❜❛♥

4x+ 5y = 2

3x+ 4y = 1

❆③ x ❦✐❦☎✉s③☎♦❜☎♦❧✁❡s✁❡❤❡③ ♠❡❣✈✁❛❧t♦③t❛t❥✉❦ ❛③ ❡❣②☎✉tt❤❛t✁♦✐t 12✲r❡ ✁❡s −12✲r❡✳ ❆③ ❡❧s✆♦ ❡❣②❡♥✲

❧❡t❡t s③♦r♦③③✉❦ 3✲❛❧✱ ❛ ♠✁❛s♦❞✐❦ ❡❣②❡♥❧❡t❡t −4✲❡❧

12x+ 15y = 6

✶✶



−12x− 16y = −4

☎❖ss③❡❛❞❥✉❦ ❛ ❦❛♣♦tt ❡❣②❡♥❧❡t❡❦❡t

−y = 2

y = −2

❇❡❤❡❧②❡tt❡s✁✙t❥☎✉❦ ❛③ y = −2 ✁❡rt✁❡❦❡t ❛③ ❡❣②✐❦ ❡r❡❞❡t✐ ❡❣②❡♥❧❡t☎✉♥❦❜❡ ✁❡s ♠❡❣❤❛t✁❛r♦③③✉❦

❛③ x ✁❡rt✁❡❦✁❡t

3x = 1− 4y

3x = 1− 4(−2)

3x = 1 + 8

3x = 9

x = 3

❊❧❧❡♥✆♦r✐③③☎✉❦✱ ❤♦❣② ❛ ❦❛♣♦tt ✁❡rt✁❡❦❡❦ ♠❡❧❧❡tt ✐❣❛③❛❦ ❧❡s③♥❡❦ ❛③ ❡r❡❞❡t✐ ❡❣②❡♥❧❡t❡❦

4x+ 5y = 2

4(3) + 5(−2) = 2

2 = 2

3x = 1− 4y

3(3) = 1− 4(−2)

9 = 9

❆ ♠❡❣♦❧❞✁❛s t❡❤✁❛t (3,−2)

❆③ ❡❣②❡♥❧✆♦ ❡❣②☎✉tt❤❛t✁♦❦ ♠✁♦❞s③❡r✁❡♥❡❦ ❧✁❡♣✁❡s❡✐✿

✶✳ ✁■r❥✉❦ ❢❡❧ ♠✐♥❞❦✁❡t ❡❣②❡♥❧❡t❡t s③❛❜✈✁❛♥②♦s Ax+By = C ❢♦r♠✁❛❜❛♥✳

✷✳ ❚☎♦rt ✈❛❣② t✐③❡❞❡s t☎♦rt t☎♦r❧✁❡s❡✳

✸✳ ❙③♦r♦③③✉❦ ♠❡❣ ❛③ ❡❣②✐❦ ✈❛❣② ♠✐♥❞❦✁❡t ❡❣②❡♥❧❡t❡t ♥❡♠ ♥✉❧❧❛ ✁❛❧❧❛♥❞✁♦❦❦❛❧✱ ❤♦❣②

❡❧❧❡♥t✁❡t❡s ❡❣②☎✉tt❤❛t✁♦❦❛t ❤♦③③✉♥❦ ❧✁❡tr❡ ❛③ ❡❣②✐❦ ✈✁❛❧t♦③✁♦❤♦③✳

✹✳ ❆❞❥✉❦ ☎♦ss③❡ ❛ ✸✳ ❧✁❡♣✁❡s ❡❣②❡♥❧❡t❡✐t ❡❣② ✈✁❛❧t♦③✁♦ ❦✐❦☎✉s③☎♦❜☎♦❧✁❡s✁❡❤❡③✳

✶✷



✺✳ ❖❧❞❥✉❦ ♠❡❣ ❛ ❢❡♥♥♠❛r❛❞✁♦ ❡❣②❡♥❧❡t❡t✳

✻✳ ❇❡❤❡❧②❡tt❡s✁✙t❥☎✉❦ ❛③ ✺✳ ❧✁❡♣✁❡s❜❡♥ t❛❧✁❛❧t ✐s♠❡rt ✁❡rt✁❡❦❡t ❛③ ❡❣②✐❦ ❡r❡❞❡t✐ ❡❣②❡♥❧❡t✲

❜❡✱ ❤♦❣② ♠❡❣t❛❧✁❛❧❥✉❦ ❛ ♠✁❛s✐❦ ✈✁❛❧t♦③✁♦t✳

✼✳ ❊❧❧❡♥✆♦r✐③③☎✉❦ ❛ r❡♥❞❡③❡tt ♣✁❛rt ♠✐♥❞❦✁❡t ❡❣②❡♥❧❡t❜❡♥✳

❆ ❧✐♥❡✁❛r✐s ❡❣②❡♥❧❡tr❡♥❞s③❡r❡❦♥❡❦ ❛③ ❡♠❧✁✙t❡tt ❤✁❛r♦♠ ♠✁♦❞s③❡r❡♥ ❦✁✙✈☎✉❧ ❧✁❡t❡③♥❡❦ ♠✁❛s

♠❡❣♦❧❞✁❛s✐ ♠✁♦❞s③❡r❡✐✱ ♠❡❧②❡❦❦❡❧ ❛ ❞✐✁❛❦♦❦ ❛ ❢❡❧s✆♦♦❦t❛t✁❛s❜❛♥ t❛❧✁❛❧❦♦③♥❛❦✱ ✐❧②❡♥ ♣✁❡❧❞✁❛✉❧

❛ ●❛✉ss✲♠✁♦❞s③❡r ✈❛❣② ❛ ❈r❛♠❡r✲s③❛❜✁❛❧②✳

▲✁❡t❡③♥❡❦ ❡③❡❦❡♥ ❦✁✙✈☎✉❧ ❛ ❧✐♥❡✁❛r✐s ❛❧❣❡❜r❛✐ ❡❣②❡♥❧❡tr❡♥❞s③❡r❡❦ ♠❡❣♦❧❞✁❛s✁❛t s❡❣✁✙t✆♦ ♣r♦❣✲

r❛♠♦❦ ✐s✱ ✐❧②❡♥ ♣✁❡❧❞✁❛✉❧ ❛ ▼❆❚▲❆❇✳ ❆ ▼❛t❧❛❜❜❛♥ ✐❣❡♥ ❡❣②s③❡r✆✉❡♥ ♦❧❞❤❛t✁♦❦ ♠❡❣ ❛

r❡♥❞s③❡r❡❦✳ ❊❧s✆♦ ❧✁❡♣✁❡s❜❡♥ ♠❡❣♣r✁♦❜✁❛❧❥❛ ❡❧✆♦✁❛❧❧✁✙t❛♥✐ ❛ ❈❤♦❧❡s❦②✲❢❡❧❜♦♥t✁❛st ✭❝❤♦❧✮✱ ❤❛ ❡③

♥❡♠ s✐❦❡r☎✉❧✱ ❛❦❦♦r ❛③ ▲❯✲❢❡❧❜♦♥t✁❛ss❛❧ ❤❛t✁❛r♦③③❛ ♠❡❣ ❛ ♠❡❣♦❧❞✁❛st ✭●❛✉ss✲♠✁♦❞s③❡r✮✳

❍❛ ❛③ ❡❣②❡♥❧❡t t✁✉❧❤❛t✁❛r♦③♦tt✱ ❛❦❦♦r ❡❧✆♦s③☎♦r ♠❡❣❤❛t✁❛r♦③③❛ ❛ ◗❘✲❢❡❧❜♦♥t✁❛st✱ ♠❛❥❞

❡❜❜✆♦❧ ❛ ❧❡❣❦✐s❡❜❜ ♥✁❡❣②③❡t❡s ✁❡rt❡❧❡♠❜❡♥ ❧❡❣❥♦❜❜❛♥ ❦☎♦③❡❧✁✙t✆♦ ♠❡❣♦❧❞✁❛st✳ ❆③ ✐❧②❡♥ ♣r♦❣✲

r❛♠♦❦ ♥❛❣②❜❛♥ ♠❡❣❦☎♦♥♥②✁✙t✐❦ ❡❣② r❡♥❞s③❡r ♠❡❣♦❧❞✁❛s✁❛t✳

❆ ▼❆❚▲❆❇✲❜❛♥ ❛ ❧✐♥❡✁❛r✐s ❡❣②❡♥❧❡tr❡♥❞s③❡r❡❦ ♠❡❣♦❧❞✁❛s✁❛♥❛❦ ❦✁❡t ❦☎✉❧☎♦♥❜☎♦③✆♦ ♠✁♦❞❥❛

✈❛♥✿

❍❛ ❛ ❧✐♥❡✁❛r✐s ❡❣②❡♥❧❡tr❡♥❞s③❡r ❦✁❡t ❡❣②❡♥❧❡t❡t t❛rt❛❧♠❛③✱ ✁❡s ❡③❡❦ ❡❣②s③❡r✆✉ ❦✐❢❡❥❡③✁❡s❡❦✱

❛❦❦♦r ❛③ ❡❣②❡♥❧❡tr❡♥❞s③❡r ❣r❛✜❦✉s❛♥ ♠❡❣♦❧❞❤❛t✁♦✳

❚♦✈✁❛❜❜✐ ❡s❡t❡❦❜❡♥ ❛ ▼❆❚▲❆❇✲❜❛♥ ✈❛♥ ❡❣② s♣❡❝✐✁❛❧✐s ♠❡❣♦❧❞✁❛s✐ ❢✉♥❦❝✐✁♦ ❛ ❧✐♥❡✁❛r✐s

❡❣②❡♥❧❡tr❡♥❞s③❡r❡❦ ♠❡❣♦❧❞✁❛s✁❛r❛✳

P✁❡❧❞❛✳






2x1 − x2 = 4,

5x1 + 2x2 = 3

❇❡✈✐t❡❧✐ ❡❧❥✁❛r✁❛s✿

symsx1x2

[x1, x2] = solve(′2 ∗ x1− x2 = 4′,′ 5 ∗ x1 + 2 ∗ x2 = 3′)

vpa(x1, 4)

vpa(x2, 4)

❊♥♥❡❦ ❡r❡❞♠✁❡♥②❡❦✁❡♥t ❦❛♣❥✉❦✿ ①✶❂✶✱✷✷✷✱ ①✷❂✲✶✱✺✺✻

✶✸



✷✳ ❢❡❥❡③❡t

▲✐♥❡✁❛r✐s ❡❣②❡♥❧❡tr❡♥❞s③❡r❡❦

♠❡❣♦❧❞✁❛s✐ ♠✁♦❞s③❡r❡✐ ✁❛❧t❛❧✁❛♥♦s

✐s❦♦❧✁❛❜❛♥

❆③ ❡❣②❡♥❧❡tr❡♥❞s③❡r❡❦ ♠❡❣♦❧❞✁❛s✐ ♠✁♦❞s③❡r❡✐✈❡❧ ❛ t❛♥✉❧✁♦❦ ✼✳ ♦s③t✁❛❧②❜❛♥ t❛❧✁❛❧♦❦③♥❛❦✳

❚❡❦✐♥ts☎✉❦ ✁❛t✱ ❤♦❣② ❛③ ♦❦t❛t✁❛st s❡❣✁✙t✆♦ t❛♥❦☎♦♥②✈❡❦ ❤♦❣②❛♥ ✈❡③❡t✐❦ ❜❡ ❛ ♠❡❣♦❧❞✁❛s✐

♠✁♦❞s③❡r❡❦❡t ❛ ✼✳ ♦s③t✁❛❧②♦s t❛♥✉❧✁♦❦ s③✁❛♠✁❛r❛✳

❍✳P✳❇❡✈③ ✁❡s ❱✳❍✳❇❡✈③ ❛ ❦☎♦✈❡t❦❡③✆♦❦✁❡♣♣❡♥ ♠❛❣②❛r✁❛③③❛ ❡③t ❛ t✁❡♠❛❦☎♦rt✿

✹✳ ❋❡❧❛❞❛t✳ ✹ ❦❣ ❝s♦❦♦❧✁❛❞✁❡ ✁❡s ✸ ❦❣ ♠✁❡③❡s❦❡❦s③ ✷✻ ❤r✐✈♥②✁❛❜❛ ❦❡r☎✉❧✱ ♠✐❦☎♦③❜❡♥ ✻ ❦❣

❝s♦❦♦❧✁❛❞✁❡ ✁❡s ✷ ❦❣ ♠✁❡③❡s❦❡❦s③ ✁❡r❛ ✸✹ ❤r✐✈♥②❛✳ ▼❡♥♥②✐❜❡ ❦❡r☎✉❧ ✶ ❦❣ ❝s♦❦♦❧✁❛❞✁❡ ✁❡s ✶ ❦❣

♠✁❡③❡s❦❡❦s③❄❬✷❪

❆ ❢❡❧❛❞❛t ❡❣②✈✁❛❧t♦③✁♦s ❡❣②❡♥❧❡t ❢❡❧✁❛❧❧✁✙t✁❛s✁❛✈❛❧ ♦❧❞❤❛t✁♦ ♠❡❣✳ ✭✁❆❧❧✁✙ts✉❦ ❢❡❧ ❛③

❡❣②❡♥❧❡t❡t✦✮ ❉❡ ♠❡❣♦❧❞❤❛t✁♦ ♠✁❛s ♠✁♦❞s③❡rr❡❧ ✐s✳❬✷❪

▲❡❣②❡♥ ✶ ❦❣ ❝s♦❦♦❧✁❛❞✁❡ ✁❛r❛ x ❤r✐✈♥②❛✱ ✶ ❦❣ ♠✁❡③❡s❦❡❦s③✁❡ ♣❡❞✐❣ y ❤r✐✈♥②❛✳❬✷❪

❊❦❦♦r

4x+ 3y = 26

✁❡s

6x+ 2y = 34

❑✁❡t ❦✁❡t✈✁❛❧t♦③✁♦s ❡❣②❡♥❧❡t❡t ❦❛♣✉♥❦✳ ❆③ x ✁❡s y ♦❧②❛♥ ✁❡rt✁❡❦❡✐t ❦❡❧❧ ♠❡❣❤❛t✁❛r♦③♥✉♥❦✱

❛♠❡❧②❡❦ ❡❣②✐❞❡❥✆✉❧❡❣ ♠✐♥❞❦✁❡t ❡❣②❡♥❧❡t❡t ❦✐❡❧✁❡❣✁✙t✐❦✱ ❛③❛③ ❛③ ❡❣②❡♥❧❡t❡❦ ♠✐♥❞❡❣②✐❦✁❡t

✶✹



✐❣❛③ ❡❣②❡♥❧✆♦s✁❡❣❣✁❡ ❛❧❛❦✁✙t❥✁❛❦ ✁❛t✳ ▼✁❛s❦✁❡♥t ❢♦❣❛❧♠❛③✈❛✿ ♠❡❣ ❦❡❧❧ t❛❧✁❛❧♥✐ ♠✐♥❞❦✁❡t ❡❣②❡♥✲

❧❡t ❦☎♦③☎♦s ♠❡❣♦❧❞✁❛s✁❛t✱ ✈❛❣② ♠❡❣ ❦❡❧❧ ♦❧❞❛♥✐ ❛③ ❛❞♦tt ❡❣②❡♥❧❡tr❡♥❞s③❡rt✳❬✷❪

❍❛ ❛ ❦✁❡t ✈❛❣② t☎♦❜❜ ❡❣②❡♥❧❡t ❦☎♦③☎♦s ♠❡❣♦❧❞✁❛s✁❛t ❦❡❧❧ ♠❡❣t❛❧✁❛❧♥✐✱ ❛❦❦♦r ❛③t ♠♦♥❞❥✉❦✱

❤♦❣② ❡③❡❦ ❛③ ❡❣②❡♥❧❡t❡❦ ❡❣②❡♥❧❡tr❡♥❞s③❡rt ❛❧❦♦t♥❛❦✳ ❆③ ❡❣②❡♥❧❡tr❡♥❞s③❡rt ❦❛♣❝s♦s

③✁❛r✁♦❥❡❧❧❡❧ ❢♦❣❥✉❦ ☎♦ss③❡✿❬✷❪






4x+ 3y = 26,

6x+ 2y = 34.

❉❡✜♥✁✙❝✐✁♦✳ ❆③ ❡❣②❡♥❧❡tr❡♥❞s③❡r ♠❡❣♦❧❞✁❛s❛ ✲ ✈❛❧❛♠❡♥♥②✐ ❡❣②❡♥❧❡t✁❡♥❡❦ ❦☎♦③☎♦s ♠❡❣✲

♦❧❞✁❛s✁❛t ❥❡❧❡♥t✐✳

P✁❡❧❞✁❛✉❧ ❛ (3; 2) s③✁❛♠♣✁❛r ❛③






x+ 3y = 9,

2x− y = 4

❡❣②❡♥❧❡tr❡♥❞s③❡r ♠❡❣♦❧❞✁❛s❛✱ ♠✐✈❡❧ 3 + 3 · 2 ✁❡s 2 · 3− 2 = 4.❬✷❪

❉❡✜♥✁✙❝✐✁♦✳ ▼❡❣♦❧❞❛♥✐ ❛③ ❡❣②❡♥❧❡tr❡♥❞s③❡rt ❛♥♥②✐t ❥❡❧❡♥t✱ ♠✐♥t ♠❡❣❤❛t✁❛r♦③♥✐ ✈❛❧❛✲

♠❡♥♥②✐ ♠❡❣♦❧❞✁❛s✁❛♥❛❦ ❤❛❧♠❛③✁❛t✳

❆③ ❡❣②❡♥❧❡tr❡♥❞s③❡r ❣r❛✜❦✉s ♠✁♦❞s③❡rr❡❧ ✐s ♠❡❣♦❧❞❤❛t✁♦✳ ❖❧❞❥✉❦ ♠❡❣ ♣✁❡❧❞✁❛✉❧

❛③ ❡❧✆♦③✆♦ ❡❣②❡♥❧❡tr❡♥❞s③❡rt✳ ❑☎♦③☎♦s ❦♦♦r❞✐♥✁❛t❛s✁✙❦❜❛♥ ♠❡❣s③❡r❦❡s③t❥☎✉❦ ❛ r❡♥❞s③❡r

♠✐♥❞❦✁❡t ❡❣②❡♥❧❡t✁❡♥❡❦ ❣☎♦r❜✁❡❥✁❡t ✭✷✳✶ ✁❛❜r❛✮✳❬✷❪

❆③ x+3y = 9 ❡❣②❡♥❧❡t ❣☎♦r❜✁❡❥❡ ♠✐♥❞❡♥ ♣♦♥t❥✁❛♥❛❦ ❦♦♦r❞✐♥✁❛t✁❛✐ ❦✐❡❧✁❡❣✁✙t✐❦ ❡③t ❛③ ❡❣②❡♥✲

❧❡t❡t✳ ❆ 2x− y = 4 ❡❣②❡♥❧❡t ❣☎♦r❜✁❡❥❡ ♠✐♥❞❡♥ ♣♦♥t❥✁❛♥❛❦ ❦♦♦r❞✐♥✁❛t✁❛✐ ❦✐❡❧✁❡❣✁✙t✐❦ ❡③t ❛③

❡❣②❡♥❧❡t❡t✳ ❆ ♠❡❣s③❡r❦❡s③t❡tt ❣☎♦r❜✁❡❦ ❛③ A(3; 2) ♣♦♥t❜❛♥ ♠❡ts③✐❦ ❡❣②♠✁❛st✳ ❊③✁❡rt ❛

(3; 2) s③✁❛♠♣✁❛r ❛③ ❛❞♦tt r❡♥❞s③❡r ❡❣②❡t❧❡♥ ♠❡❣♦❧❞✁❛s❛✳❬✷❪

●r❛✜❦✉s ♠✁♦❞s③❡rr❡❧ t❡r♠✁❡s③❡t❡s❡♥ ❝s❛❦ ♠❡❣❦☎♦③❡❧✁✙t✆♦ ♠❡❣♦❧❞✁❛s♦❦❛t ❦❛♣✉♥❦✳ ❉❡ ❤❛

❜❡❤❡❧②❡tt❡s✁✙t❥☎✉❦ ❛③ x = 3 ✁❡s y = 2 ✁❡rt✁❡❦❡❦❡t ❛③ ❛❞♦tt ❡❣②❡♥❧❡tr❡♥❞s③❡r❜❡✱ ❛❦❦♦r

♠❡❣❣②✆♦③✆♦❞❤❡t☎✉♥❦ ❛rr✁♦❧✱ ❤♦❣② ❛ (3; 2) s③✁❛♠♣✁❛r ♣♦♥t♦s ♠❡❣♦❧❞✁❛s✳❬✷❪

❱❛❥♦♥ ❛ ❦✁❡t ❡❣②❡♥❧❡t❜✆♦❧ ✁❛❧❧✁♦ ♠✐♥❞❡❣②✐❦ ❡❣②❡♥❧❡tr❡♥❞s③❡r♥❡❦ ❝s❛❦ ❡❣② ♠❡❣♦❧❞✁❛s❛ ✈❛♥❄

◆❡♠✳ P✁❡❧❞✁❛✉❧ ❛






3x− 2y = 6,

6x− 4y = 12

❡❣②❡♥❧❡tr❡♥❞s③❡r♥❡❦ ✈✁❡❣t❡❧❡♥ s③✁❛♠✁✉ ♠❡❣♦❧❞✁❛s❛ ✈❛♥✳ ▼✐♥❞❦✁❡t ❡❣②❡♥❧❡t ❣☎♦r❜✁❡❥❡ ✉❣②❛♥✲

✐s ❡❣②❛③♦♥ ❡❣②❡♥❡s✳ ❚❡❤✁❛t ❡③❡♥ ❡❣②❡♥❡s ♠✐♥❞❡♥ ♣♦♥t❥✁❛♥❛❦ ❦♦♦r❞✐♥✁❛t✁❛✐✱ ♣✁❡❧❞✁❛✉❧ ❛

✶✺



✷✳✶✳ ✁❛❜r❛✳ ●r❛✜❦✉s ♠✁♦❞s③❡r

(−2;−6), (−1;−4, 5), (0;−3), (1;−1, 5), (2; 0), . . . ✲ ❛③ ❛❞♦tt r❡♥❞s③❡r ♠❡❣♦❧❞✁❛s❛✳❬✷❪

❱❛♥♥❛❦ ♦❧②❛♥ ❡❣②❡♥❧❡tr❡♥❞s③❡r❡❦✱ ♠❡❧②❡❦♥❡❦ ♥✐♥❝s ❡❣②❡t❧❡♥ ♠❡❣♦❧❞✁❛s✉❦ s❡♠✳ ❊③❡❦✲

♥❡❦ ❛③ ❡❣②❡♥❧❡t❡❦♥❡❦ ❛ ❣☎♦r❜✁❡✐ ♣✁❛r❤✉③❛♠♦s ❡❣②❡♥❡s❡❦✳❬✷❪

❇❡❤❡❧②❡tt❡s✁✙t✆♦ ♠✁♦❞s③❡r

❆③ ❡❣②❡♥❧❡t❡❦ ♠❡❣♦❧❞✁❛s✁❛♥❛❦ ❣r❛✜❦✉s ♠✁♦❞s③❡r❡ t❡r❥❡❞❡❧♠❡s✱ ✁❡s ✁❛❧t❛❧✁❛❜❛♥ ♠❡❣✲

❦☎♦③❡❧✁✙t✆♦ ♠❡❣♦❧❞✁❛st ❛❞✳ ❊③✁❡rt ❛③ ❡❣②❡♥❧❡tr❡♥❞s③❡r❡❦❡t ❣②❛❦r❛♥ ♠✁❛s ♠✁♦❞♦♥ ♦❧❞❥✁❛❦

♠❡❣✳ ❊③❡❦ ❡❣②✐❦❡ ❛ ❜❡❤❡❧②❡tt❡s✁✙t✆♦ ♠✁♦❞s③❡r✳❬✷❪

❑❡③❞❥☎✉❦ ❡❣② ♣✁❡❧❞✁❛✈❛❧✱ ♦❧❞❥✉❦ ♠❡❣ ❛ ❦☎♦✈❡t❦❡③✆♦ ❡❣②❡♥❧❡tr❡♥❞s③❡rt✦






2x− y = 4,

x+ 3y = 9.

❋❡❥❡③③☎✉❦ ❦✐ ❛ ♠✁❛s♦❞✐❦ ❡❣②❡♥❧❡t❜✆♦❧ ❛③ x ✈✁❛❧t♦③✁♦t❬✷❪

x = 9− 3y.

▼✐✈❡❧ ❛ r❡♥❞s③❡r ❡❧s✆♦ ❡❣②❡♥❧❡t✁❡t ❛ ✈✁❛❧t♦③✁♦❦ ✉❣②❛♥❛③♦♥ ✁❡rt✁❡❦❡✐♥❡❦ ❦❡❧❧ ❦✐❡❧✁❡❣✁✙t❡♥✐☎✉❦

♠✐♥t ❛ ♠✁❛s♦❞✐❦❛t✱ ❡③✁❡rt ❛③ ❡❧s✆♦ ❡❣②❡♥❧❡t❜❡♥ ❛③ x ✈✁❛❧t♦③✁♦t ❛ ❦❛♣♦tt 9−3y ❦✐❢❡❥❡③✁❡ss❡❧

❤❡❧②❡tt❡s✁✙t❥☎✉❦✳ ❊❦❦♦r ❡❣②✈✁❛❧t♦③✁♦s ❡❣②❡♥❧❡t❡t ❦❛♣✉♥❦✿❬✷❪

2(9− 3y)− y = 4,

✶✻



❛❤♦♥♥❛♥

18− 6y − y = 4

y = 2.

❆ ❦❛♣♦tt y = 2 ✁❡rt✁❡❦❡t ✈✐ss③❛❤❡❧②❡tt❡s✁✙t❥☎✉❦ ❛③ x = 9− 3y ❡❣②❡♥❧❡t❜❡✱ ❛❦❦♦r

x = 9− 3 · 2 = 3

✁❡rt✁❡❦❡t ❦❛♣❥✉❦✳ ❚❡❤✁❛t ❛③ ❡❣②❡♥❧❡tr❡♥❞s③❡r ♠❡❣♦❧❞✁❛s❛ ❛ (3; 2) s③✁❛♠♣✁❛r✳❬✷❪

❆③ ❡❣②❡♥❧❡tr❡♥❞s③❡r ❜❡❤❡❧②❡tt❡s✁✙t✆♦ ♠✁♦❞s③❡rr❡❧ ✈❛❧✁♦ ♠❡❣♦❧❞✁❛s✁❛❤♦③ ❛ ❦☎♦✈❡t❦❡③✆♦❦❡t ❦❡❧❧

❡❧✈✁❡❣❡③♥✐✿❬✷❪

✶✳ ❛③ ❡❣②❡♥❧❡tr❡♥❞s③❡r ✈❛❧❛♠❡❧②✐❦ ❡❣②❡♥❧❡t✁❡❜✆♦❧ ❦✐❢❡❥❡③♥✐ ❛③ ❡❣②✐❦ ✐s♠❡r❡t❧❡♥t❀

✷✳ ❛ ❦❛♣♦tt ❦✐❢❡❥❡③✁❡st ❜❡❤❡❧②❡tt❡s✁✙t❡♥✐ ❛ ♠✁❛s✐❦ ❡❣②❡♥❧❡t❜❡❀

✸✳ ♠❡❣♦❧❞❛♥✐ ❛ ❦❛♣♦tt ❡❣②✈✁❛❧t♦③✁♦s ❡❣②❡♥❧❡t❡t❀

✹✳ ❦✐s③✁❛♠✁✙t❛♥✐ ❛ ♠✁❛s✐❦ ✐s♠❡r❡t❧❡♥ ✁❡rt✁❡❦✁❡t✳❬✷❪

❊③③❡❧ ❛ ♠✁♦❞s③❡rr❡❧ ♠❡❣♦❧❞❤❛t✁♦ ❜✁❛r♠❡❧② ❧✐♥❡✁❛r✐s ❦✁❡t✈✁❛❧t♦③✁♦s ❡❣②❡♥❧❡tr❡♥❞s③❡r✳ ❆

❜❡❤❡❧②❡tt❡s✁✙t✆♦ ♠✁♦❞s③❡rt ❛❦❦♦r ❧❡❣❝✁❡❧s③❡r✆✉❜❜ ❛❧❦❛❧♠❛③♥✐✱ ❛♠✐❦♦r ❛③ ❡❣②❡♥❧❡t❜❡♥ ❜✁❛r✲

♠❡❧②✐❦ ✈✁❛❧t♦③✁♦ ❡❣②☎✉tt❤❛t✁♦❥❛ 1✳❬✷❪

P✁❡❧❞❛✳ ❖❧❞❥✉❦ ♠❡❣ ❛③ ❛❧✁❛❜❜✐ ❡❣②❡♥❧❡tr❡♥❞s③❡rt✦







3x = 2(y + 6),

6x+ 3y = 1 + x.

▼❡❣♦❧❞✁❛s✳ ❆③ ❛❞♦tt ❡❣②❡♥❧❡t❡❦ ❧✐♥❡✁❛r✐s ❡❣②❡♥❧❡t❡❦r❡ ❝s❡r✁❡❧✁❡s✁❡✈❡❧ ❛ ❦☎♦✈❡t❦❡③✆♦ ❡❣②❡♥✲

❧❡tr❡♥❞s③❡rt ❦❛♣❥✉❦✿






3x− 2y = 12,

5x+ 3y = 1;

3x = 2y + 12

x =
2

3
y + 4,

5
(2

3
y + 4

)

+ 3y = 1

10

3
y + 20 + 3y = 1

✶✼



19

3
y = −19

y = −3

x =
2

3
(−3) + 4 = 2.

F elelet : (2;−3).❬✷❪

◆✁❡❤❛ ❡❣②✐❦ ❡❣②❡♥❧❡tr❡♥❞s③❡r❜✆♦❧ ❛ ♠✁❛s✐❦❜❛ ♥❡♠ ❝s❛❦ ❡❣②❡s ✈✁❛❧t♦③✁♦❦✱ ❤❛♥❡♠

❡❣② ❡❣✁❡s③ ❦✐❢❡❥❡③✁❡s ✁❡rt✁❡❦❡ ❜❡❤❡❧②❡tt❡s✁✙t❤❡t✆♦✳ P✁❡❧❞✁❛✉❧ ❛③ ❛❧✁❛❜❜✐ ❡❣②❡♥❧❡❧tr❡♥❞s③❡r






3 · (2x− 4y)− y = 44,

2x− 4y = 14

♠❡❣♦❧❞✁❛s❛ s♦r✁❛♥ ❛ 2x − 4y ❦✐❢❡❥❡③✁❡s ✁❡rt✁❡❦❡ ❛ ♠✁❛s♦❞✐❦ ❡❣②❡♥❧❡t❜✆♦❧ ❛③ ❡❧s✆♦❜❡ ❤❡❧②❡t✲

t❡s✁✙t❤❡t✆♦✿❬✷❪

3 · 14− y = 44,

y = 42− 44,

y = −2.

❆❦❦♦r

2x− 4 · (−2) = 14,

2x = 14− 8,

x = 3.

F elelet : x = 3, y = −2.❬✷❪ ❊❧❧❡♥✆♦r③✁❡s✿

3 · (6 + 8) + 2 = 42 + 2 = 44

2 · 3− 4(−2) = 6 + 8 = 14

❆ ♠❡❣❤❛t✁❛r♦③♦tt (3;−2) s③✁❛♠♣✁❛r ❦✐❡❧✁❡❣✁✙t✐ ❛③ ❛❞♦tt ❡❣②❡♥❧❡tr❡♥❞s③❡rt✳❬✷❪

❊❣②❡♥❧✆♦ ❡❣②☎✉tt❤❛t✁♦❦ ♠✁♦❞s③❡r❡

❆❞✈❛ ✈❛♥ ❛ ❦☎♦✈❡t❦❡③✆♦ ❡❣②❡♥❧❡tr❡♥❞s③❡r✿






8x− 3y = 34,

5x+ 3y = 31

✶✽



❊❧✆♦s③☎♦r ❜❡❤❡❧②❡tt❡s✁✙t✆♦ ♠✁♦❞s③❡rr❡❧ ♦❧❞❥✉❦ ♠❡❣ ❛ r❡♥❞s③❡rt✳ ❆③ ❡❧s✆♦ ❡❣②❡♥❧❡t❜✆♦❧ ❦✐❢❡✲

❥❡③③☎✉❦ ❛③ y ✈✁❛❧t♦③✁♦t✱ s ❛ ❦❛♣♦tt ❦✐❢❡❥❡③✁❡ss❡❧ ❤❡❧②❡tt❡s✁✙t❥☎✉❦ ❛③ y ✈✁❛❧t♦③✁♦t ❛ ♠✁❛s♦❞✐❦

❡❣②❡♥❧❡t❜❡♥✿❬✷❪

y =
1

3
(8x− 34)

5x+ 3 ·
1

3
(8x− 34) = 31

5x+ 8x = 34 + 31.

❊③✉t✁❛♥ ♠✁❛r ❦☎♦♥♥②❡♥ ❜❡❢❡❥❡③❤❡t✆♦ ❛③ ❡❣②❡♥❧❡tr❡♥❞s③❡r ♠❡❣♦❧❞✁❛s❛✳❬✷❪

▼❡❣❦❛♣❤❛t❥✉❦✲❡ ❛③ 5x + 8x = 34 + 31 ❡❣②❡♥❧❡t❡t ♠✁❛s ♠✁♦❞s③❡rr❡❧❄ ■❣❡♥✱ ❡❤❤❡③

❡❧❡❣❡♥❞✆♦ ☎♦ss③❡❛❞♥✐ ❛③ ❡❣②❡♥❧❡t❡❦ ❥♦❜❜ ✁❡s ❜❛❧ ♦❧❞❛❧✁❛t✳ ▼✐✈❡❧ ❛③ y ❡❣②☎✉tt❤❛t✁♦✐ ❡❧✲

❧❡♥t✁❡t❡s ❡❧✆♦❥❡❧✆✉ s③✁❛♠♦❦✱ ❡③✁❡rt ❛③ y ✈✁❛❧t♦③✁♦t t❛rt❛❧♠❛③✁♦ t❛❣♦❦ ♠❡❣s❡♠♠✐s☎✉❧♥❡❦✳

❊③✁❡rt ❡③③❡❧ ❛ ♠✁♦❞s③❡rr❡❧ ❜✁❛r♠✐❧②❡♥ ❤❛s♦♥❧✁♦ ❡❣②❡♥❧❡tr❡♥❞s③❡r❡❦ ♠❡❣♦❧❞❤❛t✁♦❦✿ ❛ ❜❡✲

❤❡❧②❡tt❡s✁✙t✆♦ ♠✁♦❞s③❡r ❤❡❧②❡tt ❛③ ❡❣②❡♥❧❡t❡❦❡t t❛❣♦♥❦✁❡♥t ☎♦ss③❡❛❞❥✉❦✳ ❆ ♠❡❣♦❧❞✁❛s ❛

❦☎♦✈❡t❦❡③✆♦❦✁❡♣♣❡♥ ✁✙r❤❛t✁♦ ❧❡✿❬✷❪






8x− 3y = 34,

5x+ 3y = 31

13x = 64,

x = 5.

8 · 5− 3y = 34,

40− 3y = 34,

3y = 6,

y = 2.

F elelet : (5; 2).❬✷❪ ❊③③❡❧ ❛ ♠✁♦❞s③❡rr❡❧ ♦❧❞❥✉❦ ♠❡❣ ❛③♦❦❛t ❛③ ❡❣②❡♥❧❡tr❡♥❞s③❡r❡❦❡t✱

❛♠❡❧②❡❦❜❡♥ ❜✁❛r♠✐❧②❡♥ ✈✁❛❧t♦③✁♦ ❡❣②☎✉tt❤❛t✁♦✐ ❡❧❧❡♥t✁❡t❡s ❡❧✆♦❥❡❧✆✉ s③✁❛♠♦❦✳ ■❧②❡♥ ❛❧❛❦✁✉✈✁❛

t❡❤❡t✆♦ ❜✁❛r♠✐❧②❡♥ ❧✐♥❡✁❛r✐s ❦✁❡t✈✁❛❧t♦③✁♦s ❡❣②❡♥❧❡tr❡♥❞s③❡r✳❬✷❪ P✁❡❧❞✁❛✉❧ ❛❞✈❛ ✈❛♥ ❛③ ❛❧✁❛❜❜✐

❡❣②❡♥❧❡tr❡♥❞s③❡r✿






3x+ 7y = 31,

2x+ 9y = 12.

▼❡❣s③♦r♦③③✉❦ ❛③ ❡❧s✆♦ ❡❣②❡♥❧❡t ♠✐♥❞❦✁❡t ♦❧❞❛❧✁❛t 2✲✈❡❧✱ ✁❡s ❛ ♠✁❛s♦❞✐❦❛t ♣❡❞✐❣ −3✲

♠❛❧✳ ❊❦❦♦r ♦❧②❛♥ r❡♥❞s③❡rt ❦❛♣✉♥❦✱ ❛♠❡❧②❜❡♥ ❛③ x ✈✁❛❧t♦③✁♦ ❡❣②☎✉tt❤❛t✁♦✐ ❡❧❧❡♥t✁❡t❡s

✶✾



❡❧✆♦❥❡❧✆✉ s③✁❛♠♦❦✳ ❆ ❦❛♣♦tt r❡♥❞s③❡r ❡❣②❡♥❧❡t❡✐ ❡❣②❡♥✁❡rt✁❡❦✆✉❡❦ ❛③ ❡r❡❞❡t✐ r❡♥❞s③❡r

❡❣②❡♥❧❡t❡✐✈❡❧✱ t❡❤✁❛t ❡♥♥❡❦ ✐s ✉❣②❛♥♦❧②❛♥ ♠❡❣♦❧❞✁❛s❛✐ ❧❡s③♥❡❦✱ ♠✐♥t ❛③ ❡r❡❞❡t✐♥❡❦✳❬✷❪

❆ ♠❡❣♦❧❞✁❛st ❛ ❦☎♦✈❡t❦❡③✆♦❦✁❡♣♣❡♥ ✁✙r❤❛t❥✉❦ ❧❡✿ ❛③ ✶✳ ❡❣②❡♥❧❡t❡t s③♦r♦③③✉❦ 2✲✈❡❧✱ ❛ ✷✳

❡❣②❡♥❧❡t❡t ♣❡❞✐❣ −3✲❛❧✳






6x+ 14y = 62,

−6x− 27y = −36.

−13y = 26,

y = −2.

2x+ 9 · (−2) = 12,

2x = 30

x = 15.

F elelet : (15;−2).❬✷❪

❆ t♦✈✁❛❜❜✐❛❦❜❛♥ ♥✁❡③③☎✉❦ ♠❡❣✱ ❤♦❣② ❛③ ❡❣②❡♥❧❡tr❡♥❞s③❡r❡❦ ♠❡❣♦❧❞✁❛s✐ ♠✁♦❞s③❡r❡✐t

❤♦❣②❛♥ ✈❡③❡t✐ ❜❡ ❆✳ ❍✳ ▼❡r③❧❥❛❦✱ ❱✳ ❇✳ P♦❧♦♥s③❦✐❥ ✁❡s ▼✳ ❙③✳ ❏❛❦✐r ❛ ✼✳ ♦s③t✁❛❧②♦s

t❛♥✉❧✁♦❦ s③✁❛♠✁❛r❛✿

❆ ✷✳✷ ✁❛❜r✁❛♥ ❛ −6x + 5y = 9 ✁❡s ❛ 4x + 3y = 13 ❡❣②❡♥❧❡t❡❦ ❣r❛✜❦♦♥❥❛✐ ❧✁❛t❤❛t✁♦❦✳

❆③ M(1; 3) ♣♦♥t❜❛♥ ♠❡ts③✐❦ ❡❣②♠✁❛st✳ ❆ ♣♦♥t ♠✐♥❞❦✁❡t ❣r❛✜❦♦♥❤♦③ ❤♦③③✁❛t❛rt♦③✐❦✳

❚❡❤✁❛t ❛③ (1; 3) s③✁❛♠♣✁❛r ❛ ❦✁❡t ❡❣②❡♥❧❡t ❦☎♦③☎♦s ♠❡❣♦❧❞✁❛s❛✳❬✸❪

❍♦❣② ♠❡❣❤❛t✁❛r♦③❤❛ss✉❦ ❛ 12 cm2 t❡r☎✉❧❡t✆✉ ✁❡s 14 cm ❦❡r☎✉❧❡t✆✉ t✁❡❣❧❛❧❛♣ ♦❧❞❛❧❛✐t✱ ♠❡❣

❦❡❧❧ t❛❧✁❛❧♥✉♥❦ ❛③ xy = 12 ✁❡s 2x+ 2y = 14 ❡❣②❡♥❧❡t❡❦ ❦☎♦③☎♦s ♠❡❣♦❧❞✁❛s❛✐t✱ ❛❤♦❧ x cm

✁❡s y cm ❛ t✁❡❣❧❛❧❛♣ s③♦♠s③✁❡❞♦s ♦❧❞❛❧❛✐♥❛❦ ❤♦ss③❛✳❬✸❪

❆❤❤♦③✱ ❤♦❣② ♠❡❣t❛❧✁❛❧❥✉❦ ♥✁❡❤✁❛♥② ❡❣②❡♥❧❡t ❦☎♦③☎♦s ♠❡❣♦❧❞✁❛s✁❛t✱ ♠❡❣ ❦❡❧❧ ♦❧❞❛♥✐ ❛③

❡❣②❡♥❧❡tr❡♥❞s③❡rt✳❬✸❪

❆③ ❡❣②❡♥❧❡tr❡♥❞s③❡rt ❦❛♣❝s♦s ③✁❛r✁♦❥❡❧ s❡❣✁✙ts✁❡❣✁❡✈❡❧ ✁✙r❥✁❛❦ ❢❡❧✳ ❆③






xy = 12,

2x+ 2y = 14

❦✐❢❡❥❡③✁❡s ♣✁❡❧❞✁❛✉❧ ❛ 12 cm2 t❡r☎✉❧❡t✆✉ ✁❡s 14 cm ❦❡r☎✉❧❡t✆✉ t✁❡❣❧❛❧❛♣ ♦❧❞❛❧❛✐♥❛❦ ❛ ♠❡❣✲

❤❛t✁❛r♦③✁❛s✁❛r✁♦❧ s③✁♦❧✁♦ ❢❡❧❛❞❛t ♠❛t❡♠❛t✐❦❛✐ ♠♦❞❡❧❧❥❡✳ ❆






−6x+ 5y = 9,

4x+ 3y = 13

✷✵



✷✳✷✳ ✁❛❜r❛✳ ●r❛✜❦✉s ♠✁♦❞s③❡r

❡❣②❡♥❧❡tr❡♥❞s③❡r ❛ ❦✁❡t ❡❣②❡♥❡s ❦☎♦③☎♦s ♣♦♥t❥❛✐ ❦♦♦r❞✐♥✁❛t✁❛✐♥❛❦ ❛ ♠❡❣❤❛t✁❛r♦③✁❛s✁❛r✁♦❧

s③✁♦❧✁♦ ❢❡❧❛❞❛t ♠❛t❡♠❛t✐❦❛✐ ♠♦❞❡❧❧❥❡✳❬✸❪

❆ r❡♥❞s③❡r ♠✐♥❞❦✁❡t ❡❣②❡♥❧❡t❡ ❧✐♥❡✁❛r✐s✳ ❊③✁❡rt ❡③t ❛ r❡♥❞s③❡rt ❦✁❡t ❡❣②❡♥❧❡t❜✆♦❧ ✁❛❧❧✁♦

❦✁❡t✈✁❛❧t♦③✁♦s ❧✐♥❡✁❛r✐s ❡❣②❡♥❧❡tr❡♥❞s③❡r♥❡❦ ♥❡✈❡③③☎✉❦✳❬✸❪

❉❡✜♥✁✙❝✐✁♦✳ ❆ ❦✁❡t✈✁❛❧t♦③✁♦s ❧✐♥❡✁❛r✐s ❡❣②❡♥❧❡tr❡♥❞s③❡r ♠❡❣♦❧❞✁❛s✁❛♥❛❦ ❛③t ❛ s③✁❛♠♣✁❛rt ♥❡✲

✈❡③③☎✉❦✱ ❛♠❡❧② ♠✐♥❞❡❣②✐❦ ❡❣②❡♥❧❡t❡t ✐❣❛③ ❡❣②❡♥❧✆♦s✁❡❣❣✁❡ ❛❧❛❦✁✙t❥❛✳

❉❡✜♥✁✙❝✐✁♦✳ ❆③ ❡❣②❡♥❧❡tr❡♥❞s③❡r ♠❡❣♦❧❞❛♥✐ ❛♥♥②✐t ❥❡❧❡♥t✱ ♠✐♥t ♠❡❣❤❛t✁❛r♦③♥✐ ❛③ ☎♦ss③❡s

♠❡❣♦❧❞✁❛s✁❛t✱ ✈❛❣② ❜❡❜✐③♦♥②✁✙t❛♥✐✱ ❤♦❣② ♥✐♥❝s ♠❡❣♦❧❞✁❛s❛✳

❆③ ❡❧✆♦③✆♦ r❡♥❞s③❡r❜❡♥ ❛③ ❡❣②❡♥❧❡t❡❦ ❣r❛✜❦♦♥❥❛✐ ❛③ M(1; 3) ♣♦♥t❜❛♥ ♠❡ts③✐❦

❡❣②♠✁❛st ✭✷✳✷ ✁❛❜r❛✮✳ ❆ ♣♦♥t ❦♦♦r❞✐♥✁❛t✁❛✐ ♠✐♥❞❦✁❡t ❡❣②❡♥❧❡t♥❡❦ ♠❡❣♦❧❞✁❛s❛✱ t❡❤✁❛t ♠❡❣✲

♦❧❞✁❛s❛ ❛③ ❡❣②❡♥❧❡tr❡♥❞s③❡r♥❡❦ ✐s✳ ▼✐✈❡❧ ❛ ❣r❛✜❦♦♥♦❦♥❛❦ ♥✐♥❝s t☎♦❜❜ ❦☎♦③☎♦s ♣♦♥t❥✉❦✱

❡③✁❡rt ❛③ ❡❣②❡♥❧❡tr❡♥❞s③❡r♥❡❦ s✐♥❝s t☎♦❜❜ ♠❡❣♦❧❞✁❛s❛✳ ❚❡❤✁❛t ❛③ (1; 3) s③✁❛♠♣✁❛r ❛③ ❛❞♦tt

r❡♥❞s③❡r ❡❣②❡t❧❡♥ ♠❡❣♦❧❞✁❛s❛✳❬✸❪

❆③ ❡❣②❡♥❧❡tr❡♥❞s③❡r❡❦ ♠❡❣♦❧❞✁❛s✁❛♥❛❦ ❢❡♥t❡❜❜ ❧❡✁✙rt ♠✁♦❞s③❡r✁❡t ❣r❛✜❦✉s ♠✁♦❞s③❡r♥❡❦

♥❡✈❡③③☎✉❦✳ ❆ ♠✁♦❞s③❡r ❧✁❡♥②❡❣❡ ❛ ❦☎♦✈❡t❦❡③✆♦✿❬✸❪

✶✳ ✁❛❜r✁❛③♦❧♥✐ ❦☎♦③☎♦s ❦♦♦r❞✐♥✁❛t❛✲r❡♥❞s③❡r❜❡♥ ❛③ ☎♦ss③❡s ❡❣②❡♥❧❡t ❣r❛✜❦♦♥❥✁❛t❀

✷✳ ♠❡❣❤❛t✁❛r♦③♥✐ ❛ ❣r❛✜❦♦♥♦❦ ☎♦ss③❡s ♠❡ts③✁❡s♣♦♥t❥✁❛♥❛❦ ❦♦♦r❞✐♥✁❛t✁❛❥✁❛t❀

✷✶



✸✳ ❛ ❦❛♣♦tt s③✁❛♠♣✁❛r♦❦ ❧❡s③♥❡❦ ❛③ ❡❣②❡♥❧❡tr❡♥❞s③❡r ♠❡❣♦❧❞✁❛s❛✐✳❬✸❪

◆❡♠♠✐♥❞❡♥ ❡❣②❡♥❧❡tr❡♥❞s③❡rt ❝✁❡❧s③❡r✆✉ ❣r❛✜❦✉s❛♥ ♠❡❣♦❧❞❛♥✐✳ P✁❡❧❞✁❛✉❧✱ ❤❛ ❛③
(

1
17
;−36

85

)

s③✁❛♠♣✁❛r ✈❛❧❛♠✐❧②❡♥ ❡❣②❡♥❧❡tr❡♥❞s③❡r ♠❡❣♦❧❞✁❛s❛✱ ❛❦❦♦r ✁❡rt❤❡t✆♦✱ ❤♦❣② ❡③t ❣r❛✜❦✉s❛♥

♥❡❤✁❡③ ♠❡❣✁❛❧❧❛♣✁✙t❛♥✐✳ ❊③✁❡rt ❛ ❣r❛✜❦✉s ♠✁♦❞s③❡rt ❛❜❜❛♥ ❛③ ❡s❡t❜❡♥ ❤❛s③♥✁❛❧❥✁❛❦✱ ❤❛ ❛

♠❡❣♦❧❞✁❛st ❡❧✁❡❣ ❤♦③③✁❛✈❡t✆♦❧❡❣❡s❡♥ ♠❡❣❤❛t✁❛r♦③♥✐✳❬✸❪

❆ ❣r❛✜❦✉s ♠✁♦❞s③❡r ❤❛s③♥✁❛❧❛t❛ ❛❜❜❛♥ ❛③ ❡s❡t❜❡♥ ✐s ❝✁❡❧s③❡r✆✉✱ ❤❛ ♠❡❣ ❦❡❧❧ t✉❞♥✐ ❛ ♠❡❣✲

♦❧❞✁❛s♦❦ s③✁❛♠✁❛t✳ ❚✐s③t✁❛③③✉❦✱ ❤✁❛♥② ♠❡❣♦❧❞✁❛s❛ ❧❡❤❡t ❛ ❦✁❡t ❡❣②❡♥❧❡t❜✆♦❧ ✁❛❧❧✁♦ ❦✁❡t✈✁❛❧t♦③✁♦s

❧✐♥❡✁❛r✐s ❡❣②❡♥❧❡tr❡♥❞s③❡r♥❡❦✳❬✸❪

❍❛ ❛ r❡♥❞s③❡r ❡❣②✐❦ ❡❣②❡♥❧❡t✁❡♥❡❦ ♥✐♥❝s ♠❡❣♦❧❞✁❛s❛✱ ❛❦❦♦r ♥②✐❧✈✁❛♥✈❛❧✁♦✱ ❤♦❣② ❛ r❡♥❞✲

s③❡r s❡♠ r❡♥❞❡❧❦❡③✐❦ ♠❡❣♦❧❞✁❛ss❛❧✳ P✁❡❧❞✁❛✉❧ ❛






0x+ 0y = 7,

2x− 3y = 15

❡❣②❡♥❧❡tr❡♥❞s③❡r♥❡❦ ♥✐♥❝s ♠❡❣♦❧❞✁❛s❛✳❬✸❪

❆③ ❡❣②❡♥❧❡tr❡♥❞s③❡r ♠❡❣♦❧❞✁❛s❛✐♥❛❦ s③✁❛♠❛ ❛ ❦✁❡t ❡❣②❡♥❡s ❦☎♦❧❝s☎♦♥☎♦s ❡❧❤❡❧②❡③❦❡❞✁❡s✁❡t✆♦❧

❢☎✉❣❣✿

✶✳ ❤❛ ❛③ ❡❣②❡♥❡s❡❦ ♠❡ts③✐❦ ❡❣②♠✁❛st✱ ❛ r❡♥❞s③❡r♥❡❦ ❡❣② ♠❡❣♦❧❞✁❛s❛ ✈❛♥❀

✷✳ ❤❛ ❛③ ❡❣②❡♥❡s❡❦ ❡❣②❜❡❡s♥❡❦✱ ❛ r❡♥❞s③❡r ✈✁❡❣t❡❧❡♥ s③✁❛♠✁✉ ♠❡❣♦❧❞✁❛ss❛❧ r❡♥❞❡❧❦❡✲

③✐❦❀

✸✳ ❤❛ ❛③ ❡❣②❡♥❡s❡❦ ♣✁❛r❤✉③❛♠♦s❛❦✱ ❛ r❡♥❞s③❡r♥❡❦ ♥✐♥❝s ♠❡❣♦❧❞✁❛s❛✳❬✸❪

❆ ❣r❛✜❦✉s ♠✁♦❞s③❡r ❛❧❛♣❥✁❛♥ ✁❛❧❧❛♣✁✙t♦tt✁❛❦ ♠❡❣✱ ❤♦❣② ♥❡♠ ❧✁❡t❡③✐❦ ♦❧②❛♥ ❧✐♥❡✁❛r✐s ❡❣②❡♥✲

❧❡tr❡♥❞s③❡r✱ ❛♠❡❧②✐❦ ♣♦♥t♦s❛♥ ❦✁❡t ✈❛❣② ❤✁❛r♦♠✱ ✐❧❧❡t✈❡ ♣♦♥t♦s❛♥ 100 ♠❡❣♦❧❞✁❛ss❛❧

r❡♥❞❡❧❦❡③✐❦✳❬✸❪

▲✐♥❡✁❛r✐s ❡❣②❡♥❧❡tr❡♥❞s③❡r❡❦ ♠❡❣♦❧❞✁❛s❛ ❜❡❤❡❧②❡tt❡s✁✙t✆♦ ♠✁♦❞s③❡rr❡❧

❍❛ ❛ ♠❛t❡♠❛t✐❦✉s♦❦ ✁✉❥ ❢❡❧❛❞❛tt❛❧ t❛❧✁❛❧❦♦③♥❛❦✱ ❛❦❦♦r ✐❣②❡❦❡③♥❡❦ ❛♥♥❛❦ ♠❡❣✲

♦❧❞✁❛s✁❛t ❛ ♠✁❛r ✐s♠❡rt ❢❡❧❛❞❛t♦❦ ♠❡❣♦❧❞✁❛s✁❛r❛ ✈✐ss③❛✈❡③❡t♥✐✳❬✸❪

▼❡❣♠✉t❛t❥✉❦✱ ❤♦❣②❛♥ ❧❡❤❡t ❛ ❦✁❡t✈✁❛❧t♦③✁♦s ❧✐♥❡✁❛r✐s ❡❣②❡♥❧❡tr❡♥❞s③❡r ♠❡❣♦❧❞✁❛s✁❛t ✈✐ss③❛✲

✈❡③❡t♥✐ ❛③ ❡❣②✈✁❛❧t♦③✁♦s ❧✐♥❡✁❛r✐s ❡❣②❡♥❧❡t ♠❡❣♦❧❞✁❛s✁❛r❛✳ ▼❡❣♦❧❞❥✉❦ ❛






2x− y = 8,

3x+ 2y = 5

✷✷



❡❣②❡♥❧❡tr❡♥❞s③❡rt✳❬✸❪

❆③ ❡❧s✆♦ ❡❣②❡♥❧❡t❜✆♦❧ ❦✐❢❡❥❡③③☎✉❦ ❛③ y ✈✁❛❧t♦③✁♦t ❛③ x✲❡♥ ❦❡r❡s③t☎✉❧✿

y = 2x− 8

❇❡❤❡❧②❡tt❡s✁✙t❥☎✉❦ ❛ ♠✁❛s♦❞✐❦ ❡❣②❡♥❧❡t❜❡ ❛③ y ❤❡❧②❡tt ❛ ❦❛♣♦tt 2x− 8 ❦✐❢❡❥❡③✁❡st✿






2x− y = 8,

3x+ 2(2x− 8) = 5

❬✸❪ ❊♥♥❡❦ ❛③ ❡❣②❡♥❧❡tr❡♥❞s③❡r♥❡❦ ✉❣②❛♥❛③♦❦ ❛ ♠❡❣♦❧❞✁❛s❛✐✱ ♠✐♥t ❛③ ❡r❡❞❡t✐ r❡♥❞✲

s③❡r♥❡❦✳ ❊③t ❛ t✁❡♥②t ✐♥❞♦❦❧✁❛s ♥✁❡❧❦☎✉❧ ❢♦❣❛❞❥✉❦ ❡❧✳❬✸❪ ❆③ ✉t✁♦❜❜✐ r❡♥❞s③❡r ♠✁❛s♦❞✐❦

❡❣②❡♥❧❡t❡ ♠✁❛r ❡❣②✈✁❛❧t♦③✁♦s✳ ▼❡❣♦❧❞❥✉❦✿

3x+ 2(2x− 8) = 5

3x+ 4x− 16 = 5

7x = 21

x = 3

❆③ x ✈✁❛❧t♦③✁♦ ♠❡❣❦❛♣♦tt ✁❡rt✁❡❦✁❡t ❜❡❤❡❧②❡tt❡s✁✙t❥☎✉❦ ❛③ y = 2x− 8 ❦✐❢❡❥❡③✁❡s❜❡✿

y = 2 · 3− 8;

y = −2

❆ (3;−2) s③✁❛♠♣✁❛r ❛ ❦❡r❡s❡tt ♠❡❣♦❧❞✁❛s✳❬✸❪

❆③ ❡❣②❡♥❧❡tr❡♥❞s③❡r ♠❡❣♦❧❞✁❛s✁❛♥❛❦ ✐♠✁❡♥t ❧❡✁✙rt ♠✁♦❞s③❡r✁❡t ❜❡❤❡❧②❡tt❡s✁✙t✆♦ ♠✁♦❞s③❡r♥❡❦

♥❡✈❡③③☎✉❦✳❬✸❪

❚❡❤✁❛t✱ ❤♦❣② ❜❡❤❡❧②❡tt❡s✁✙t✆♦ ♠✁♦❞s③❡rr❡❧ ♦❧❞❤❛ss✉❦ ♠❡❣ ❛ ❧✐♥❡✁❛r✐s ❡❣②❡♥❧❡tr❡♥❞s③❡rt✱ ❛

❦☎♦✈❡t❦❡③✆♦ ❧✁❡♣✁❡s❡❦❡t ❦❡❧❧ ♠❡❣t❡♥♥✐✿❬✸❪

✶✳ ❛③ ❡❣②✐❦ ❡❣②❡♥❧❡t❜✆♦❧ ❦✐❢❡❥❡③③☎✉❦ ❛③ ❡❣②✐❦ ✈✁❛❧t♦③✁♦t ❛ ♠✁❛s✐❦♦♥ ❦❡r❡s③t☎✉❧❀

✷✳ ❛ ❦✐❢❡❥❡③❡tt ✈✁❛❧t♦③✁♦ ❤❡❧②❡tt ❦❛♣♦tt ❦✐❢❡❥❡③✁❡st ❜❡❤❡❧②❡tt❡s✁✙t❥☎✉❦ ❛ ♠✁❛s✐❦ ❡❣②❡♥❧❡t✲

❜❡❀

✸✳ ♠❡❣♦❧❞❥✉❦ ❛ ♠✁❛s♦❞✐❦ ❧✁❡♣✁❡s❜❡♥ ❦❛♣♦tt ❡❣②✈✁❛❧t♦③✁♦s ❡❣②❡♥❧❡t❡t❀

✹✳ ❛ ✈✁❛❧t♦③✁♦ ♠❡❣❦❛♣♦tt ✁❡rt✁❡❦✁❡t ❜❡❤❡❧②❡tt❡s✁✙t❥☎✉❦ ❛③ ❡❧s✆♦ ❧✁❡♣✁❡s❜❡♥ ❦❛♣♦tt ❦✐❢❡✲

❥❡③✁❡s❜❡❀

✷✸



✺✳ ❦✐s③✁❛♠✁✙t❥✉❦ ❛ ♠✁❛s✐❦ ✈✁❛❧t♦③✁♦ ✁❡rt✁❡❦✁❡t✳❬✸❪

❆ ❢❡❧s♦r♦❧t ❧✁❡♣✁❡s❡❦ s♦r✁❛t ❛ ❦✁❡t ❧✐♥❡✁❛r✐s ❡❣②❡♥❧❡t❡t t❛rt❛❧♠❛③✁♦ ❦✁❡t✈✁❛❧t♦③✁♦s ❡❣②❡♥❧❡t✲

r❡♥❞s③❡r ❜❡❤❡❧②❡tt❡s✁✙t✆♦ ♠✁♦❞s③❡rr❡❧ ✈❛❧✁♦ ♠❡❣♦❧❞✁❛s❛ ❛❧❣♦r✐t♠✉s✁❛♥❛❦ ♥❡✈❡③③☎✉❦✳❬✸❪

▲✐♥❡✁❛r✐s ❡❣②❡♥❧❡tr❡♥❞s③❡r❡❦ ♠❡❣♦❧❞✁❛s❛ ❡❣②❡♥❧✆♦ ❡❣②☎✉tt❤❛t✁♦❦ ♠✁♦❞✲

s③❡r✁❡✈❡❧

▼❡❣✈✐③s❣✁❛❧✉♥❦ ♠✁❡❣ ❡❣② ♠✁♦❞s③❡rt✱ ❛♠❡❧② ❧❡❤❡t✆♦s✁❡❣❡t ❛❞ ❛ ❦✁❡t ❧✐♥❡✁❛r✐s ❡❣②❡♥✲

❧❡t❜✆♦❧ ✁❛❧❧✁♦ ❦✁❡t✈✁❛❧t♦③✁♦s ❡❣②❡♥❧❡tr❡♥❞s③❡r ♠❡❣♦❧❞✁❛s✁❛t ✈✐s③s③❛✈❡③❡t♥✐ ❛③ ❡❣②✈✁❛❧t♦③✁♦s

❧✐♥❡✁❛r✐s ❡❣②❡♥❧❡t ♠❡❣♦❧❞✁❛s✁❛r❛✳❬✸❪ ▼❡❣♦❧❞❥✉❦ ❛③ ❡❣②❡♥❧❡tr❡♥❞s③❡rt✿






2x− 5y = 7,

4x+ 5y = 5

▼✐✈❡❧ ❛ r❡♥❞s③❡r❜❡♥ ❛③ ② ❡❣②☎✉tt❤❛t✁♦✐ ❡❧❧❡♥❦❡③✆♦ ❡❧✆♦❥❡❧✆✉ s③✁❛♠♦❦✱ ❡③✁❡rt ❛❤❤♦③✱ ❤♦❣②

❡❣②✈✁❛❧t♦③✁♦s ❡❣②❡♥❧❡t❡t ❦❛♣❥✉♥❦✱ ❡❧❡❣❡♥❞✆♦ t❛❣♦♥❦✁❡♥t ☎♦ss③❡❛❞♥✐ ❛③ ❡❣②❡♥❧❡t❡❦ ❥♦❜❜ ✁❡s

❜❛❧ ♦❧❞❛❧✁❛t✳ ❆ ❦☎♦✈❡t❦❡③✆♦t ❦❛♣❥✉❦✿❬✸❪

2x− 5y + 4x+ 5y = 7 + 5;

6x = 12

x = 2

❆③ ① ✁❡rt✁❡❦✁❡t ❛ r❡♥❞s③❡r ❜✁❛r♠❡❧②✐❦ ❡❣②❡♥❧❡t✁❡❜❡ ❜❡❤❡❧②❡tt❡s✁✙t❤❡t❥☎✉❦✳ ❍❡❧②❡tt❡s✁✙t❥☎✉❦

❜❡ ❛③ ❡❧s✆♦❜❡✳ ❊❦❦♦r✿

2 · 2− 5y = 7;

−5y = 3;

y = −0, 6

❚❡❤✁❛t ❛③ ❡❣②❡♥❧❡tr❡♥❞s③❡r ♠❡❣♦❧❞✁❛s❛ ❛ (2;−0, 6) s③✁❛♠♣✁❛r✳❬✸❪

❆ ❧❡✁✙rt ♠❡❣♦❧❞✁❛s✐ ♠✁♦❞♦t ❛③ ❡❣②❡♥❧✆♦ ❡❣②☎✉tt❤❛t✁♦❦ ♠✁♦❞s③❡r✁❡♥❡❦ ♥❡✈❡③③☎✉❦✳❬✸❪

❊③ ❛ ♠✁♦❞s③❡r ❛ ❦☎♦✈❡t❦❡③✆♦ ❦✐❥❡❧❡♥t✁❡s❡♥ ❛❧❛♣s③✐❦✿ ❤❛ ❛ r❡♥❞s③❡r ❡❣②✐❦ ❡❣②❡♥❧❡t✁❡t

❢❡❧❝s❡r✁❡❧❥☎✉❦ ❛③ ❡❣②❡♥❧❡t❡❦ ❥♦❜❜ ✁❡s ❜❛❧ ♦❧❞❛❧✁❛♥❛❦ ☎♦s③s③❡❛❞✁❛s❛ ✉t✁❛♥ ❦❛♣♦tt ❡❣②❡♥❧❡tt❡❧✱

❛❦❦♦r ❛③ ✁✙❣② ❧✁❡tr❡❥☎♦tt ❡❣②❡♥❧❡tr❡♥❞s③❡r♥❡❦ ✉❣②❛♥❛③♦❦ ❧❡s③♥❡❦ ❛ ♠❡❣♦❧❞✁❛s❛✐✱ ♠✐♥t ❛③

❡r❡❞❡t✐ r❡♥❞s③❡r♥❡❦ ✭❜✐③♦♥②✁✙t✁❛s ♥✁❡❧❦☎✉❧ ❢♦❣❛❞❥✉❦ ❡❧✮✳❬✸❪

▼❡❣♦❧❞✉♥❦ ♠✁❡❣ ❡❣② ❡❣②❡♥❧❡tr❡♥❞s③❡rt✿






2x− 3y = 11,

6x+ 5y = 19

✷✹



❍❛ t❛❣♦♥❦✁❡♥t ☎♦ss③❡❛❞❥✉❦ ❛③ ❡❣②❡♥❧❡t❡❦ ❥♦❜❜ ✁❡s ❜❛❧ ♦❧❞❛❧✁❛t✱ ❛❦❦♦r ✁✉❥❜✁♦❧ ❦✁❡t✈✁❛❧t♦③✁♦s

❡❣②❡♥❧❡t❡t ❦❛♣✉♥❦✳ ❆ ❦❛♣♦tt r❡♥❞s③❡r♥✁❡❧ ♠✁❡❣ ♥❡♠ ❛❧❦❛❧♠❛③❤❛t❥✉❦ ❛③ ❡❣②❡♥❧✆♦ ❡❣②☎✉tt✲

❤❛t✁♦❦ ♠✁♦❞s③❡r✁❡t✳❬✸❪

❆③ ❡❧s✆♦ ❡❣②❡♥❧❡t ♠✐♥❞❦✁❡t ♦❧❞❛❧✁❛t ♠❡❣s③♦r♦③③✉❦ −3✲♠❛❧✳ ❆ ❦☎♦✈❡t✲ ❦❡③✆♦ r❡♥❞s③❡rt

❦❛♣❥✉❦✿






−6x+ 9y = −33,

6x+ 5y = 19

♠❡❧②♥❡❦ ♠❡❣♦❧❞✁❛s❛✐ ❛③♦♥♦s❛❦ ❛③ ❡❧s✆♦ r❡♥❞s③❡r ♠❡❣♦❧❞✁❛s❛✐✈❛❧✳ ❊rr❡ ❛ r❡♥❞s③❡rr❡ ♠✁❛r

❛❧❦❛❧♠❛s ❛③ ❡❣②❡♥❧✆♦ ❡❣②☎✉tt❤❛t✁♦❦ ♠✁♦❞s③❡r❡✿❬✸❪

−6x+ 9y + 6x+ 5y = −33 + 19;

14y = −14;

y = −1.

❆③ y ✁❡rt✁❡❦✁❡t ❜❡❤❡❧②❡tt❡s✁✙t❥☎✉❦ ❛③ ❡r❡❞❡t✐ ❡❣②❡♥❧❡tr❡♥❞s③❡r ❡❧s✆♦ ❡❣②❡♥❧❡t✁❡❜❡✿

2x− 3 · (−1) = 11;

2x = 8;

x = 4.

❆ (4;−1) s③✁❛♠♣✁❛r ❛ ❦❡r❡s❡tt ♠❡❣♦❧❞✁❛s✳❬✸❪

▼❡❣♦❧❞✉♥❦ ❡❣② ♦❧②❛♥ ❡❣②❡♥❧❡tr❡♥❞s③❡rt✱ ❛♠❡❧②❜❡♥ ♠✐♥❞❦✁❡t ❡❣②❡♥❧❡t❡t ❡❧✆♦ ❦❡❧❧ ❦✁❡s③✁✙✲

t❡♥✐ ❛ ♠✁♦❞s③❡r ❛❧❦❛❧♠❛③✁❛s✁❛r❛✿






7x+ 8y = 9,

3x+ 5y = 7

❬✸❪ ❍♦❣② ♠❡❣s③❛❜❛❞✉❧❥✉♥❦ ❛③ y ✈✁❛❧t♦③✁♦t✁♦❧✱ ❛③ ❡❧s✆♦ ❡❣②❡♥❧❡t ♠✐♥❞❦✁❡t ♦❧❞❛❧✁❛t ❜❡s③♦✲

r♦③③✉❦ 5✲t❡❧✱ ❛ ♠✁❛s♦❞✐❦ ❡❣②❡♥❧❡t ♠✐♥❞❦✁❡t ♦❧❞❛❧✁❛t ♣❡❞✐❣ −8✲❝❛❧✱ ♠❛❥❞ ☎♦ss③❡❛❞❥✉❦ ❛③

❡❣②❡♥❧❡t❡❦❡t✿❬✸❪






35x+ 40y = 45

−24x− 40y = −56

35x+ 40y˘24x− 40y = 45− 56;

11x = −11;

x = −1.

✷✺



❇❡❤❡❧②❡tt❡s✁✙t✈❡ ❛③ x ✁❡rt✁❡❦✁❡t ❛③ ❡❧s✆♦ ❡❣②❡♥❧❡t❜❡✿

−7 + 8y = 9;

y = 2.

❚❡❤✁❛t ❛ (−1; 2) s③✁❛♠♣✁❛r ❛③ ❛❞♦tt ❡❣②❡♥❧❡tr❡♥❞s③❡r ♠❡❣♦❧❞✁❛s❛✳❬✸❪

❍♦❣② ❛③ ❡❣②❡♥❧✆♦ ❡❣②☎✉tt❤❛t✁♦❦ ♠✁♦❞s③❡r✁❡✈❡❧ ♦❧❞❤❛ss✉❦ ♠❡❣ ❛ ❧✐♥❡✁❛r✐s ❡❣②❡♥❧❡tr❡♥❞✲

s③❡rt✱ ❛ ❦☎♦✈❡t❦❡③✆♦ ❧✁❡♣✁❡s❡❦❡t ❦❡❧❧ ♠❡❣t❡♥♥☎✉♥❦✿❬✸❪

✶✳ ❦✐✈✁❛❧❛s③t✈❛ ❛ ♠❡❣❢❡❧❡❧✆♦ ❡❣②☎✉tt❤❛t✁♦❦❛t✱ ✁❛t❛❧❛❦✁✙t❥✉❦ ❛③ ❡❣②✐❦✱ ❡s❡t❧❡❣ ♠✐♥❞❦✁❡t

❡❣②❡♥❧❡t❡t ✁✉❣②✱ ❤♦❣② ❛③ ❛③♦♥♦s ✈✁❛❧t♦③✁♦❦ ♠❡❧❧❡tt✐ ❡❣②☎✉tt❤❛t✁♦❦ ❡❧❧❡♥❦❡③✆♦ ❡❧✆♦❥❡❧✆✉❡❦

❧❡❣②❡♥❡❦❀

✷✳ t❛❣♦♥❦✁❡♥t ☎♦ss③❡❛❞❥✉❦ ❛③ ❡❧s✆♦ ❧✁❡♣✁❡s❜❡♥ ❦❛♣♦tt ❡❣②❡♥❧❡t❡❦ ❥♦❜❜ ✁❡s ❜❛❧ ♦❧❞❛❧✁❛t❀

✸✳ ♠❡❣♦❧❞❥✉❦ ❛ ♠✁❛s♦❞✐❦ ❧✁❡♣✁❡s❜❡♥ ❦❛♣♦tt ❡❣②✈✁❛❧t♦③✁♦s ❡❣②❡♥❧❡t❡t❀

✹✳ ❛ ❤❛r♠❛❞✐❦ ❧✁❡♣✁❡s❜❡♥ ❦❛♣♦tt ✁❡rt✁❡❦❡t ❜❡❤❡❧②❡tt❡s✁✙t❥☎✉❦ ❛③ ❡r❡❞❡t✐ r❡♥❞s③❡r ✈❛❧❛✲

♠❡❧②✐❦ ❡❣②❡♥❧❡t✁❡❜❡❀

✺✳ ❦✐s③✁❛♠✁✙t❥✉❦ ❛ ♠✁❛s✐❦ ✈✁❛❧t♦③✁♦ ✁❡rt✁❡❦✁❡t✳❬✸❪

▼❡❣✈✐③s❣✁❛❧✈❛ ❛ ❦✁❡t ❦☎♦♥②✈ ❡③❡♥ ❢❡❥❡③❡t❡✐t✱ ♠❡❧②❡❦ ❛③ ❡❣②❡♥❧❡tr❡♥❞s③❡r❡❦ ♠❡❣♦❧❞✁❛s✐

♠✁♦❞s③❡r❡✐t ❞♦❧❣♦③③✁❛❦ ❢❡❧✱ ❡❧♠♦♥❞❤❛t❥✉❦✱ ❤♦❣② ❛③ ❆✳ ❍✳ ▼❡r③❧❥❛❦ ✁❛❧t❛❧ s③❡r❦❡s③t❡tt

t❛♥❦☎♦♥②✈ r✁❡s③❧❡t❡s❡❜❜❡♥ t❛❣❧❛❧❥❛ ❛ ♠✁♦❞s③❡r❡❦❡t✳ ❆③♦♥ ❦✁✙✈☎✉❧✱ ❤♦❣② ❢❡❧❛❞❛t♦❦♦♥✱

♣✁❡❧❞✁❛❦♦♥ ❦❡r❡s③t☎✉❧ s③❡♠❧✁❡❧t❡t✐ ❛ ❧✁❡♣✁❡s❡❦❡t✱ ❦☎✉❧☎♦♥ ♣♦♥t♦❦❜❛ s③❡❞✐ ♠✐♥❞❡♥ ♠✁♦❞s③❡r ❛❧✲

❣♦r✐t♠✉s✁❛t✳ ❱❛❧❛♠✐♥t ❡❜❜❡♥ ❛ ❦☎♦♥②✈❜❡♥ ❛ ❍✳P✳❇❡✈③ ✁❡s ❱✳❍✳❇❡✈③ ✁❛❧t❛❧ s③❡r❦❡s③t❡tt

t❛♥❦☎♦♥②✈✈❡❧ ❡❧❧❡♥t✁❡t❜❡♥ ❛ ♠❡❣♦❧❞✁❛s♦❦ s③✁❛♠✁❛r✁♦❧ ✐s ❦❛♣✉♥❦ ♠❡❣❤❛t✁❛r♦③✁❛st✱ ♠❡❧②❡❦

✐s♠❡r❡t❡ ❡❧❡♥❣❡❞❤❡t❡t❧❡♥ ❛ t✁❡♠❛❦☎♦r t❡❧❥❡s ♠❡❣✁❡rt✁❡s✁❡❤❡③✳

❆ t❛♥✉❧✁♦❦ t✉❞❛t✁❛❜❛ ✈❛❧✁♦ ❡❣②s③❡r✆✉❜❜ ❜❡r☎♦❣③✆♦❞✁❡s s③❡♠♣♦♥t❥✁❛❜✁♦❧ ❛③ ❆✳ ❍✳ ▼❡r③❧❥❛❦

❦✁❡s③✁✙t❡tt❡ t❛♥❦☎♦♥②✈ ♥❛❣②♦❜❜ s❡❣✁✙ts✁❡❣❡t ♥②✁✉❥t ❛ t❛♥✉❧✁♦❦♥❛❦ ✁❡s ❛ t❛♥✁❛r♦❦♥❛❦ ❡❣②❛r✁❛♥t✳

❆③ ❡❣②❡♥❧❡tr❡♥❞s③❡r❡❦ ♠❡❣♦❧❞✁❛s✐ ♠✁♦❞s③❡r❡✐ ❛ ✾✳ ♦s③t✁❛❧② t❛♥❛♥②❛❣✁❛❜❛♥ ❦❡r☎✉❧

✐s♠✁❡t❧✁❡sr❡✳ ❆ t❛♥❦☎♦♥②✈❡❦ ♣✁❡❧❞✁❛❦♦♥ ❦❡r❡s③t☎✉❧ ✐s♠✁❡t❧✐❦ ♠❡❣ ❛ ♠✁♦❞s③❡r❡❦ ❧✁❡♥②❡❣✁❡t ✁❡s

❛❧❣♦r✐t♠✉s✁❛t✱ ✈✐s③♦♥t ♥❡♠ ❧✐♥❡✁❛r✐s✱ ❤❛♥❡♠ ♠✁❛s♦❞❢♦❦✁✉ ❡❣②❡♥❧❡tr❡♥❞s③❡r❡❦ ♠❡❣♦❧❞✁❛s✐

♠❡t✁♦❞✉s✁❛♥❛❦ ❡❧s❛❥✁❛t✁✙t✁❛s❛ ✈❛♥ ❡❧✆♦t✁❡r❜❡♥✳

✷✻



✸✳ ❢❡❥❡③❡t

▲✐♥❡✁❛r✐s ❡❣②❡♥❧❡tr❡♥❞s③❡r❡❦

♠❡❣♦❧❞✁❛s✐ ♠✁♦❞s③❡r❡✐ ❛

❢❡❧s✆♦♦❦t❛t✁❛s❜❛♥

❆ ❢❡❧s☎♦♦❦t❛t✁❛s❜❛♥ ❛ ❞✐✁❛❦♦❦ ✁✉❥ ♠✁♦❞s③❡r❡❦❦❡❧ ✐s♠❡r❦❡❞♥❡❦ ♠❡❣ ❛ ❧✐♥❡✁❛r✐s ❡❣②❡♥❧❡t✲

r❡♥❞s③❡r❡❦ ♠❡❣♦❧❞✁❛s✁❛r❛✳ ▼♦st ❡③❡❦❡t ❛ ♠✁♦❞s③❡r❡❦❡t t❡❦✐♥t❥☎✉❦ ✁❛t r✁❡s③❧❡t❡s❡❜❜❡♥✳

●❛✉ss✲♠✁♦❞s③❡r

a11x1 + a12x2 + a13x3 + · · ·+ a1nxn = b1

a21x1 + a22x2 + a23x3 + · · ·+ a2nxn = b2

· · ·

ai1x1 + ai2x2 + ai3x3 + · · ·+ ainxn = bi

· · ·

as1x1 + as2x2 + as3x3 + · · ·+ asnxn = bs

✭✸✳✶✮

❆③ ❛❧✁❛❜❜✐❛❦❜❛♥ ❛③ ❡❣②❡♥❧❡tr❡♥❞s③❡r ♠❡❣♦❧❞✁❛s❛✐♥❛❦ ❡❧♠✁❡❧❡t✁❡✈❡❧ ✁❡s ❛ ♠❡❣♦❧❞✁❛s♦❦

❣②❛❦♦r❧❛t✐ ♠❡❣❦❡r❡s✁❡s✁❡✈❡❧ ❢♦❣❧❛❧❦♦③✉♥❦✳ ❑❡③❞❥☎✉❦ ❛ ❧❡❣❡❣②s③❡r✆✉❜❜ ♠✁♦❞s③❡rr❡❧✱ ❛③

✁✉❣②♥❡✈❡③❡tt ✐s♠❡r❡t❧❡♥❡❦ ❦✐❦☎✉s③☎♦❜☎♦❧✁❡s✁❡✈❡❧✳❬✻❪

❆ ✭✸✳✶✮ ❡❣②❡♥❧❡tr❡♥❞s③❡r ❦☎♦✈❡t❦❡③✆♦ ✁❛t❛❧❛❦✁✙t✁❛s✁❛t ❡❧❡♠✐ ✁❛t❛❧❛❦✁✙t✁❛s♥❛❦ s③♦❦✁❛s ♥❡✈❡③♥✐✿❬✻❪

❆③ ❡❣②❡♥❧❡tr❡♥❞s③❡r ✈❛❧❛♠❡❧② ❡❣②❡♥❧❡t✁❡♥❡❦ ♠✐♥❞❦✁❡t ♦❧❞❛❧✁❛t ✉❣②❛♥❛③♦♥ s③✁❛♠♠❛❧

♠❡❣s③♦r♦③✈❛✱ ❛ ❦❛♣♦tt ❡❣②❡♥❧❡t❡t ❦✐✈♦♥❥✉❦ ✈❛❣② ❤♦③③✁❛❛❞❥✉❦ ❛③ ❡❣②❡♥❧❡tr❡♥❞s③❡r ✈❛✲

❧❛♠❡❧② ♠✁❛s✐❦ ❡❣②❡♥❧❡t✁❡♥❡❦ ❛ ♠❡❣❢❡❧❡❧✆♦ ♦❧❞❛❧❛✐❤♦③✳❬✻❪

❆ ✭✸✳✶✮ ❡❣②❡♥❧❡tr❡♥❞s③❡r❡♥ ✈✁❡❣③❡tt ✈✁❡❣❡s s♦❦ ❡❧❡♠✐ ✁❛t❛❧❛❦✁✙t✁❛s ✉t✁❛♥ ❦❛♣♦tt ✁✉❥ ❡❣②❡♥✲

✷✼



❧❡tr❡♥❞s③❡rr❡ ❛③t ♠♦♥❞❥✉❦✱ ❤♦❣② ❡❦✈✐✈❛❧❡♥s ✭❛③❛③ ❡❣②❡♥✁❡rt✁❡❦✆✉✮ ❛ ✭✸✳✶✮ ❡❣②❡♥❧❡tr❡♥❞✲

s③❡rr❡❧✳ ❊③ ❛❧❛tt ❛③t ✁❡rt❥☎✉❦✱ ❤♦❣② ♠✐♥❞❦✁❡t ❡❣②❡♥❧❡tr❡♥❞s③❡rr❡ ✐❣❛③✱ ❤♦❣②✿ ✈❛❣② ♠✐♥❞✲

❦❡tt✆♦ ❡❧❧❡♥t♠♦♥❞✁♦✱ ✈❛❣② ♠✐♥❞❦❡tt✆♦ ♠❡❣♦❧❞❤❛t✁♦✱ ✁❡s ❛ ♠❡❣♦❧❞✁❛s❛✐❦ ✉❣②❛♥❛③♦❦✳❬✻❪

❑❡③❞❥☎✉❦ ❛ ●❛✉ss ♠✁♦❞s③❡r ✐s♠❡rt❡t✁❡s✁❡t✳ ❆❞✈❛ ✈❛♥ ❛ ✭✸✳✶✮ ❡❣②❡♥❧❡tr❡♥❞s③❡r ✁❡s ❧❡✲

❣②❡♥ a11 ❡❣②☎✉tt❤❛t✁♦ ♥❡♠ ♥✉❧❧❛ ✭❡❧❧❡♥❦❡③✆♦ ❡s❡t❜❡♥ ❡❣② ♠✁❛s✐❦✱ ♥✉❧❧✁❛t✁♦❧ ❦☎✉❧☎♦♥❜☎♦③✆♦

❡❣②☎✉tt❤❛t✁♦✈❛❧ ❦❡❧❧ ❦❡③❞❡♥☎✉♥❦ ❛③ ❡❧s✆♦ s♦r❜✁♦❧✱ ❡③ ❛③ ✐s♠❡r❡t❧❡♥❡❦ ✁❛ts③✁❛♠♦③✁❛s✁❛✈❛❧ ♠✐♥✲

❞✐❣ ❡❧✁❡r❤❡t✆♦✮✳❬✻❪

1. ❧✁❡♣✁❡s✿ ❆❧❛❦✁✙ts✉❦ ✁❛t ❛ ✭✸✳✶✮ ❡❣②❡♥❧❡tr❡♥❞s③❡rt✱ ❦✐❦☎✉s③☎♦❜☎♦❧✈❡ ❛③ x1 ✐s♠❡r❡t❧❡♥t ✈❛✲

❧❛♠❡♥♥②✐ ❡❣②❡♥❧❡t❜✆♦❧✱ ❦✐✈✁❡✈❡ ❛③ ❡❧s✆♦t✳ ❊③ ❛❧❛tt ❛③t ✁❡rt❥☎✉❦✱ ❤♦❣② ❛③ ❡❧s✆♦ ❡❣②❡♥❧❡t

♠✐♥❞❦✁❡t ♦❧❞❛❧✁❛t ❛③ a21
a11

s③✁❛♠♠❛❧ ♠❡❣s③♦r♦③✈❛✱ ❦✐✈♦♥❥✉❦ ❛ ♠✁❛s♦❞✐❦ ❡❣②❡♥❧❡t ♠❡❣❢❡✲

❧❡❧✆♦ ♦❧❞❛❧✁❛❜✁♦❧✱ ♠❛❥❞ ❡③t ❦☎♦✈❡t✆♦❡♥ ❛③ ❡❧s✆♦ ❡❣②❡♥❧❡t ♠✐♥❞❦✁❡t ♦❧❞❛❧✁❛t ❛③ a31
a11

s③✁❛♠♠❛❧

♠❡❣s③♦r♦③✈❛✱ ❦✐✈♦♥❥✉❦ ❛ ❤❛r♠❛❞✐❦ ❡❣②❡♥❧❡t ♠❡❣❢❡❧❡❧✆♦ ♦❧❞❛❧✁❛❜✁♦❧✳ ✁■❣② t♦✈✁❛❜❜ ❤❛❧❛❞✈❛

❡❣② ✁✉❥✱ ❛③ ❛❞♦tt❛❧ ❡❦✈✐✈❛❧❡♥s ❡❣②❡♥❧❡tr❡♥❞s③❡rt ❦❛♣✉♥❦✿❬✻❪

a11x1 + a12x2 + a13x3 + · · ·+ a1nxn = b1

a
(1)
22 x2 + a

(1)
23 x3 + · · ·+ a

(1)
2nxn = b

(1)
2

a
(1)
32 x2 + a

(1)
33 x3 + · · ·+ a

(1)
3nxn = b

(1)
3

· · ·

a
(1)
s2 x2 + a

(1)
s3 x3 + · · ·+ a

(1)
sn xn = b

(1)
s

✭✸✳✷✮

❆③ ✁✉❥ ✭✸✳✷✮ ❡❣②❡♥❧❡tr❡♥❞s③❡r a(1)ij ❡❣②☎✉tt❤❛t✁♦✐♥❛❦ ✁❡s bk s③❛❜❛❞ t❛❣❥❛✐♥❛❦ ❛ ❦✐s③✁❛♠✁✙t✁❛s❛

❦☎♦♥♥②❡♥ ❡❧✈✁❡❣❡③❤❡t✆♦✱ ❞❡ ❛③ ❡❧♠✁❡❧❡t s③❡♠♣♦♥t❥✁❛❜✁♦❧ s③✁❛♠✉♥❦r❛ ❛③ ❡❣②❡♥❧❡tr❡♥❞s③❡r

❛❧❛❦❥❛ ❢♦♥t♦s✳ ▲❡❤❡ts✁❡❣❡s✱ ❤♦❣② ❛ ✭✸✳✷✮ ❡❣②❡♥❧❡tr❡♥❞s③❡r ✈❛❧❛♠❡❧② ❡❣②❡♥❧❡t✁❡♥❡❦ ❜❛❧

♦❧❞❛❧✁❛♥ ♠✐♥❞❡♥ ❡❣②☎✉tt❤❛t✁♦ ♥✉❧❧❛✳ ❍❛ ❡♥♥❡❦ ❛③ ❡❣②❡♥❧❡t♥❡❦ ❛ s③❛❜❛❞ t❛❣❥❛ ♥❡♠ ♥✉❧❧❛✱

❛❦❦♦r ❛③ ❡❧❧❡♥t♠♦♥❞✁❛s✱ t❡❤✁❛t ❛ ✭✸✳✶✮ ❡❣②❡♥❧❡tr❡♥❞s③❡r♥❡❦ ♥✐♥❝s ♠❡❣♦❧❞✁❛s❛✳ ❊❧❧❡♥❦❡③✆♦

❡s❡t❜❡♥✱ ❤❛ ❡♥♥❡❦ ❛③ ❡❣②❡♥❧❡t♥❡❦ ❛ s③❛❜❛❞ t❛❣❥❛ ✐s ♥✉❧❧❛✱ ❛❦❦♦r ❡③t ❛③ ❡❣②❡♥❧❡t❡t ❛③

✐s♠❡r❡t❧❡♥❡❦ ❜✁❛r♠❡❧② ✁❡rt✁❡❦❡ ❦✐❡❧✁❡❣✁✙t✐✱ s ❡③✁❡rt ❛③ ❡❣②❡♥❧❡t❡t ❛ r❡♥❞s③❡r❜✆♦❧ ❡❧❤❛❣②✈❛✱

❛③ ❡r❡❞❡t✐✈❡❧ ❡❦✈✐✈❛❧❡♥s r❡♥❞s③❡rt ♥②❡r☎✉♥❦ ✁❡s ❛③ ❡❧❥✁❛r✁❛st t♦✈✁❛❜❜ ❢♦❧②t❛t❥✉❦✳❬✻❪

2. ❧✁❡♣✁❡s✳ ❆❧❛❦✁✙ts✉❦ ✁❛t ❛ ✭✸✳✷✮ ❡❣②❡♥❧❡tr❡♥❞s③❡rt ✈✁❛❧t♦③❛t❧❛♥✉❧ ❤❛❣②✈❛ ❛③ ❡❧s✆♦ ✁❡s ❛

♠✁❛s♦❞✐❦ ❡❣②❡♥❧❡t❡t✱ ❦✐❦☎✉s③☎♦❜☎♦❧✈❡ ❛③ x2 ✐s♠❡r❡t❧❡♥t✱ ❛ ❤❛r♠❛❞✐❦ ❡❣②❡♥❧❡tt✆♦❧ ❦❡③❞✲

✈❡ ❛③ a
(1)
22 6= 0 ❢❡❧t✁❡t❡❧ ♠❡❧❧❡tt ✭❡❧❧❡♥❦❡③✆♦ ❡s❡t❜❡♥ ❡❣② ♠✁❛s✐❦ ♥✉❧❧✁❛t✁♦❧ ❦☎✉❧☎♦♥❜☎♦③✆♦

❡❣②☎✉tt❤❛t✁♦✈❛❧ ❦❡❧❧ ❦❡③❞❡♥☎✉♥❦ ❛ ♠✁❛s♦❞✐❦ s♦r❜✁♦❧✮❀ ❛③❛③ ❛ ♠✁❛s♦❞✐❦ ❡❣②❡♥❧❡t ♠✐♥❞❦✁❡t

♦❧❞❛❧✁❛t ❛③ a
(1)
32

a
(1)
22

s③✁❛♠♠❛❧ ♠❡❣s③♦r♦③✈❛ ❦✐✈♦♥❥✉❦ ❛ ❤❛r♠❛❞✐❦ ❡❣②❡♥❧❡t ♠❡❣❢❡❧❡❧✆♦ ♦❧❞❛✲

❧❛✐r✁♦❧❀ ♠❛❥❞ ❛ ♠✁❛s♦❞✐❦ ❡❣②❡♥❧❡t ♠✐♥❞❦✁❡t ♦❧❞❛❧✁❛t ❛③ a
(1)
42

a
(1)
22

s③✁❛♠♠❛❧ ♠❡❣s③♦r♦③✈❛ ❦✐✲

✷✽



✈♦♥❥✉❦ ❛ ♥❡❣②❡❞✐❦ ❡❣②❡♥❧❡t ♠❡❣❢❡❧❡❧✆♦ ♦❧❞❛❧❛✐❜✁♦❧✱ ✁❡s ✁✙❣② t♦✈✁❛❜❜✳ ❊❣② ✁✉❥✱ ❛③ ❡❧✆♦❜❜✐✈❡❧

❡❦✈✐✈❛❧❡♥s ❡❣②❡♥❧❡tr❡♥❞s③❡rt ❦❛♣✉♥❦✿❬✻❪

a11x1 + a12x2 + a13x3 + · · ·+ a1nxn = b1

a
(1)
22 x2 + a

(1)
23 x3 + · · ·+ a

(1)
2nxn = b

(1)
2

a
(2)
33 x3 + · · ·+ a

(2)
3nxn = b

(2)
3

· · ·

a
(2)
l3 x3 + · · ·+ a

(2)
ln xn = b

(2)
l

✭✸✳✸✮

❍❛ ✈❛❧❛♠❡❧② ❡❣②❡♥❧❡t ❜❛❧ ♦❧❞❛❧✁❛♥ ♠✐♥❞❡♥ ❡❣②☎✉tt❤❛t✁♦ ♥✉❧❧❛ ✁❡s ❛ s③❛❜❛❞ t❛❣ ♥❡♠

♥✉❧❧❛✱ ❛❦❦♦r ❡③ ❡❧❧❡♥t♠♦♥❞✁❛s✱ ✁❡s ❛③ ❡❣②❡♥❧❡tr❡♥❞s③❡r♥❡❦ ♥✐♥❝s ♠❡❣♦❧❞✁❛s❛✳ ❊❧❧❡♥❦❡③✆♦

❡s❡t❜❡♥ ❢♦❧②t❛t❥✉❦ ❛③ ❡❧❥✁❛r✁❛st✱ ❡❧❤❛❣②✈❛ ❛③♦❦❛t ❛③ ❡❣②❡♥❧❡t❡❦❡t ❛ r❡♥❞s③❡r❜✆♦❧✱ ❛♠❡✲

❧②❡❦ ❡❣②☎✉tt❤❛t✁♦✐ ♥✉❧❧✁❛✈❛❧ ❡❣②❡♥❧✆♦❦ ✁❡s s③❛❜❛❞ t❛❣❥✉❦ ✐s ♥✉❧❧❛✳❬✻❪ ❱✁❡❣❡s s♦❦ ❦ ❧✁❡♣✁❡s

✉t✁❛♥ ❛ ✭✸✳✶✮ ❡❣②❡♥❧❡tr❡♥❞s③❡r ❛③ ❛❧✁❛❜❜✐ ❡❣②❡♥❧❡tr❡♥❞s③❡rr❡❧ ❡❦✈✐✈❛❧❡♥s✿❬✻❪

a11x1 + a12x2 + · · ·+ a1k−1xk−1 + a1kxk · · ·+ a1nxn = b1

a
(1)
22 x2 + · · ·+ a

(1)
2k−1xk−1 + a

(1)
2k xk + · · ·+ a

(1)
2nxn = b

(1)
2

· · ·

a
(k−1)
kk xk + · · ·+ a

(k−1)
kn xn = b

(k−1)
k

✭✸✳✹✮

▲❡❤❡ts✁❡❣❡s✱ ❤♦❣② ❛③ ❡❣②❡♥❧❡tr❡♥❞s③❡r ❝s❛❦ k (k ≤ s) ❡❣②❡♥❧❡t❡t t❛rt❛❧♠❛③✱ ♠✐✈❡❧

❡❣②❡s ❡❣②❡♥❧❡t❡❦❡t ❡❧ ❦❡❧❧❡tt ❤❛❣②♥✐❀ t♦✈✁❛❜❜✁❛ ❛ k✲❛❞✐❦ ❡❣②❡♥❧❡t ❜❛❧ ♦❧❞❛❧✁❛♥ ♠✐♥❞❡♥

❡❣②☎✉tt❤❛t✁♦ ♥✉❧❧❛✱ ❞❡ ❛ b
(k−1)
k s③❛❜❛❞ t❛❣ ♥❡♠ ♥✉❧❧❛✱ ❛❦❦♦r ❛ ✭✸✳✹✮ ❡❣②❡♥❧❡tr❡♥❞s③❡r

❡❧❧❡♥t♠♦♥❞✁♦✱ t❡❤✁❛t ❛ (3.1) ❡❣②❡♥❧❡tr❡♥❞s③❡r♥❡❦ ♥✐♥❝s ♠❡❣♦❧❞✁❛s❛✳ ❊❧❧❡♥❦❡③✆♦ ❡s❡t❜❡♥

❛③

a11, a
1
22, a

2
33 . . . , a

(k−2)
k−1k−1, a

(k−1)
kk

❡❣②☎✉tt❤❛t✁♦❦ ♥✉❧❧✁❛t✁♦❧ ❦☎✉❧☎♦♥❜☎♦③✆♦❦ ✁❡s k ≤ n✳ ❑✁❡t ❡s❡t ❧❡❤❡ts✁❡❣❡s✿❬✻❪

1. ❆ ✭✸✳✹✮ ❡❣②❡♥❧❡tr❡♥❞s③❡r ❛❧❛❦❥❛✿

a11x1 + a12x2 + · · ·+ a1n−1xn−1 + a1nxn = b1

a
(1)
22 x2 + · · ·+ a

(1)
2n−1xn−1 + a

(1)
2nxn = b

(1)
2

· · ·

a
(k−2)
k−1n−1xn−1 + a

(k−2)
k−1nxn = b

(k−2)
k−1

a
(k−1)
kn xn = b

(k−1)
k

✭✸✳✺✮

▼✐✈❡❧ a(k−1)
kn 6= 0✱ t❡❤✁❛t xk =

b
(k−1)
k

a
(k−1)
kn

✁❡s ❡③ ❛③ ✉t♦❧s✁♦ ❡❣②❡♥❧❡t ♠❡❣♦❧❞✁❛s❛✳ ❊③t ❜❡✲

❤❡❧②❡tt❡s✁✙t✈❡ ❛③ ✉t♦❧s✁♦ ❡❧✆♦tt✐ ❡❣②❡♥❧❡t❜❡✱ ✐♥♥❡♥ ❛③ xk−1✲❡t ❡❣②✁❡rt❡❧♠✆✉❡♥ ❤❛t✁❛r♦③③✉❦

✷✾



♠❡❣✳ ❋♦❧②t❛t✈❛ ❡③t ❛③ ❡❧❥✁❛r✁❛st✱ ❢❡❧❢❡❧✁❡ ❤❛❧❛❞✈❛✱ ❧✁❛t❥✉❦✱ ❤♦❣② ❛③ ❡❣②❡♥❧❡tr❡♥❞s③❡r♥❡❦

❡❣②❡t❧❡♥ ♠❡❣♦❧❞✁❛s❛ ✈❛♥✳❬✻❪

2. ❆③ n > k ✁❡s ✭✸✳✹✮ ❡❣②❡♥❧❡tr❡♥❞s③❡r ❛❧❛❦❥❛✿

a11x1 + a1k−1xk−1 + a1kxk = b1 − ak+1xk+1 − · · · − a1nxn

a
(1)
22 x2 + · · ·+ a

(1)
2k−1xk−1 + a

(1)
2k xk = b

(1)
2 − a

(1)
2k+1xk+1 − · · · − a

(1)
2nxn

· · ·

a
(k−1)
kk xk = b

(k−1)
k − a

(k−1)
kk+1 xk+1 − · · · − a

(k−1)
kn xn

✭✸✳✻✮

❆③ xk+1, xk+2, . . . , xn ✐s♠❡r❡t❧❡♥❡❦ ♠♦st ➼s③❛❜❛❞✑ ✐s♠❡r❡t❧❡♥❡❦ ✁❡s t❡ts③✆♦❧❡❣❡s s③✁❛♠✲

✁❡rt✁❡❦❡❦❡t ✈❡❤❡t♥❡❦ ❢❡❧✳ P✁❡❧❞✁❛✉❧✱ ❤❛

xk+1 = αk+1, xk+2 = αk+2, . . . , xn = αn

❛❦❦♦r ❛③ ✉t♦❧s✁♦ ❡❣②❡♥❧❡t❜✆♦❧ ❡❣②✁❡rt❡❧♠✆✉❡♥ ❤❛t✁❛r♦③③✉❦ ♠❡❣ ❛③ xk ✐s♠❡r❡t❧❡♥t✿

xk =
b
(k−1)
k

a
(k−1)
kk

−
a
(k−1)
kk+1

a
(k−1)
kk

αk+1 − · · · −
a
(k−1)
kn

a
(k−1)
kk

αn

❇❡❤❡❧②❡tt❡s✁✙t✈❡ ❛③ ✉t♦❧s✁♦ ❡❧✆♦tt✐ ❡❣②❡♥❧❡t❜❡ ❛③ xk, xk+1, . . . , xn ✁❡rt✁❡❦❡✐t✱ ❛③ xk−1✲❡t

❡❣②✁❡rt❡❧♠✆✉❡♥ ❤❛t✁❛r♦③③✉❦ ♠❡❣✳ ❯❣②❛♥✁✙❣② t♦✈✁❛❜❜ ❢♦❧②t❛t✈❛✱ ❢❡❧❢❡❧✁❡ ❤❛❧❛❞✈❛✱ ❤❛t✁❛r♦③③✉❦

♠❡❣ ❛③ ❡❣②❡♥❧❡tr❡♥❞s③❡r ♠❡❣♦❧❞✁❛s✁❛t✳ ▼✐✈❡❧ ❛ s③❛❜❛❞ ✐s♠❡r❡t❧❡♥❡❦ ✁❡rt✁❡❦❡✐t ✈✁❡❣t❡❧❡♥

s♦❦ ❦☎✉❧☎♦♥❜☎♦③✆♦ ♠✁♦❞♦♥ ✈✁❛❧❛s③t❤❛t❥✉❦ ♠❡❣✱ ❛③ ❡❣②❡♥❧❡tr❡♥❞s③❡r♥❡❦ ✈✁❡❣t❡❧❡♥ s♦❦ ♠❡❣✲

♦❧❞✁❛s❛ ✈❛♥✳❬✻❪

❆③ ❡❣②❡♥❧❡tr❡♥❞s③❡r ●❛✉ss✲♠✁♦❞s③❡rr❡❧ t☎♦rt✁❡♥✆♦ ♠❡❣♦❧❞✁❛s❛ ♥❡♠ ♠✁❛s✱ ♠✐♥t ❛③ ❡❣②❡♥✲

❧❡tr❡♥❞s③❡r❡♥ ❡❣② s♦r♦③❛t ✁✉❣②♥❡✈❡③❡tt ❡❧❡♠✐ ✁❛t❛❧❛❦✁✙t✁❛s ✈✁❡❣r❡❤❛❥t✁❛s❛✳❬✻❪

❆③ ❡❣②s③❡r✆✉s✁❡❣ ❝✁❡❧❥✁❛❜✁♦❧ ❛ ❣②❛❦♦r❧❛t❜❛♥ ❢❡❧✁✙r❥✉❦ ❛③ ❡❣②❡♥❧❡tr❡♥❞s③❡r ♠✁❛tr✐①✁❛t✱ ❝s❛t♦❧✲

❥✉❦ ❤♦③③✁❛ ❛ s③❛❜❛❞ t❛❣♦❦ ♦s③❧♦♣✁❛t✱ ✁❡s ❛③ ☎♦ss③❡s ❡❧❡♠✐ ✁❛t❛❧❛❦✁✙t✁❛st ❛ ❜✆♦✈✁✙t❡tt ♠✁❛tr✐①

s♦r❛✐♥ ✈✁❡❣❡③③☎✉❦ ❡❧✳❬✻❪

❆③ ❡❣②❡♥❧❡tr❡♥❞s③❡r ●❛✉ss✲♠✁♦❞s③❡rr❡❧ t☎♦rt✁❡♥✆♦ ♠❡❣♦❧❞✁❛s❛ r❡♥❞❦✁✙✈☎✉❧ ❡❣②s③❡r✆✉✳ ▼✐✈❡❧

❛③♦♥♦s t✁✙♣✉s✁✉ s③✁❛♠✁✙t✁❛s♦❦❛t ✈✁❡❣③☎✉♥❦✱ ❡③✁❡rt ❛③ ❡❣②❡♥❧❡tr❡♥❞s③❡r ♠❡❣♦❧❞✁❛s✁❛r❛ s③✁❛✲

♠✁✙t✁♦❣✁❡♣ ✐s ❛❧❦❛❧♠❛③❤❛t✁♦✳ ❊❧♠✁❡❧❡t✐ s③❡♠♣♦♥t❜✁♦❧ ❡ ♠✁♦❞s③❡r♥❡❦ s♦❦ ❛ ❤✐✁❛♥②♦ss✁❛❣❛✱

♥❡♠ ❛❞ ✈✁❛❧❛s③t ❛③ ❡❣②❡♥❧❡tr❡♥❞s③❡r ♠❡❣♦❧❞✁❛s✐ ❢❡❧t✁❡t❡❧✁❡♥❡❦ ❛ ♠❡❣❢♦❣❛❧♠❛③✁❛s✁❛r❛ ❛③

❡❣②☎✉tt❤❛t✁♦❦ ✁❡s s③❛❜❛❞ t❛❣♦❦ s❡❣✁✙ts✁❡❣✁❡✈❡❧✱ ❛♠✐ ♥✁❡❧❦☎✉❧☎♦③❤❡t❡t❧❡♥ ❛③ ❡❧♠✁❡❧❡t✐ ✈✐③s❣✁❛❧❛✲

t♦❦❜❛♥✳ ❆③ ❛❧✁❛❜❜✐❛❦❜❛♥ ❡rr❡ ❛ ❦✁❡r❞✁❡sr❡ ❛❞✉♥❦ ✈✁❛❧❛s③t ✁❡s ❦✁❡♣❧❡t❡t ✈❡③❡t☎✉♥❦ ❜❡ ❛③

❡❣②❡♥❧❡tr❡♥❞s③❡r ♠❡❣♦❧❞✁❛s✁❛r❛✳❬✻❪

✸✵



❈r❛♠❡r✲s③❛❜✁❛❧②

❑❡③❞❥☎✉❦ ❛ ✈✐③s❣✁❛❧❛t♦t ❛ ❦✁❡t ❡❣②❡♥❧❡t❜✆♦❧ ✁❛❧❧✁♦ ❦✁❡t✐s♠❡r❡t❧❡♥❡s ❡❣②❡♥❧❡tr❡♥❞s③❡r✲

r❡❧✿❬✻❪

a11x1 + a12x2 = b1,

a21x1 + a22x2 = b2.
✭✸✳✼✮

❆③ ✐s♠❡r❡t❧❡♥❡❦ ❡❣②☎✉tt❤❛t✁♦✐❜✁♦❧ s③❡r❦❡s③t❡tt




a11 a12

a21 a22





♠✁❛tr✐①❤♦③ r❡♥❞❡❧❥☎✉❦ ❤♦③③✁❛ ❛③t ❛ s③✁❛♠♦t✱ ❛♠❡❧② ❡❣②❡♥❧✆♦ ❛ ♠✁❛tr✐① ❢✆♦✁❛t❧✁♦❥✁❛❜❛♥ ❧❡✈✆♦

s③✁❛♠♦❦ s③♦r③❛t✁❛♥❛❦ ✁❡s ❛ ♠❡❧❧✁❡❦✁❛t❧✁♦❥✁❛❜❛♥ ❧❡✈✆♦ s③✁❛♠♦❦ s③♦r③❛t✁❛♥❛❦ ❛ ❦☎✉❧☎♦♥❜s✁❡❣✁❡✈❡❧✳

❊③t ❛ s③✁❛♠♦t ❛ ♠✁❛tr✐① ❞❡t❡r♠✐♥✁❛♥s✁❛♥❛❦ ♥❡✈❡③③☎✉❦✱ s ❡rr❡ ❛
∣

∣

∣

∣

∣

∣

a11 a12

a21 a22

∣

∣

∣

∣

∣

∣

= a11a22 − a12a21

❥❡❧☎♦❧✁❡st ❤❛s③♥✁❛❧❥✉❦✳❬✻❪

❆ ✭✸✳✼✮✲r❡ ❛❧❦❛❧♠❛③③✉❦ ❛③ ❡❣②❡♥❧✆♦ ❡❣②☎✉tt❤❛t✁♦❦ ♠✁♦❞s③❡r✁❡t✿

(a11a22 − a12a21)x1 = a22b1 − a12b2,

(a11a22 − a12a21)x2 = a22b2 − a21b1.

■♥♥❡♥ ❛ ❞❡t❡r♠✐♥✁❛♥s s❡❣✁✙ts✁❡❣✁❡✈❡❧ ❦✐❢❡❥❡③❤❡t✆♦ ❛③ x1 ✁❡s x2✱ ❤❛ ❛③ ❡❣②❡♥❧❡tr❡♥❞s③❡r

♠✁❛tr✐①✁❛♥❛❦ ❛ ❞❡t❡r♠✐♥✁❛♥s❛ ♥✉❧❧✁❛t✁♦❧ ❦☎✉❧☎♦♥❜☎♦③✆♦✿

x1 =

∣

∣

∣

∣

∣

∣

b1 a12

b2 a22

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

a11 a12

a21 a22

∣

∣

∣

∣

∣

∣

, x2 =

∣

∣

∣

∣

∣

∣

a11 b1

a21 b2

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

a11 a12

a21 a22

∣

∣

∣

∣

∣

∣

❊③ ❛③ ✁✉❣②♥❡✈❡③❡tt ❈r❛♠❡r✲s③❛❜✁❛❧② ❛③ ❡❣②❡♥❧❡tr❡♥❞s③❡r ♠❡❣♦❧❞✁❛s✁❛r❛✳❬✻❪

✸✶



✹✳ ❢❡❥❡③❡t

❙❛❥✁❛t ❡r❡❞♠✁❡♥②❡❦

❆③ ❡❧✈✁❡❣③❡tt ❦✉t❛t✁❛s♦♠ ❛rr❛ ✐r✁❛♥②✉❧t✱ ❤♦❣② ❛③ ✁❛❧t❛❧✁❛♥♦s ✐s❦♦❧✁❛❦ ✈✁❡❣③✆♦s ❞✐✁❛❦❥❛✐ ❦☎♦r✁❡✲

❜❡♥ ❢❡❧❛❞❛t♦❦ s❡❣✁✙rs✁❡❣✁❡✈❡❧ ❢❡❧♠✁❡r❥❡♠✱ ♠✐❧②❡♥ s③✐♥t❡♥ s❛❥✁❛t✁✙t♦tt✁❛❦ ❡❧ ❛③ ❡❣②❡♥❧❡tr❡♥❞✲

s③❡r❡❦ ✸ ♠❡❣♦❧❞✁❛s✐ ♠✁♦❞s③❡r✁❡♥❡❦ ❛❧❣♦r✐t♠✉s✁❛t✱ ✈❛❧❛♠✐♥t ♠❡❧②✐❦ ♠✁♦❞s③❡r ❛③ ❛♠❡❧②✐❦❡t

❧❡❣s③✁✙✈❡s❡❜❜❡♥ ❛❧❦❛❧♠❛③③✁❛❦✱ ❤❛ ❧❡❤❡t✆♦s✁❡❣☎✉❦ ❛❞✁♦❞✐❦ ✈✁❛❧❛s③t❛♥✐ ❛ ♠❡❣♦❧❞✁❛s✐ ❛❧❣♦r✐t✲

♠✉s♦❦ ❦☎♦③☎♦tt✳

❆ ✾✳ ♦s③t✁❛❧② t❛♥✉❧✁♦✐♥❛❦ ❛ ❦☎♦✈❡t❦❡③✆♦ ❢❡❧❛❞❛t❧❛♣♦t ❦❡❧❧❡tt ♠❡❣♦❧❞❛♥✐✿

✸✷



❋❡❧❛❞❛t❧❛♣

✶✳ ❖❧❞ ♠❡❣ ❛③ ❛❧✁❛❜❜✐ ❡❣②❡♥❧❡tr❡♥❞s③❡rt ❣r❛✜❦✉s ♠✁♦❞s③❡r ❛❧❦❛❧♠❛③✁❛s✁❛✈❛❧✦







2y − 4x = 8,

5y + 7x = 3

✷✳ ❖❧❞ ♠❡❣ ❛③ ❛❧✁❛❜❜✐ ❡❣②❡♥❧❡tr❡♥❞s③❡rt ❜❡❤❡❧②❡tt❡s✁✙t✆♦ ♠✁♦❞s③❡r ❛❧❦❛❧✲

♠❛③✁❛s✁❛✈❛❧✦






x− 10y = 5,

3y + 2x = 10

✸✳ ❖❧❞ ♠❡❣ ❛③ ❛❧✁❛❜❜✐ ❡❣②❡♥❧❡tr❡♥❞s③❡rt ❡❣②❡♥❧✆♦ ❡❣②☎✉tt❤❛t✁♦❦ ♠✁♦❞s③❡r✁❡♥❡❦

❛❧❦❛❧♠❛③✁❛s✁❛✈❛❧✦






5x− 6y = 15,

4x+ 6y = 12

✹✳ ❖❧❞ ♠❡❣ ❛③ ❛❧✁❛❜❜✐ ❡❣②❡♥❧❡tr❡♥❞s③❡rt ❛③ ❡❧✆♦③✆♦ ✸ ♠✁♦❞s③❡r ❡❣②✐❦✁❡✈❡❧✦







3x− 9y = 12,

x+ 3y = 4

✸✸



❆ t❛♥✉❧✁♦❦ ♠✉♥❦✁❛✐♥❛❦ ❡❧❧❡♥✆♦r③✁❡s❡ ✁❡s ☎♦ss③❡❣③✁❡s❡ ✉t✁❛♥ ❛ ❦☎♦✈❡t❦❡③✆♦❦❡t ❧❡❤❡t

♠❡❣✁❛❧❧❛♣✁✙t❛♥✐✿

❆ t❛♥✉❧✁♦❦ t☎♦❜❜s✁❡❣❡ ♠✐♥❞❡♥ ♠✁♦❞s③❡rt ✐s♠❡rt✱ ✈✐s③♦♥t ❛ ❧❡❣❦❡✈❡s❡❜❜ ❤✐❜✁❛t ❛ ❜❡❤❡❧②❡t✲

t❡s✁✙t✆♦ ♠✁♦❞s③❡r ❛❧❦❛❧♠❛③✁❛s❛❦♦r ❦☎♦✈❡tt✁❡❦ ❡❧✳ ❆ ❤✐❜✁❛❦ ❥❡❧❧❡❣❡ ❛③♦♥❜❛♥ ♥❡♠ ❛ ♠✁♦❞s③❡r

✐s♠❡r❡t✁❡♥❡❦ ❤✐✁❛♥②✁❛t ❜✐③♦♥②✁✙t❥❛✱ ♠✐✈❡❧ ❝s❛❦ s③✁❛♠✁✙t✁❛s✐ ❤✐❜✁❛t ✈✁❡t❡tt❡❦✳

❆ ❣r❛✜❦✉s ♠✁♦❞s③❡r ❛❧❦❛❧♠❛③✁❛s✁❛♥✁❛❧ ❛ ❧❡❣❣②❛❦♦r✐❜❜ ❤✐❜❛✁❛t ❛③ ① ✁❡s ② ♣♦♥t ❦♦♦r✲

❞✐♥✁❛t✁❛✐♥❛❦ ❧❡♦❧✈❛s✁❛s❛❦♦r ❦☎♦✈❡tt✁❡❦ ❡❧✳ ❋❡❧❝s❡r✁❡❧t✁❡❦ ❛③ ① ✁❡s ② ✐s♠❡r❡t❧❡♥❡❦♥❡❦ ♠❡❣❢❡❧❡❧✆♦

✁❡rt✁❡❦❡❦❡t✳ ❆ ♠✁❛s♦❞✐❦ ❧❡❣❣②❛❦♦r✐❜❜ ❤✐❜✁❛t ❡③❡♥ ♠✁♦❞s③❡r ❛❧❦❛❧♠❛③✁❛s✁❛♥✁❛❧ ❛③ ❡❣②❡♥❧❡t❡❦

❣r❛✜❦♦♥❥❛✐♥❛❦ ♠❡❣r❛❥③♦❧✁❛s❛❦♦r ✈✁❡t❡tt✁❡❦✳

❆③ ❡❣②❡♥❧✆♦ ❡❣②☎✉tt❤❛t✁♦❦ ♠✁♦❞s③❡r✁❡♥❡❦ ❛❧❦❛❧♠❛③✁❛s❛❦♦r ❛ t❛♥✉❧✁♦❦ ❛ s③✁❛♠✁✙t✁❛s♦❦ s♦r✁❛♥

t✁❡✈❡❞t❡❦✱ ✈❛❧❛♠✐t ♦❧②❛♥ ❡s❡t ❢♦r❞✉❧t ❡❧✆♦✱ ❤♦❣② ❛ t❛♥✉❧✁♦♥❛❦ ♥❡♠ ❥✉t♦tt ❡s③✁❡❜❡ ❛

♠✁♦❞s③❡r ❛❧❣♦r✐t♠✉s❛✳

❆♠❡♥♥②✐❜❡♥ ❛ t❛♥✉❧✁♦r❛ ✈❛♥ ❜✁✙③✈❛ ❛ ❞☎♦♥t✁❡s ❛ ♠✁♦❞s③❡r ❦✐✈✁❛❧❛s③t✁❛s✁❛♥✁❛❧✱ ❛ ❧❡❣t☎♦❜❜❡♥

❛ ❜❡❤❡❧②❡tt❡s✁✙t✆♦ ♠✁♦❞s③❡rt ❛❧❦❛❧♠❛③t✁❛❦✱ ❛ ♠✁❛s♦❞✐❦ ❤❡❧②❡♥ ❛ ✈✁❛❧❛s③t✁❛s♥✁❛❧ ❛③ ❡❣②❡♥❧✆♦

❡❣②☎✉tt❤❛t✁♦❦ ♠✁♦❞s③❡r❡ s③❡r❡♣❡❧ ✁❡s ❛ ❧❡❣❦❡✈❡s❡❜❜❡♥ ❛ ❣r❛✜❦✉s ♠✁♦❞s③❡rt ✈✁❛❧❛s③t♦tt✁❛❦✳

❊③ ❛③③❛❧ ♠❛❣②❛r✁❛③❤❛t✁♦✱ ❤♦❣② ❛ t❛♥✉❧✁♦❦ ♥❡♠ t✁✉❧ ♠❛❣❛❜✐③t♦s❛❦ ❛ ❣r❛✜❦✉s ♠✁♦❞s③❡r ❛❧✲

❦❛❧♠❛③✁❛s❛❦♦r✱ ✐❧❧❡t✈❡ t✉❞❥✁❛❦✱ ❤♦❣② ❛ ♠✁♦❞s③❡r ♥❡♠ ♠✐♥❞❡♥ ❡❣②❡♥❧❡tr❡♥❞s③❡r ❡s❡t✁❡❜❡♥

❛❞ ✈✐ss③❛ ♣♦♥t♦s ❡r❡❞♠✁❡♥②t✳

❆ ❦✉t❛t✁❛s ❡r❡❞♠✁❡♥②❡✐ ♥❡♠ s♦❦❜❛♥ t✁❡rt❡❦ ❡❧ ❛ ✈✁❛rt♥✁❛❧✳ ☎❖ss③❡ss✁❡❣✁❡❜❡♥ ❡❧♠♦♥❞❤❛t✁♦✱

❤♦❣② ❛ t❛♥✉❧✁♦❦ t☎♦❜❜s✁❡❣❡ ♠❡❣❢❡❧❡❧✆♦❡♥ s❛❥✁❛t✁✙t❥❛ ❡❧ ❛ ♠✁♦❞s③❡r❡❦ ♠❡t✁♦❞✉s✁❛t ✁❡s ♠❡❣❢❡✲

❧❡❧✆♦❡♥ ❛❧❦❛❧♠❛③③✁❛❦ ❛③t ❛ ❦☎✉❧☎♦♥❜☎♦③✆♦ ❢❡❧❛❞❛t♦❦ ♠❡❣♦❧❞✁❛s❛❦♦r✳ ❆ ❦✉t❛t✁❛s♦♠ ♣♦③✐t✁✙✈

✈✐ss③❛❥❡❧③✁❡st ❛❞♦tt ♠✐♥❞ ❛ t❛♥✉❧✁♦❦✱ ♠✐♥❞ ❛ t❛♥✁❛r♦❦ ♠✉♥❦✁❛❥✁❛r✁♦❧✳

❆③ ✁❛❧t❛❧❛♠ ✈✁❡❣③❡tt ❦✉t❛t✁❛s s✐❦❡r❡s♥❡❦ ♠♦♥❞❤❛t✁♦ ❛ ♠✁♦❞s③❡r❡❦ ✐s♠❡r❡t✁❡♥❡❦ ✁❡s ❛❧❦❛❧✲

♠❛③✁❛s✁❛♥❛❦ s③❡♠♣♦♥t❥✁❛❜✁♦❧✳
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☎❖ss③❡❣③✁❡s

❆ ♠✉♥❦✁❛♠ ❡❧❦✁❡s③✁✙t✁❡s✁❡❤❡③ ✁❛tt❛♥✉❧♠✁❛♥②♦③t❛♠ ❛ ❧✐♥❡✁❛r✐s ❡❣②❡♥❧❡t❡❦✱ ✐❧❧❡t✈❡ ❧✐♥❡✁❛r✐s

❡❣②❡♥❧❡tr❡♥❞s③❡r❡❦ ❞❡✜♥✁✙❝✐✁♦❥✁❛t✳ ❊③t ❦☎♦✈❡t✆♦❡♥ ❛ ❧✐♥❡✁❛r✐s ❡❣②❡♥❧❡tr❡♥❞s③❡r❡❦ ♠❡❣✲

♦❧❞✁❛s✐ ♠✁♦❞s③❡r❡✐ ❦❛♣t❛❦ ❢✆♦s③❡r❡♣❡t✱ ❡③❡❦ ❦☎♦③☎✉❧ ✐s ❛ t❛♥✉❧✁♦❦ s③✁❛♠✁❛r❛ ❧❡❣✐s♠❡rt❡❜❜❡❦✳

❊❧s✆♦ ❢❡❥❡③❡t❡♠ ❛❧❛♣❥✁❛✉❧ ❛ ✸ ❧❡❣✐s♠❡rt❡❜❜ ♠❡❣♦❧❞✁❛s✐ ♠❡t✁♦❞✉s s③♦❧❣✁❛❧t✱ ♠❡❧②❡❦❦❡❧ ❛

t❛♥✉❧✁♦❦ ✁❛❧t❛❧✁❛♥♦s ✐s❦♦❧❛✐ t❛♥✉❧♠✁❛♥②❛✐❦ s♦r✁❛♥ ♠❡❣✐s♠❡r❦❡❞♥❡❦✳ ❊③❡❦ ❛ ❦☎♦✈❡t❦❡③✆♦❦✿

❣r❛✜❦✉s ♠✁♦❞s③❡r✱ ❜❡❤❡❧②❡tt❡s✁✙t✆♦ ♠✁♦❞s③❡r ✁❡s ❡❣②❡♥❧✆♦ ❡❣②☎✉tt❤❛t✁♦❦ ♠✁♦❞s③❡r❡✳

P✁❡❧❞✁❛❦♦♥ ❦❡r❡s③t☎✉❧ ❜❡♠✉t❛tt❛♠ ❛ ♠✁♦❞s③❡r❡❦ ❛❧❦❛❧♠❛③✁❛s✁❛t ✈❛❧❛♠✐♥t ✈✁❛③❧❛t♣♦♥t♦❦❜❛

❢♦❣❧❛❧t❛♠ ❛ ♠✁♦❞s③❡r❡❦ ❛❧❣♦r✐t♠✉s✁❛t✳

❆ ♠✉♥❦✁❛♠ s♦r✁❛♥ ❛③ ✁❛❧t❛❧✁❛♥♦s ✐s❦♦❧✁❛❦ t❛♥❦☎♦♥②✈❡✐t ✈✐③s❣✁❛❧t❛♠ ♠❡❣✱ ❤♦❣② ❤♦❣②❛♥

♠❛❣②❛r✁❛③③✁❛❦ ❦☎✉❧☎♦♥❜☎♦③✆♦ s③❡r③✆♦❦ ❛③ ❡❣②❡♥❧❡tr❡♥❞s③❡r❡❦ ♠❡❣♦❧❞✁❛s✐ ♠✁♦❞s③❡r❡✐t✱ ♠✐❧②❡♥

♣✁❡❧❞✁❛❦ s❡❣✁✙ts✁❡❣✁❡✈❡❧ t❡s③✐❦ ✁❡rt❤❡t✆♦❜❜✁❡ ❛ t❛♥✉❧✁♦❦ s③✁❛♠✁❛r❛ ❛③ ❛❧❣❡❜r✁❛♥❛❦ ❡③❡♥ ❢♦♥t♦s

t✁❡♠❛❦☎♦r✁❡t✳

❚❛♥✉❧♠✁❛♥②♦③t❛♠ ❛ ❢❡❧s✆♦♦❦t❛t✁❛s❜❛♥ ✐s♠❡rt❡t❡tt ♠✁♦❞s③❡r❡❦❡t ✐s✱ ❡③❡❦ ❦☎♦③☎✉❧ ❛ ❦✁❡t ❧❡❣✲

✐s♠❡rt❡❜❜❡t✱ ❛ ●❛✉ss✲♠✁♦❞s③❡rt ✁❡s ❛ ❈r❛♠❡r✲s③❛❜✁❛❧②t✳

❑✉t❛t✁❛s♦♠ ❝✁❡❧❥❛✱ ❤♦❣② ✐s♠❡r❡t❡❦❡t s③❡r❡③③❡❦ ❛ ♠✁♦❞s③❡r❡❦ ❡❧s❛❥✁❛t✁✙t✁❛s✁❛♥❛❦ ❤❛t✁❡❦♦♥②✲

s✁❛❣✁❛r✁♦❧✳ ❚♦✈✁❛❜❜✁❛ ❛ t❛♥✉❧✁♦❦ s③❡♠♣♦♥t❥✁❛❜✁♦❧ ❢❡❧♠✁❡r❥❡♠✱ ♠❡❧②✐❦ ♠✁♦❞s③❡r s③✁❛♠✁✙t ❛

❧❡❣❦☎♦♥♥②❡❜❜♥❡❦ ✁❡s ♠❡❧②❡❦ ❛ ❧❡❣❣②❛❦r❛❜❜❛♥ ✈✁❡t❡tt ❤✐❜✁❛❦ ❛③ ❛❧❣♦r✐t♠✉s♦❦ ❛❧❦❛❧✲

♠❛③✁❛s❛❦♦r✳
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■r♦❞❛❧♦♠❥❡❣②③✁❡❦

❬✶❪ ❲❡tt❧ ❋❡r❡♥❝ ▲✐♥❡✁❛r✐s ❛❧❣❡❜r❛✳ ❲❡tt❧ ❋❡r❡♥❝✱ ❇▼❊ ❚❚❑✱ ✷✵✶✶✳

❬✷❪ ➪åâç ➹✳ Ï✳✱ ➪åâç ➶✳ ➹✳ ➚ëãåáðà✿ Ï✐äðó÷íèê äëÿ ✼ êë✳ çàãàëüíîîñâ✐òí✐õ

íàâ÷àëüíèõ çàêëàä✐â ç íàâ÷àííÿì óãîðñüêîþ ìîâîþ✳ ✃✳✿ ➬îä✐àê✲➴✃❰✱ ✷✵✵✼✳

Ïåðåêëàä óãîðñüêîþ ìîâîþ ➍✳ ➍✳ ⑨óëà÷✐✳✲❐üâ✐â✿ Ñâ✐ò✱ ✷✵✵✼✳✲✸✵✹ ñ✳✿✐ë✳

❬✸❪ ❒åðçëÿê ➚✳ ➹✳ ➚ëãåáðà ✿ ï✐äðó÷✳ äëÿ ✼ êë✳ çàãàëüíîîñâ✐ò✳ íàâ÷✳ çàêëàä✐â

ç íàâ÷✳ óãîðñüêîþ ìîâîþ✳ ➚✳ ➹✳ ❒åðçëÿê✱ ➶✳ ➪✳ Ïîëîíñüêèé✱ ❒✳ Ñ✳ ßê✐ð ❀

ïåð✳ ■✳ ➱✳ ➪åðåã✐✱ ➚✳ ➚✳ ➪óðêóø✳ ✕ ❐üâ✐â ✿ Ñâ✐ò✱ ✷✵✶✺✳ ✕ ✷✺✻ ñ✳ ✿ ✐ë✳

❬✹❪ ❒åðçëÿê ➚✳ ➹✳ ➚ ëãåáðà✿ ï✐äðó÷✳ äëÿ ✾ êë✳ çàãàëüíîîñâ✐ò✳ íàâ÷✳ çàêë✳ ç

íàâ÷àííÿì óãîðñüêîþ ìîâîþ ➚✳ ➹✳ ❒åðçëÿê✱ ➶✳ ➪✳ Ïîëîíñüêèé✱ ❒✳ Ñ✳ ß ê

✐ð ❀ ïåð✳ Þ✳ ■✳ ✃óë✐í✳ ✲ ❐üâ✐â ✿ Ñâ✐ò✱ ✷✵✶✼✳ ✲ ✷✼✷ ñ✳ ✿ ✐ë

❬✺❪ ➪åâç ➹✳ Ï✳ ➚ëãåáðà✿ Ï✐äðó÷íèê äëÿ ✾ êë✳ çàãàëüíîîñâ✐òí✐õ íàâ÷àëüíèõ
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