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❢♦❦✁✉ ❡❣②❡♥❧❡t❡❦✱ ❡❣②❡♥❧❡tr❡♥❞s③❡r❡❦✱ ✐rr❛❝✐♦♥✁❛❧✐s ❡❣②❡♥❧❡t❡❦✱ ✁❡s ❛③ ❛❜s③♦❧✁✉t✁❡rt✁❡❦❡t

t❛rt❛❧♠❛③✁♦ ❡❣②❡♥❧❡t❡❦ ♣❛r❛♠✁❡t❡r❡s ✈✁❛❧t♦③❛t❛✐r❛✳

▼❡❣❢♦❣❛❧♠❛③✁❛sr❛ ❦❡r☎✉❧ ❛ ❦✉t❛t✁❛s ❦☎♦③♣♦♥t✐ ❤✐♣♦t✁❡③✐s❡✱ ♠✐s③❡r✐♥t ❛ ❞✐✁❛❦♦❦ t☎♦❜❜s✁❡❣❡

♥❡♠ ❦✁❡♣❡s ☎♦♥✁❛❧❧✁♦❛♥ ♠❡❣♦❧❞❛♥✐ ❛ ♣❛r❛♠✁❡t❡r❡s ❡❣②❡♥❧❡t❡❦❡t✱ ♠✐✈❡❧ ❡③❡❦ ❛ ❢❡❧❛❞❛t♦❦

☎♦ss③❡t❡tt❡❜❜ ❣♦♥❞♦❧❦♦❞✁❛s✐ ❢♦❧②❛♠❛t♦❦❛t ✁❡s ❛❧❛♣♦s❛❜❜ ♠❛t❡♠❛t✐❦❛✐ t✉❞✁❛st ✐❣✁❡♥②❡❧♥❡❦✳

❋❡❧t✁❡t❡❧❡③✁❡s☎✉♥❦ s③❡r✐♥t ❛ ❞✐✁❛❦♦❦ ♥❡❤✁❡③s✁❡❣❡❦❦❡❧ s③❡♠❜❡s☎✉❧♥❡❦ ❛ ♣❛r❛♠✁❡t❡r❡❦ ❤❡❧②❡s

✁❡rt❡❧♠❡③✁❡s❡ ✁❡s ❛❧❦❛❧♠❛③✁❛s❛ s♦r✁❛♥✱ ❛♠✐ ❥❡❧❡♥t✆♦s❡♥ ♠❡❣♥❡❤❡③✁✙t✐ ❛ ❢❡❧❛❞❛t♦❦ ♠❡❣♦❧❞✁❛s✁❛t✳

❱✁❡❣☎✉❧ ❛ s❛❥✁❛t ❦✉t❛t✁❛s✐ ❡r❡❞♠✁❡♥②❡❦✱ ✐❧❧❡t✈❡ ❛ ❤✐♣♦t✁❡③✐s☎✉♥❦r❡ ❦❛♣♦tt ✈✁❛❧❛s③ ❦❡r☎✉❧ ✐s✲

♠❡rt❡t✁❡sr❡ ❛ ♣❛r❛♠✁❡t❡r❡s ❡❣②❡♥❧❡t❡❦ ♠❡❣♦❧❞✁❛s❛ t❡r✁❡♥✳

❈✁❡❧✉♥❦✱ ❤♦❣② ❛ ♣❡❞❛❣✁♦❣✉s♦❦ ✁❡s ❛ ❞✐✁❛❦♦❦ s③✁❛♠✁❛r❛ ❤❛s③♥♦s ✁✉t♠✉t❛t✁❛st ♥②✁✉❥ts✉♥❦✱

❛♠❡❧② ❡❧✆♦s❡❣✁✙t✐ ❛ ♣❛r❛♠✁❡t❡r❡s ❡❣②❡♥❧❡t❡❦ ❛❧❛♣♦s ♠❡❣✁❡rt✁❡s✁❡t ✁❡s s✐❦❡r❡s ♠❡❣♦❧❞✁❛s✁❛t✳

❆ ❞♦❧❣♦③❛t ❝✁❡❧❥❛✱ ❤♦❣② ✁❛t❢♦❣✁♦ ❦✁❡♣❡t ♥②✁✉❥ts♦♥ ❛ ♣❛r❛♠✁❡t❡r❡s ❢❡❧❛❞❛t♦❦r✁♦❧ ✁❡s ❛③♦❦ ♠❡❣✲

♦❧❞✁❛s✐ t❡❝❤♥✐❦✁❛✐r✁♦❧✱ ✈❛❧❛♠✐♥t ❜❡♠✉t❛ss❛✱ ❤♦❣②❛♥ ❧❡❤❡t ❡③❡❦❡t ❛ ❢❡❧❛❞❛t♦❦❛t ❤❛t✁❡❦♦♥②❛♥

✐♥t❡❣r✁❛❧♥✐ ❛③ ♦❦t❛t✁❛s✐ ❢♦❧②❛♠❛t❜❛✳

✻



✶✳ ❢❡❥❡③❡t

✁❆❧t❛❧✁❛♥♦s ❦✁❡r❞✁❡s❡❦

✶✳✶✳ ❆❧❛♣✐♥❢♦r♠✁❛❝✐✁♦❦ ❛ ♣❛r❛♠✁❡t❡r❡❦r✆♦❧

❆ ♠❛t❡♠❛t✐❦❛✐ ❢❡❧❛❞❛t♦❦ ♠❡❣♦❧❞✁❛s❛ s♦r✁❛♥ ❣②❛❦r❛♥ s③☎✉❦s✁❡❣ ✈❛♥ ❡❣②❡♥❧❡t❡❦✱ ❡❣②❡♥✲

❧❡tr❡♥❞s③❡r❡❦ ✁❡s ❡❣②❡♥❧✆♦t❧❡♥s✁❡❣❡❦ ❦♦♠❜✐♥✁❛❧✁❛s✁❛r❛ ✁❡s ♠❡❣♦❧❞✁❛s✁❛r❛✳ ❯❣②❛♥❛❦❦♦r ❡③❡❦

❛ ♠❛t❡♠❛t✐❦❛✐ ❦✐❢❡❥❡③✁❡s❡❦ ✁❛❧t❛❧✁❛❜❛♥ ♥❡♠ ❝s❛❦ ❛③ ✐s♠❡r❡t❧❡♥❡❦❡t ❢♦❣❧❛❧❥✁❛❦ ♠❛❣✉❦❜❛♥✱

❤❛♥❡♠ r❡♥❞s③❡r✐♥t ♠✁❛s ✈✁❛❧t♦③✁♦❦❛t ✐s✱ ❛♠❡❧②❡❦❡t ♣❛r❛♠✁❡t❡r❡❦♥❡❦ ♥❡✈❡③☎✉♥❦✳

❆ ♣❛r❛♠✁❡t❡r ❡❣② ♦❧②❛♥ ❢☎✉❣❣❡t❧❡♥ ✈✁❛❧t♦③✁♦✱ ❛♠❡❧②♥❡❦ ✁❡rt✁❡❦✁❡t r☎♦❣③✁✙t❡tt♥❡❦ ✈❛❣② t❡ts③✆♦✲

❧❡❣❡s s③✁❛♠♥❛❦✱ ✐❧❧❡t✈❡ ♦❧②❛♥ s③✁❛♠♥❛❦ t❡❦✐♥t❥☎✉❦✱ ❛♠✐ ❜❡❧❡❡s✐❦ ❛ ❢❡❧❛❞❛t ❢❡❧t✁❡t❡❧❡ ✁❛❧t❛❧

♠❡❣❤❛t✁❛r♦③♦tt t❛rt♦♠✁❛♥②❜❛✳ ❆ ♣❛r❛♠✁❡t❡r❡❦❡t ✁❛❧t❛❧✁❛❜❛♥ ❛ ❧❛t✐♥ ✁❛❜✁❡❝✁❡ ❡❧s✆♦ ❜❡t✆✉✐✈❡❧

❥❡❧☎♦❧✐❦✿ a, b, c, d, . . . , k, l,m, n, ♠✁✙❣ ❛③ ✐s♠❡r❡t❧❡♥❡❦❡t ❛③ x, y, z ❜❡t✆✉❦❦❡❧ s③♦❦✁❛s ❥❡❧☎♦❧♥✐✳

❆ ♣❛r❛♠✁❡t❡r❡s ❡❣②❡♥❧❡t ❡❣② ♠❛t❡♠❛t✐❦❛✐ ❡❣②❡♥❧❡t✱ ♠❡❧②♥❡❦ ❦✐♥✁❡③❡t❡ ✁❡s ♠❡❣♦❧❞✁❛s❛

❡❣② ✈❛❣② t☎♦❜❜ ♣❛r❛♠✁❡t❡r ✁❡rt✁❡❦✁❡t✆♦❧ ❢☎✉❣❣✳ ❆③ ❡❣②❡♥❧❡t❡t ♣❛r❛♠✁❡t❡r❡s ❡❣②❡♥❧❡t♥❡❦ ♥❡✲

✈❡③✐❦✱ ❤❛ ❛ ❦☎♦✈❡t❦❡③✆♦ ❢♦r♠✁❛❜❛♥ ✁✙r❤❛t✁♦ ❢❡❧✿

(1.1)

F (x, a1, a2, . . . an) = 0

❛❤♦❧ x ❛③ ✐s♠❡r❡t❧❡♥ ✈✁❛❧t♦③✁♦✱ a1, a2, . . . , an ♣❡❞✐❣ ❛ ♣❛r❛♠✁❡t❡r❡❦✳ ❆ ❦❡r❡s❡tt ✐s♠❡r❡t✲

❧❡♥✱ x ✁❡rt✁❡❦❡ ❛ ♣❛r❛♠✁❡t❡r❡❦ ✁❡rt✁❡❦❡✐t✆♦❧ ❢☎✉❣❣✳

❆③ a1, a2, . . . , an ♣❛r❛♠✁❡t❡r❡❦ ❛③♦♥ ✁❡rt✁❡❦❡✐t✱ ❛♠❡❧②❡❦♥✁❡❧ ❛③ F (x, a1, a2, . . . , an) ❦✐✲

❢❡❥❡③✁❡s♥❡❦ ✈❛♥ ❥❡❧❡♥t✁❡s❡ ❛③ ① ❡❣②❡s ✁❡rt✁❡❦❡✐r❡✱ ❡❧❢♦❣❛❞❤❛t✁♦♥❛❦ ♥❡✈❡③③☎✉❦✳ ❆③ ✭✶✳✶✮

❡❣②❡♥❧❡t ♣❛r❛♠✁❡t❡r❡✐♥❡❦ ☎♦ss③❡s ♠❡❣❡♥❣❡❞❡tt ✁❡rt✁❡❦r❡♥❞s③❡r✁❡♥❡❦ ❤❛❧♠❛③✁❛t ❛③ ❡❣②❡♥✲

❧❡t ♣❛r❛♠✁❡t❡rt❛rt♦♠✁❛♥②✁❛♥❛❦ ♥❡✈❡③③☎✉❦✳

❊❣② ❡❣②❡♥❧❡t ♣❛r❛♠✁❡t❡r❡❦❦❡❧ ✈❛❧✁♦ ♠❡❣♦❧❞✁❛s❛ ❛③t ❥❡❧❡♥t✐✱ ❤♦❣② ♠❡❣❦❡r❡ss☎✉❦ ❡♥♥❡❦ ❛③
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❡❣②❡♥❧❡t♥❡❦ ❛③ ☎♦ss③❡s ♠❡❣♦❧❞✁❛s✁❛t ♠✐♥❞❡♥ ❧❡❤❡ts✁❡❣❡s ♣❛r❛♠✁❡t❡r✁❡rt✁❡❦✲r❡♥❞s③❡rr❡✳

◆✐♥❝s ✁❛❧t❛❧✁❛♥♦s ♠✁♦❞s③❡r ❛ ♣❛r❛♠✁❡t❡rt t❛rt❛❧♠❛③✁♦ ❢❡❧❛❞❛t♦❦ ♠❡❣♦❧❞✁❛s✁❛r❛✳ ❆③♦♥❜❛♥

❦✁❡t t✁✙♣✉sr❛ ♦s③t❤❛t✁♦❦✿ ❛♥❛❧✐t✐❦✉sr❛ ✁❡s ❣r❛✜❦✉sr❛✳

❆③ ❛♥❛❧✐t✐❦✉s ♠✁♦❞s③❡r ❛ ❧❡❣✁❛❧t❛❧✁❛♥♦s❛❜❜✱ ❞❡ ❛ ❧❡❣❜♦♥②♦❧✉❧t❛❜❜✱ ♠✐✈❡❧ ♠❛❣❛s s③✐♥t✆✉

♠❛t❡♠❛t✐❦❛✐ ✐s♠❡r❡t❡❦❡t ✁❡s ♣♦♥t♦ss✁❛❣♦t ✐❣✁❡♥②❡❧✳ ❆ ❣r❛✜❦✉s ♠✁♦❞s③❡r ✁❡r❞❡❦❡s✱ ❡❣②✲

s③❡r✆✉❜❜ ✁❡s s③❡♠❧✁❡❧❡t❡s❡❜❜ ♠❡❣❦☎♦③❡❧✁✙t✁❡s✱ ❞❡ ♥❡♠ ♠✐♥❞✐❣ ♣r❛❦t✐❦✉s✱ ✁❡s ✐❣✁❡♥②❡❧ ♥✁❡♠✐

❥✁❛rt❛ss✁❛❣♦t ❛ ❣r❛✜❦♦♥♦❦ t❡r✁❡♥✳

❆ ♣❛r❛♠✁❡t❡r❡s ❢❡❧❛❞❛t♦❦ ♠❡❣♦❧❞✁❛s✁❛❤♦③ ❡❧✆♦s③☎♦r ❡❣②s③❡r✆✉s✁✙t❡♥✐ ❦❡❧❧ ❛③ ❛❞♦tt ❡❣②❡♥❧❡✲

t❡t✿ ❢❡❧ ❦❡❧❧ ❜♦♥t❛♥✐ s③♦r③❛t♦❦r❛✱ ✜❣②❡❧❡♠❜❡ ❦❡❧❧ ✈❡♥♥✐ ❛③ ✁❡rt❡❧♠❡③✁❡s✐ t❛rt♦♠✁❛♥②t✱

♠❡❣s③❛❜❛❞✉❧♥✐ ❛③ ❛❜s③♦❧✁✉t✁❡rt✁❡❦t✆♦❧✱ ❧♦❣❛r✐t♠✉st✁♦❧✱ tr✐❣♦♥♦♠❡tr✐❦✉s ❦✐❢❡❥❡③✁❡s❡❦t✆♦❧✱

♠❛❥❞ ❦☎✉❧☎♦♥✲❦☎✉❧☎♦♥ ♠❡❣ ❦❡❧❧ ♦❧❞❛♥✐ ❛③ ❡❣②❡s r✁❡s③❢❡❧❛❞❛t♦❦❛t✳

❑☎✉❧☎♦♥❜☎♦③✆♦ ♣❛r❛♠✁❡t❡r✁❡rt✁❡❦❡❦ ❡s❡t✁❡♥ ❛③ ❡❣②❡♥❧❡t ❦☎✉❧☎♦♥❜☎♦③✆♦ s③✁❛♠✁✉ ♠❡❣♦❧❞✁❛ss❛❧ r❡♥✲

❞❡❧❦❡③❤❡t✿ ❧❡❤❡t ❡❣② ❣②☎♦❦❡✱ ✈✁❡❣t❡❧❡♥ s♦❦ ❣②☎♦❦❡ ✈❛❣② ❡❣②✁❛❧t❛❧✁❛♥ ♥✐♥❝s ❣②☎♦❦❡✳ ❆ ♣❛✲

r❛♠✁❡t❡r❡s ❡❣②❡♥❧❡t❡❦ ♠❡❣♦❧❞✁❛s✁❛❜❛♥ ❢♦♥t♦s ❧✁❡♣✁❡s ❛③ ❡r❡❞♠✁❡♥②❡❦ r☎♦❣③✁✙t✁❡s❡✱ ❦☎✉❧☎♦♥☎♦s❡♥

❛③♦❦♥✁❛❧ ❛③ ❡s❡t❡❦♥✁❡❧✱ ❛♠✐❦♦r ❛ ♠❡❣♦❧❞✁❛s ❛ ♣❛r❛♠✁❡t❡r ✁❡rt✁❡❦✁❡t✆♦❧ ❢☎✉❣❣✳ ❊❜❜❡♥ ❛③ ❡s❡t✲

❜❡♥ ❛ ✈✁❛❧❛s③ r✁❡s③❡ ❛ ❦♦r✁❛❜❜❛♥ ❦❛♣♦tt ❡r❡❞♠✁❡♥②❡❦ ☎♦ss③❡ss✁❡❣❡✳ ■tt r❡♥❞❦✁✙✈☎✉❧ ❢♦♥t♦s✱

❤♦❣② ❛③ ☎♦ss③❡❣③✁❡s s♦r✁❛♥ ♥❡ ❤❛❣②❥✉❦ ❡❧ ❛ ♠❡❣♦❧❞✁❛s ♠✐♥❞❡♥ r✁❡s③❧❡t✁❡t✳

❆③ ✁❛❧t❛❧✁❛♥♦s ❣②❛❦♦r❧❛t ❛③✱ ❤♦❣② ❛ ♣❛r❛♠✁❡t❡r❡s ❢❡❧❛❞❛t♦❦ ♠❡❣♦❧❞✁❛s✁❛r❛ ❛♥❛❧✐t✐❦✉s

✁❡s ❣r❛✜❦✉s ♠✁♦❞s③❡r❡❦❡t ❛❧❦❛❧♠❛③✉♥❦✳ ✁❆❧t❛❧✁❛❜❛♥ ❛③ ❛♥❛❧✐t✐❦✉s ♠✁♦❞s③❡rt r✁❡s③❡s✁✙t✐❦

❡❧✆♦♥②❜❡♥ ❛③ ❡❣②❡♥❧❡t❡❦✱ ❡❣②❡♥❧✆♦t❧❡♥s✁❡❣❡❦✱ ✐❧❧❡t✈❡ r❡♥❞s③❡r❡❦ ♠❡❣♦❧❞✁❛s✁❛♥✁❛❧✳ ❇✐③♦♥②♦s

❡s❡t❡❦❜❡♥ ❛③♦♥❜❛♥ ❛ ❢☎✉❣❣✈✁❡♥②❡❦ t✉❧❛❥❞♦♥s✁❛❣❛✐♥❛❦ ❢❡❧❤❛s③♥✁❛❧✁❛s❛ ❥❡❧❡♥t✆♦s ❡r❡❞♠✁❡♥②❡❦❡t

❤♦③❤❛t✳

❋♦♥t♦s✱ ❤♦❣② ❛ ❞✐✁❛❦♦❦ ♠❡❣✐s♠❡r❥✁❡❦ ✁❡s ❡❧s❛❥✁❛t✁✙ts✁❛❦ ❛ ❦☎✉❧☎♦♥❜☎♦③✆♦ ♠❡❣♦❧❞✁❛s✐ ♠✁♦❞s③❡r❡❦❡t✱

✁❡s ♥❡ r❛❣❛s③❦♦❞❥❛♥❛❦ ❦✐③✁❛r✁♦❧❛❣ ❡❣②❤❡③✳ ❊③✁❛❧t❛❧ ♠✐♥❞❡♥ ❞✐✁❛❦ ❦✁❡♣❡s ❧❡s③ r❛❝✐♦♥✁❛❧✐s

✁❡s ❤❛t✁❡❦♦♥② ♠❡❣♦❧❞✁❛s✐ ♠✁♦❞♦t ✈✁❛❧❛s③t❛♥✐✳ ✁❊r❞❡♠❡s ♥❛❣② ❤❛♥❣s✁✉❧②t ❢❡❦t❡t♥✐ ❛rr❛✱

❤♦❣② ❛ ❞✐✁❛❦♦❦ ☎♦♥✁❛❧❧✁♦❛♥ ❦✁❡♣❡s❡❦ ❧❡❣②❡♥❡❦ ♠✁♦❞s③❡r❡❦❡t ✁❡s ♠❡❣❢❡❧❡❧✆♦ ❛❧❣♦r✐t♠✉s♦❦❛t

✈✁❛❧❛s③t❛♥✐ ❛ ♣r♦❜❧✁❡♠❛♠❡❣♦❧❞✁❛s s♦r✁❛♥✳

◆✁❡③③☎✉♥❦ ♠❡❣ ❡❣② ❡❣② ♣✁❡❧❞✁❛t ❛ ❦✁❡t ♠✁♦❞s③❡r ❛❧❦❛❧♠❛③✁❛s✁❛r❛ ❛ ❣②❛❦♦r❧❛t❜❛♥✿

❆♥❛❧✐t✐❦✉s ♠✁♦❞s③❡r

✶✳ ❋❡❧❛❞❛t✳ ❖❧❞❥❛ ♠❡❣ ❛③ ❡❣②❡♥❧✆♦t❧❡♥s✁❡❣❡t ❛③ a ♣❛r❛♠✁❡t❡r ☎♦ss③❡s ✁❡rt✁❡❦✁❡r❡❬✷✶❪

√
a+ x+

√
a− x > a

✽



▼❡❣♦❧❞✁❛s✳ ▼❡❣❤❛t✁❛r♦③③✉❦ ❛③ ❡❣②❡♥❧❡t ✁❡rt❡❧♠❡③✁❡s✐ t❛rt♦♠✁❛♥②✁❛t✿










a+ x ≥ 0,

a− x ≥ 0.

x ∈ [−a; a]

▼✐♥❞❦✁❡t ♦❧❞❛❧t ❡♠❡❧❥☎✉❦ ♥✁❡❣②③❡tr❡✿

a+ x+ a− x+ 2
√
a2 − x2 > a2

2a+ 2
√
a2 − x2 > a2

2
√
a2 − x2 > a2 − 2a

❆♠✐❦♦r ♠✐♥❞❦✁❡t ♦❧❞❛❧t ♥✁❡❣②③❡tr❡ ❡♠❡❧❥☎✉❦✱ ❦✁❡t ❡s❡t❡t ❦❡❧❧ ✜❣②❡❧❡♠❜❡ ✈❡♥♥☎✉♥❦✿










a2 − 2a ≥ 0,

4(a2 − x2) > (a2 − 2a)2;











a2 − 2a < 0,

x ∈ [−a; a].

▼✐✈❡❧ a 6= 0✱ ❡③✁❡rt✿










a ∈ (0; 2),

x ∈ [−a; a];











a ∈ (−∞; 0) ∪ [2; +∞),

4a2 − 4x2 > a4 − 4a3 + 4a2;











a ∈ (−∞; 0) ∪ [2; +∞),

x2 <
4a3 − a4

4
;



























a ∈ (−∞; 0) ∪ [2; +∞),

x ∈
(

− a

2

√
4a− a2; a

2

√
4a− a2

)

,

4a− a2 ≥ 0;



























a ∈ (−∞; 0) ∪ [2; +∞),

x ∈
(

− a

2

√
4a− a2; a

2

√
4a− a2

)

,

a ∈ [0; 4];











x ∈
(

− a

2

√
4a− a2; a

2

√
4a− a2

)

,

a ∈ [2; 4];

❋❡❧❡❧❡t✿

❍❛ a ∈ (−∞; 0] ∪ (4; +∞)✱ ❛❦❦♦r x ∈ Ø❀

✾



❤❛ a ∈ (0; 2)✱ ❛❦❦♦r x ∈ (−a; a)❀

❤❛ a ∈ [2; 4]✱ ❛❦❦♦r x ∈
(

− a

2

√
4a− a2; a

2

√
4a− a2

)

✳❬✷✶❪

●r❛✜❦✉s ♠✁♦❞s③❡r

✷✳ ❋❡❧❛❞❛t✳ ❑❡r❡ss❡ ♠❡❣ ❛③ a ♣❛r❛♠✁❡t❡r ❧❡❣♥❛❣②♦❜❜ ✁❡rt✁❡❦✁❡t✱ ❛♠❡❧② ❡s❡t✁❡♥ ❛③ ❡❣②❡♥✲

❧❡tr❡♥❞s③❡r♥❡❦ ❡❣②❡t❧❡♥ ♠❡❣♦❧❞✁❛s❛ ❧❡s③✳❬✷✶❪










x2 + y2 = 81

(x+ 2)2 + y2 = a2

▼❡❣♦❧❞✁❛s✳ ❆③ x2 + y2 = 81 ❡❣②❡♥❧❡t ❣r❛✜❦♦♥❥❛ ❡❣② ❦☎♦r✱ ❛♠❡❧②♥❡❦ ❦☎♦③✁❡♣♣♦♥t❥❛

(0; 0)✱ s✉❣❛r❛ ♣❡❞✐❣ 9✳ ❆ ♠✁❛s♦❞✐❦ (x + 2)2 + y2 = a2 ❡❣②❡♥❧❡t ❣r❛✜❦♦♥❥❛ s③✐♥t✁❡♥

❡❣② ❦☎♦r✱ ♠❡❧②♥❡❦ ❦☎♦③✁❡♣♣♦♥t❥❛ (−2; 0)✱ s✉❣❛r❛ ♣❡❞✐❣ a✳ ▼✐✈❡❧ ❛ ❢❡❧t✁❡t❡❧❡❦ s③❡r✐♥t ❛

r❡♥❞s③❡r♥❡❦ ❡❣② ♠❡❣♦❧❞✁❛ss❛❧ ❦❡❧❧ r❡♥❞❡❧❦❡③♥✐❡✱ ✁✙❣② ❛ ❣r❛✜❦♦♥♦❦♥❛❦ ✁❡r✐♥t❡♥✐☎✉❦ ❦❡❧❧

❡❣②♠✁❛st✱ ❛❤♦❣②❛♥ ❛③t ❛③ ✁❛❜r✁❛♥ ❧✁❛t❤❛t❥✉❦✿

✶✳✶✳ ✁❛❜r❛✳

❚❡❤✁❛t ❛ r❡♥❞s③❡r ❡❣②❡t❧❡♥ ♠❡❣♦❧❞✁❛ss❛❧ r❡♥❞❡❧❦❡③✐❦✱ ❛♠✐❦♦r a = 7 ✈❛❣② a = 11✳ ❆

❧❡❣♥❛❣②♦❜❜ ✁❡rt✁❡❦ ♣❡❞✐❣ ❛ 11✳

❋❡❧❡❧❡t✿ a = 11✳❬✷✶❪

✶✵



✶✳✷✳ ❖❦t❛t✁❛s✐ ✁❡s ♠✁♦❞s③❡rt❛♥✐ ✐r♦❞❛❧♦♠ ❡❧❡♠③✁❡s❡

◆✐♥❝s ❦✁❡ts✁❡❣ ❛❢❡❧✆♦❧✱ ❤♦❣② ❞✐✁❛❦♦❦ s③✁❛♠✁❛r❛ ❛ ♣❛r❛♠✁❡t❡r❡❦❡t t❛rt❛❧♠❛③✁♦ ❢❡❧❛❞❛t♦❦

t✁❡♠❛❦☎♦r❡ ❡❣②✐❦❡ ❛ ❧❡❣♥❡❤❡③❡❜❜♥❡❦ ♠✐♥❞ ✁❡rt❡❧♠❡③✁❡s✱ ♠✐♥❞ ♠❡❣♦❧❞✁❛s t❡❦✐♥t❡t✁❡❜❡♥✳

❊③❡❦ ❛ ♥❡❤✁❡③s✁❡❣❡❦✱ ✈✁❡❧❡♠✁❡♥②❡♠ s③❡r✐♥t✱ ❛③③❛❧ ✈❛♥♥❛❦ ☎♦ss③❡❢☎✉❣❣✁❡s❜❡♥✱ ❤♦❣② ❛③ ✐s❦♦❧❛✐

♠❛t❡♠❛t✐❦❛ t❛♥t❡r✈❡ ♥❛❣②♦♥ ❦❡✈✁❡s ✐❞✆♦t s③❡♥t❡❧ ❛③ ❛❧❣❡❜r❛✐ ❢❡❧❛❞❛t♦❦ ♣❛r❛♠✁❡t❡r❡❦❦❡❧

✈❛❧✁♦♠❡❣♦❧❞✁❛s✁❛r❛✳

❊❧❡♠③✁❡s❡♠ s♦r✁❛♥ ❛③t ✜❣②❡❧t❡♠ ♠❡❣✱ ❤♦❣② ❛ ♠♦❞❡r♥ ✐s❦♦❧❛✐ t❛♥❦☎♦♥②✈❡❦ ❥❡❧❡♥t✆♦s

❤✁❛♥②❛❞✁❛t ♣❛r❛♠✁❡t❡r❡❦❦❡❧ ❦❛♣❝s♦❧❛t♦s ❢❡❧❛❞❛t♦❦ ❛❧❦♦t❥✁❛❦✳ ❆③ ❛❧❣❡❜r❛ ✁❡s ♠❛t❡♠❛✲

t✐❦❛ t❛♥❦☎♦♥②✈❡❦❜❡♥✱ ❛♠❡❧②❡❦❡t ❛③♦❦❜❛♥ ❛③ ✐s❦♦❧✁❛❦❜❛♥ ❤❛s③♥✁❛❧♥❛❦✱ ❛❤♦❧ ❛③ ♦❦t❛t✁❛s

s③❛❜✈✁❛♥②♦s s③✐♥t❡♥ t☎♦rt✁❡♥✐❦✱ ❡③❡❦❡t ❛ ❢❡❧❛❞❛t♦❦❛t ❡❣② ✭✯✮ s③✐♠❜✁♦❧✉♠♠❛❧ ❥❡❧☎♦❧✐❦✳ ❊③ ❛

❥❡❧☎♦❧✁❡s ❛ t✁❡♠❛ ♠✁❡❧②❡❜❜ ♠❡❣✁❡rt✁❡s✁❡r❡ ✐r✁❛♥②✉❧✁♦ ❣②❛❦♦r❧❛t♦❦❤♦③ ❤❛s③♥✁❛❧❤❛t✁♦✱ ❛♠❡❧②❡❦❡t

✐❞✆♦❤✐✁❛♥② ♠✐❛tt r✐t❦✁❛♥ t✁❛r❣②❛❧♥❛❦ ❛③ ✁♦r✁❛❦♦♥✳ ❆ ♣r♦✜❧ s③✐♥t✆✉ ❡❧✆♦❦✁❡s③✁✙t✁❡s❤❡③ ❛❥✁❛♥❧♦tt

t❛♥❦☎♦♥②✈❡❦❜❡♥ ❡③❡❦♥❡❦ ❛ ❢❡❧❛❞❛t♦❦♥❛❦ ❛ s③✁❛♠❛ s♦❦❦❛❧ ♥❛❣②♦❜❜✱ ❛♠✐ ❛rr❛ ☎♦s③t☎♦♥☎♦③✱

❤♦❣② ❡③❡❦r❡ ❛ ❢❡❧❛❞❛t♦❦r❛ t☎♦❜❜ ✜❣②❡❧♠❡t s③❡♥t❡❧❥☎✉♥❦ ❛③ ✁♦r✁❛❦♦♥✳

❆ ❦☎♦③✁❡♣✐s❦♦❧❛✐ ♠❛t❡♠❛t✐❦❛ t❛♥t❡r✈❡✐❜❡♥ ❛ ♣❛r❛♠✁❡t❡r❡❦❦❡❧ ❦❛♣❝s♦❧❛t♦s ❢❡❧❛❞❛t♦❦♥❛❦

❥❡❧❡♥t✁❡❦t❡❧❡♥ ❤❡❧②❡t s③✁❛♥♥❛❦✳ ❊③✁❡rt ❡❧s✆♦s♦r❜❛♥ ♠❡❣ ❦❡❧❧ ❤❛t✁❛r♦③♥✐ ❛③♦❦❛t ❛③ ✁❛❧t❛❧✁❛♥♦s

✐s❦♦❧❛✐ ♠❛t❡♠❛t✐❦❛✐ t✁❡♠❛❦☎♦r☎♦❦❡t✱ ❛❤♦❧ ♠❛❣❛ ❛ ♣❛r❛♠✁❡t❡r❡❦ ❣♦♥❞♦❧❛t❛ ❥❡❧❡♥ ✈❛♥✳

❆③ ✺✲✻✳ ♦s③t✁❛❧②♦❦❜❛♥ ♥✁❡❤✁❛♥② t❛♥❦☎♦♥②✈❜❡♥ ❡❧✆♦❢♦r❞✉❧♥❛❦ ♣❛r❛♠✁❡t❡r❡❦❦❡❧ ❦❛♣❝s♦❧❛✲

t♦s ❢❡❧❛❞❛t♦❦✳ ✁❆❧t❛❧✁❛❜❛♥ ❛③♦♥❜❛♥ ❛③ ✐s❦♦❧❛✐ ♠❛t❡♠❛t✐❦❛✐ t❛♥❛♥②❛❣❜❛♥ ❛ ❞✐✁❛❦♦❦

❝s❛❦ ❛ ✼✳ ♦s③t✁❛❧②❜❛♥ t❛❧✁❛❧❦♦③♥❛❦ ❡❧✆♦s③☎♦r ❛ ♣❛r❛♠✁❡t❡r❡❦❦❡❧✱ ❛♠✐❦♦r ❧✐♥❡✁❛r✐s ❡❣②❡♥✲

❧❡t❡❦❡t ❦❡③❞❡♥❡❦ ♠❡❣♦❧❞❛♥✐✱ ♠❛❥❞ ❛ ✽✲✾✳ ♦s③t✁❛❧②♦❦❜❛♥✱ ♠✁❛r ❝s❛❦ ❡❣②✲❡❣② ✁♦r❛ ❥✉t

❡③❡❦♥❡❦ ❛ ❢❡❧❛❞❛t♦❦♥❛❦ ❛ ♠❡❣♦❧❞✁❛s✁❛r❛ ✁❡s ❧❡❣✐♥❦✁❛❜❜ ❝s❛❦ ❛ ♠✁❡❧②❡❜❜ ♠❛t❡♠❛t✐❦❛ t❛✲

♥✉❧♠✁❛♥②♦❦❛t ✈✁❛❧❛s③t✁♦ ♦s③t✁❛❧②♦❦❜❛♥✳ ❙❛❥♥✁❛❧❛t♦s ♠✁♦❞♦♥✱ ❛❤♦❣② ❢❡♥t ✐s ❡♠❧✁✙t❡tt☎✉❦✱ ❛

✶✵✲✶✶✳ ♦s③t✁❛❧②♦❦❜❛♥ ❛ ♣❛r❛♠✁❡t❡r❡❦❦❡❧ ✈❛❧✁♦ t❛❧✁❛❧❦♦③✁❛s ♠✁❡❣ r✐t❦✁❛❜❜✳

❆ ❦☎♦③✁❡♣✐s❦♦❧❛✐ t❛♥❛♥②❛❣❜❛♥ s③❡r❡♣❧✆♦ ♣❛r❛♠✁❡t❡r❡❦❦❡❧ ❦❛♣❝s♦❧❛t♦s ❢❡❧❛❞❛t♦❦ ❦☎♦③✁❡ t❛r✲

t♦③✐❦ ♣✁❡❧❞✁❛✉❧ ❛ ❧✐♥❡✁❛r✐s ✁❡s ♠✁❛s♦❞❢♦❦✁✉ ❡❣②❡♥❧❡t❡❦ ♠❡❣♦❧❞✁❛s❛✐♥❛❦ ❦❡r❡s✁❡s❡ ✁❛❧t❛❧✁❛♥♦s

❢♦r♠✁❛❜❛♥✱ ✈❛❧❛♠✐♥t ❛ ♠❡❣♦❧❞✁❛s❛✐❦ s③✁❛♠✁❛♥❛❦ ✈✐③s❣✁❛❧❛t❛ ❛ ♣❛r❛♠✁❡t❡r❡❦ ✁❡rt✁❡❦❡✐t✆♦❧

❢☎✉❣❣✆♦❡♥✳

❚❡r♠✁❡s③❡t❡s❡♥ ❡❣② ✐❧②❡♥ ❦✐s ❢❡❧❛❞❛t❝s♦♣♦rt s③✁❛♠♦s ❞✐✁❛❦ s③✁❛♠✁❛r❛ ♥❡♠ t❡s③✐ ❧❡❤❡t✆♦✈✁❡

❛ ❧✁❡♥②❡❣ ♠❡❣✁❡rt✁❡s✁❡t✿ ❛ ♣❛r❛♠✁❡t❡r ✭r☎♦❣③✁✙t❡tt✱ ❞❡ ✐s♠❡r❡t❧❡♥ s③✁❛♠✮ ❦❡tt✆♦s t❡r♠✁❡s③❡t❡

✈❛♥✳ ❊❣②r✁❡s③t ❛ ♣❛r❛♠✁❡t❡rt s③✁❛♠❦✁❡♥t ❧❡❤❡t ❦❡③❡❧♥✐✱ ♠✁❛sr✁❡s③t ❡③ ❡❣② ✐s♠❡r❡t❧❡♥ s③✁❛♠✳

◆❡♠ ✈✁❡❧❡t❧❡♥ ❛③♦♥❜❛♥✱ ❤♦❣② ❛ ♣❛r❛♠✁❡t❡r❡s ❢❡❧❛❞❛t♦❦ ❡❧❡♥❣❡❞❤❡t❡t❧❡♥ r✁❡s③✁❡t ❦✁❡♣❡③✐❦

✶✶



❛ ❢❡❧s✆♦♦❦t❛t✁❛s✐ ♠❛t❡♠❛t✐❦❛✐ ❢❡❧✈✁❡t❡❧✐ ✈✐③s❣✁❛❦♥❛❦✱ ✈❛❧❛♠✐♥t ✷✵✷✶✲✐❣ ❛③ ☎♦♥✁❛❧❧✁♦ ♠❛t❡♠❛✲

t✐❦❛ ✁❡r❡tts✁❡❣✐ ❢❡❧❛❞❛t❛✐ ❦☎♦③☎♦tt ❤❡❧②❡tt ❦❛♣♦tt ♣❛r❛♠✁❡t❡rt t❛rt❛❧♠❛③✁♦ ❢❡❧❛❞❛t✱ ♠✐✈❡❧

❡③❡❦ ❛ ❢❡❧❛❞❛t♦❦ ♠❡❣♦❧❞✁❛s✁❛r❛ ✈❛❧✁♦ ❦✁❡♣❡ss✁❡❣ ❛③t ♠✉t❛t❥❛✱ ❤♦❣② ❛ ❞✐✁❛❦ ❛❧❛♣♦s ♠❛t❡✲

♠❛t✐❦❛✐ ❢❡❧❦✁❡s③☎✉❧ts✁❡❣❣❡❧✱ ✐❧❧❡t✈❡ ♠❛❣❛s s③✐♥t✆✉ ❧♦❣✐❦❛✐ ❣♦♥❞♦❧❦♦❞✁❛ss❛❧ r❡♥❞❡❧❦❡③✐❦✳

❆♥♥❛❦ ❡❧❧❡♥✁❡r❡✱ ❤♦❣② ❛③ ✁❛❧t❛❧✁❛♥♦s ✐s❦♦❧❛✐ ♠❛t❡♠❛t✐❦❛ t❛♥t❡r✈ ❡❧✈✁❡t✈❡ t❛rt❛❧♠❛③③❛

❛ ❞✐✁❛❦♦❦ ♣❛r❛♠✁❡t❡r❡❦❦❡❧ ❦❛♣❝s♦❧❛t♦s ❢❡❧❛❞❛t♦❦ ♠❡❣♦❧❞✁❛s✁❛r❛ ✈❛❧✁♦ ❦✁❡♣❡ss✁❡❣❡✐♥❡❦ ❦✐❛✲

❧❛❦✁✙t✁❛s✁❛t✱ ♠✁❡❣✐s ❢♦♥t♦s ❧❡♥♥❡ ❛ ♠❛t❡♠❛t✐❦❛✐ ❢❡❥❧✆♦❞✁❡s s③❡♠♣♦♥t❥✁❛❜✁♦❧✱ ❤♦❣② ❛ ❞✐✁❛❦♦❦

♠❡❣✐s♠❡r❦❡❞❥❡♥❡❦ ❛ ♣❛r❛♠✁❡t❡r❡s ❢❡❧❛❞❛t♦❦❦❛❧ ✁❡s ❛③♦❦ ♠❡❣♦❧❞✁❛s✐ ♠✁♦❞s③❡r❡✐✈❡❧✳

❊❣② ✶✵✳ ♦s③t✁❛❧②♦s♦❦♥❛❦ s③✁❛♥t t❛♥❦☎♦♥②✈❜❡♥ ❛ ❞✐✁❛❦♦❦ s③✁❛♠✁❛r❛ ❛ ❦☎♦✈❡t❦❡③✆♦ ❢❡❧❛❞❛t♦t

❦✁✙♥✁❛❧❥✁❛❦ ♠❡❣♦❧❞✁❛sr❛✿

✸✳ ❋❡❧❛❞❛t✳ ❑❡r❡ss❡ ♠❡❣ ❛③ a ♣❛r❛♠✁❡t❡r ☎♦ss③❡s ✁❡rt✁❡❦✁❡t✱ ❛♠❡❧②❡❦ ❡s❡t✁❡♥ ❛

(a2 − 4a+ 4)(4 + 4 sin2 x+ 8 sin x) + 2(16a− 16− 4a2)(1 + sin x) + 28− 8a = 0

❡❣②❡♥❧❡t ❧❡❣❛❧✁❛❜❜ ❡❣② ♠❡❣♦❧❞✁❛ss❛❧ r❡♥❞❡❧❦❡③✐❦✳❬✶✷❪

▼❡❣♦❧❞✁❛s✳

(a− 2)2(2 + 2 sin x)2 + 2(−(4a2 − 16a+ 16))(1 + sin x) = 8a− 28

4(a− 2)2(1 + sin x)2 − 8(a− 2)2(1 + sin x) = 8a− 28

4(a− 2)2(1 + sin x)(1 + sin x− 2) = 8a− 28

(a− 2)2(1 + sin x)(sin x− 1) = 2a− 7

(a− 2)2(sin2 x− 1) = 2a− 7

−(a− 2)2 cos2 x = 2a− 7

(a− 2)2 cos2 x = 7− 2a

cos2x =
7− 2a

(a− 2)2

0 ≤ cos2 x ≤ 1; 0 ≤ 7− 2a

(a− 2)2
≤ 1















7− 2a

(a− 2)2
≥ 0

7− 2a

(a− 2)2
≤ 1



























(7− 2a)(a− 2)2 ≥ 0

a 6= 2

7− 2a− (a− 2)2

(a− 2)2
≤ 0

✶✷



■♥♥❡♥ ❦❛♣❥✉❦✱ ❤♦❣② a ∈ (−∞; 2) ∪ (2; 3, 5)

7− 2a− a2 + 4a− 4

(a− 2)2
≤ 0

−a2 + 2a+ 3

(a− 2)2
≤ 0

a2 − 2a− 3

(a− 2)2
≥ 0

(a+ 1)(a− 3)

(a− 2)2
≥ 0

■♥♥❡♥ ❦❛♣❥✉❦✱ ❤♦❣② a ∈ (−∞;−1] ∪ [3; 3, 5)

❋❡❧❡❧❡t✿ a ∈ (−∞;−1] ∪ [3; 3, 5)✳❬✶✷❪

✶✶✳ ♦s③t✁❛❧②♦s t❛♥✉❧✁♦❦ s③✁❛♠✁❛r❛ ❦✁❡s③☎✉❧t t❛♥❦☎♦♥②✈❜❡♥ ♣❡❞✐❣ ❛ ❦☎♦✈❡t❦❡③✆♦ ❢❡❧❛❞❛✲

t♦t t❛❧✁❛❧❤❛t❥✉❦✿

✹✳ ❋❡❧❛❞❛t✳ ❆③ a ♣❛r❛♠✁❡t❡r ♠❡❧② ✁❡rt✁❡❦❡✐ ♠❡❧❧❡tt ✈❛♥ ❦✁❡t ❦☎✉❧☎♦♥❜☎♦③✆♦ ❣②☎♦❦❡ ❛

4x − 2x(a+ 1) + 2a− 2 = 0 ❡❣②❡♥❧❡t♥❡❦❄❬✶✸❪

▼❡❣♦❧❞✁❛s✳

22x − 2x(a+ 1) + 2a− 2 = 0

❊❧✈✁❡❣❡③③☎✉❦ ❛ ❜❡❤❡❧②❡tt❡s✁✙t✁❡st✿ ❧❡❣②❡♥ 22x = k✱ ❛❦❦♦r ♠❡❣❦❛♣❥✉❦ ❛ ❦☎♦✈❡t❦❡③✆♦ ❡❣②❡♥❧❡✲

t❡t✿

k2 − k(a+ 1) + 2a− 2 = 0

▼❡❣❦❡r❡ss☎✉❦ ❛③ ❡❣②❡♥❧❡t ❣②☎♦❦❡✐t✿

D = (a+ 1)2 − 4(2a− 2) = a2 − 6a+ 9 = (a− 3)2

k1 =
a+ 1− (a− 3)

2
= 2; k2 =

a+ 1 + a− 3

2
= a− 1

❱✐ss③❛t✁❡r✈❡ ❛ ❜❡❤❡❧②❡tt❡s✁✙t✁❡s❤❡③✱ ❦❛♣❥✉❦✿










22x = 2

22x = a− 1

❆ 22x = 2✲❜✆♦❧ ❛③t ❦❛♣❥✉❦✱ ❤♦❣② ❛③ ❡❣②❡♥❧❡t♥❡❦ ❡❣② ❣②☎♦❦❡ ✈❛♥✱ ❛③ x = 1✳ ❙③☎✉❦s✁❡❣☎✉♥❦

✈❛♥ ❛ ♠✁❛s♦❞✐❦ ❡❣②❡♥❧❡tr❡✱ ❛♠✐❜✆♦❧ ♠❡❣❦❛♣❥✉❦ ❛③ ❛❧✁❛❜❜✐ ❡❣②❡♥❧❡tr❡♥❞s③❡rt✿










a− 1 > 0

a− 1 6= 2











a > 1

a 6= 3

✁■❣② a ∈ (1; 3) ∪ (3; +∞)

❋❡❧❡❧❡t✿ a ∈ (1; 3) ∪ (3; +∞)✳❬✶✸❪

✶✸



✶✳✸✳ P❛r❛♠✁❡t❡r❡s ❢❡❧❛❞❛t♦❦ ♦❧✐♠♣✐❛✐ ❢❡❧❛❞❛ts♦r♦❦❜❛♥

❆ ♠❛t❡♠❛t✐❦❛✐ ♦❧✐♠♣✐✁❛❦♥❛❦ ❦☎✉❧☎♦♥❧❡❣❡s s③❡r❡♣ ❥✉t ❛ ❞✐✁❛❦✈❡rs❡♥②❡❦ ✈✐❧✁❛❣✁❛❜❛♥✳ ❚☎♦r✲

t✁❡♥❡t❡ r❛❦t❛ ❧❡ ❛③ ❛❧❛♣♦❦❛t ❛ ❦☎✉❧☎♦♥❜☎♦③✆♦ t❛♥t✁❛r❣②❛❦❛t ✁❡r✐♥t✆♦ ✈❡rs❡♥②❡❦ s③✁❛♠✁❛r❛✳ ❆

♠❛t❡♠❛t✐❦❛✐ ♦❧✐♠♣✐❛ ❡❧s✆♦s♦r❜❛♥ ♥❡♠❝s❛❦ ❛③ ❛❧❛♣✐s❦♦❧❛✐ t❛♥❛♥②❛❣ ✐s♠❡r❡t✁❡t ✐❣✁❡♥②❧✐ ❛

❣②✆♦③❡❧❡♠❤❡③✱ ❤❛♥❡♠ ❛ ❞✐✁❛❦♦❦r❛ ✈❛❧✁♦❜❛♥ ❦✐❤✁✙✈✁❛st ❥❡❧❡♥t✆♦✱ ❦r❡❛t✁✙✈ ✁❡s ♥❡♠ s③♦❦✈✁❛♥②♦s

♣r♦❜❧✁❡♠❛♠❡❣♦❧❞✁♦ ❦✁❡♣❡ss✁❡❣❡❦ ❢❡❥❧❡tts✁❡❣✁❡t ✐s✳

❊ ✈❡rs❡♥② ❦✐✈✁❡t❡❧❡s ❡s❡♠✁❡♥②✱ ❛♠❡❧② ❛ ♠❛t❡♠❛t✐❦❛ t❡r☎✉❧❡t✁❡♥ ❦✐❡♠❡❧❦❡❞✆♦ ❦✁❡♣❡ss✁❡❣❡❦❦❡❧

r❡♥❞❡❧❦❡③✆♦ ❞✐✁❛❦♦❦ ❢❡❧❢❡❞❡③✁❡s✁❡t ✁❡s ❛ ♠❛t❡♠❛t✐❦❛✐ ✁❡r❞❡❦❧✆♦❞✁❡s ☎♦s③t☎♦♥③✁❡s✁❡t ❝✁❡❧♦③③❛ ♠❡❣✳

❆ ♥❡❤✁❡③s✁❡❣❡ ❛❜❜❛♥ r❡❥❧✐❦✱ ❤♦❣② ❡③ ♥❡♠ ❝s✉♣✁❛♥ ❛③ ✐s❦♦❧❛✐ t❛♥❛♥②❛❣♦♥ ❛❧❛♣✉❧✱ ✁❡s ❜✐✲

③♦♥②♦s ❡s❡t❡❦❜❡♥ ❧❡❤❡t❡t❧❡♥ ❡❧✁❡r♥✐ ❛ ❝✁❡❧♦❦❛t✱ ❤❛ ❛ t❛♥✁♦r✁❛❦♦♥ ✈❛❣② ❛ ❢❡❧❦✁❡s③☎✉❧✁❡s s♦r✁❛♥

❝s❛❦ s③❛❜✈✁❛♥②♦s ✐s❦♦❧❛✐ ❢❡❧❛❞❛t♦❦❛t ❦✁✙♥✁❛❧♥❛❦ ❛ ❞✐✁❛❦♦❦♥❛❦✳

❆③ ♦❧✐♠♣✐✁❛♥ ♠✐♥❞❡♥ ✁❡✈❜❡♥ t❛❧✁❛❧❦♦③✉♥❦ ❡❣②❡♥❧❡t❡❦❦❡❧ ✈❛❣② ❡❣②❡♥❧✆♦t❧❡♥s✁❡❣❡❦❦❡❧✱ ❛♠❡✲

❧②❡❦ ♣❛r❛♠✁❡t❡r❡❦❡t t❛rt❛❧♠❛③♥❛❦✱ ❞❡ s❛❥♥♦s s♦❦ ❞✐✁❛❦ ✈❛❣② ♥❡♠ ✐s ❤❛❧❧♦tt ❡rr✆♦❧ ❛

t✁✙♣✉s✁✉ ❢❡❧❛❞❛tr✁♦❧✱ ✈❛❣② ♥❡♠ t✉❞❥❛✱ ❤♦❣②❛♥ ❤❛s③♥✁❛❧❥❛ ❛③t ❛③ ❛❞♦tt ❢❡❧❛❞❛t ♠❡❣♦❧❞✁❛s❛

s♦r✁❛♥✳

❚❡❦✐♥ts☎✉❦ ✁❛t ❛ ❦☎♦✈❡t❦❡③✆♦ ♣✁❡❧❞✁❛❦❛t ❛③ ❡❧♠✁✉❧t ✁❡✈❡❦ ♦❧✐♠♣✐❛✐ ❢❡❧❛❞❛ts♦r❛✐❜✁♦❧✿

❆ ✽✳ ♦s③t✁❛❧②♦s ❞✐✁❛❦♦❦♥❛❦ ✷✵✶✺✲❜❡♥ ❛ ❦☎♦✈❡t❦❡③✆♦ ❢❡❧❛❞❛t♦t ♦s③t♦tt✁❛❦ ❦✐ ✹✳ ❢❡❧❛❞❛t❦✁❡♥t✿

✺✳ ❋❡❧❛❞❛t✳ ❆③ a ♣❛r❛♠✁❡t❡r ♠❡❧② ✁❡rt✁❡❦❡✐♥✁❡❧ ✈❛♥ ♥✁❡❣② ❣②☎♦❦❡ ❛③ |2|x| − 3| = a

❡❣②❡♥❧❡t♥❡❦❄❬✶✺❪

▼❡❣♦❧❞✁❛s✳ ✶✳ ♠✁♦❞s③❡r✿

◆✁❡③③☎✉❦ ♠❡❣ ❛③ a ♣❛r❛♠✁❡t❡r ✁❡rt✁❡❦❡✐t✱ ❛♠❡❧②❡❦♥✁❡❧ ❛③

|2|x| − 3| = a ❡❣②❡♥❧❡t♥❡❦ ♥✁❡❣② ❦☎✉❧☎♦♥❜☎♦③✆♦ ❣②☎♦❦❡r❡ ✈❛♥✳

|2|x| − 3| = a ⇔



























a ≥ 0










2|x| − 3 = a

2|x| − 3 = −a

⇔



























a ≥ 0










|x| = a+3

2

|x| = 3−a

2

⇔

✶✹



⇔



















































































a ≥ 0
































































































a+3

2
≥ 0











x = +a+3

2

x = −a+3

2


























3−a

2
≥ 0











x = +3−a

2

x = −3−a

2

⇔



















































































a ≥ 0
































































































a ≥ −3










x = +a+3

2

x = −a+3

2


























a ≤ 3










x = +3−a

2

x = −3−a

2

⇔

⇔

































































































a ≥ 0










x = +a+3

2

x = −a+3

2


























0 ≤ a ≤ 3










x = +3−a

2

x = −3−a

2

■♥♥❡♥ ❦☎♦✈❡t❦❡③✐❦✱ ❤♦❣② ❛③ |2|x| − 3| = a ❡❣②❡♥❧❡t♥❡❦ ❝s❛❦ ❛❦❦♦r ❧❡❤❡t ♥✁❡❣② ❦☎✉❧☎♦♥❜☎♦③✆♦

❣②☎♦❦❡✱ ❤❛ a ∈ [0; 3]✳

❆③♦♥❜❛♥ a = 0 ❡s❡t✁❡♥ ❛

































































































a ≥ 0










x = +a+3

2

x = −a+3

2


























0 ≤ a ≤ 3










x = +3−a

2

x = −3−a

2







































x = +3

2

x = −3

2

x = +3

2

x = −3

2

❛❧❛❦♦t ☎♦❧t✱ ✁❡s ❝s❛❦ ✷

❦☎✉❧☎♦♥❜☎♦③✆♦ ❣②☎♦❦❡ ✈❛♥❀

❤❛ a = 3✱ ❛❦❦♦r ♣❡❞✐❣ ❛ ❦☎♦✈❡t❦❡③✆♦ ❛❧❛❦♦t ☎♦❧t✐







































x = +3

x = −3

x = +0

x = −0

✁❡s ❝s❛❦ ✸ ❦☎✉❧☎♦♥❜☎♦③✆♦ ❣②☎♦❦❡

✈❛♥✳

✶✺



❆③ ❛❧✁❛❜✐❛❦❜❛♥ ❡❧❧❡♥✆♦r✐③③☎✉❦✱ ❤♦❣② a ∈ (0; 3) ❡s❡t✁❡♥ ♥✁❡❣② ❦☎✉❧☎♦♥❜☎♦③✆♦ ❣②☎♦❦❡ ✈❛♥✿

x1 =
a+ 3

2
, x2 = −a+ 3

2
, x3 =

3− a

2
, x4 = −3− a

2
.

❍❛ ❢❡❧t✁❡t❡❧❡③③☎✉❦✱ ❤♦❣② x1 = x2✱ ❛❦❦♦r ❛ ♠❡❣❢❡❧❡❧✆♦ a+3

2
= −a+3

2
❡❣②❡♥❧✆♦s✁❡❣❜✆♦❧ ❛③t

❦❛♣❥✉❦✱ ❤♦❣② a = −3 /∈ (0; 3)❀

❤❛ ❢❡❧t✁❡t❡❧❡③③☎✉❦✱ ❤♦❣② x1 = x3✱ ❛❦❦♦r ❛ ♠❡❣❢❡❧❡❧✆♦ a+3

2
= 3−a

2
❡❣②❡♥❧✆♦s✁❡❣❜✆♦❧ ❛③t ❦❛♣❥✉❦✱

❤♦❣② a = 0 /∈ (0; 3)❀

❤❛ ❢❡❧t✁❡t❡❧❡③③☎✉❦✱ ❤♦❣② x1 = x4✱ ❛❦❦♦r ❛ ♠❡❣❢❡❧❡❧✆♦ a+3

2
= −3−a

2
❡❣②❡♥❧✆♦s✁❡❣❜✆♦❧ ❛③t

❦❛♣❥✉❦✱ ❤♦❣② ♥✐♥❝s ♠❡❣♦❧❞✁❛s❛❀

❤❛ ❢❡❧t✁❡t❡❧❡③③☎✉❦✱ ❤♦❣② x2 = x3✱ ❛❦❦♦r ❛ ♠❡❣❢❡❧❡❧✆♦ −a+3

2
= 3−a

2
❡❣②❡♥❧✆♦s✁❡❣❜✆♦❧ ❛③t

❦❛♣❥✉❦✱ ❤♦❣② ♥✐♥❝s ♠❡❣♦❧❞✁❛s❛❀

❤❛ ❢❡❧t✁❡t❡❧❡③③☎✉❦✱ ❤♦❣② x2 = x4✱ ❛❦❦♦r ❛ ♠❡❣❢❡❧❡❧✆♦ −a+3

2
= −3−a

2
❡❣②❡♥❧✆♦s✁❡❣❜✆♦❧ ❛③t

❦❛♣❥✉❦✱ ❤♦❣② a = 0 /∈ (0; 3)❀

❤❛ ❢❡❧t✁❡t❡❧❡③③☎✉❦✱ ❤♦❣② x3 = x4✱ ❛❦❦♦r ❛ ♠❡❣❢❡❧❡❧✆♦ 3−a

2
= −3−a

2
❡❣②❡♥❧✆♦s✁❡❣❜✆♦❧ ❛③t

❦❛♣❥✉❦✱ ❤♦❣② a = 3 /∈ (0; 3)✳

✁■❣② ❛③ |2|x| − 3| = a ❡❣②❡♥❧❡t♥❡❦ ♥✁❡❣② ❦☎✉❧☎♦♥❜☎♦③✆♦ ❣②☎♦❦❡ ✈❛♥ ❛❦❦♦r ✁❡s ❝s❛❦ ❛❦❦♦r✱ ❤❛

0 < a < 3✳❬✶✺❪

✷✳ ♠✁♦❞s③❡r✿

◆✁❡③③☎✉❦ ♠❡❣ ❛③ y = f(x) = |2|x| − 3| ❢☎✉❣❣✈✁❡♥②t✳
▼✐✈❡❧ f(−x) = |2|−x|−3| = |2|x|−3| = f(x)✱ ✁✙❣② ❛③ y = f(x) = |2|x|−3| ❢☎✉❣❣✈✁❡♥②
❣r❛✜❦♦♥❥❛ s③✐♠♠❡tr✐❦✉s ❛③ OY t❡♥❣❡❧②❤❡③ ✈✐s③♦♥②✁✙t✈❛✳

❊③✉t✁❛♥ ❡❣②s③❡r☎✉s✁✙t❥☎✉❦ ❛③ f(x) = |2|x| − 3| ❢☎✉❣❣✈✁❡♥② ❛❧❛❦❥✁❛t✿

y = f(x) = |2|x| − 3| =











|2x− 3|, x ≥ 0

| − 2x− 3|, x < 0

=











|2x− 3|, x ≥ 0

|2x+ 3|, x < 0

=

=







































2x− 3, hax ≥ 0, 2x− 3 ≥ 0

−2x+ 3, hax ≥ 0, 2x− 3 < 0

2x+ 3, hax < 0, 2x+ 3 ≥ 0

−2x− 3, hax < 0, 2x+ 3 < 0

=







































2x− 3, x ≥ 3

2

−2x+ 3, 0 ≤ x < 3

2

2x+ 3,−3

2
≤ x < 0

−2x− 3, x < −3

2

✁■❣② ❛③ ❛❞♦tt y = f(x) ❢☎✉❣❣✈✁❡♥② ❣r❛✜❦♦♥❥❛ ❛ ❦☎♦✈❡t❦❡③✆♦❦✁❡♣♣❡♥ s③❡r❦❡s③t❤❡t✆♦ ♠❡❣✿

❚✉❞❥✉❦✱ ❤♦❣② ❛③ y = a ❢☎✉❣❣✈✁❡♥② ❣r❛✜❦♦♥❥❛ ✭❛③ a ♣❛r❛♠✁❡t❡r t❡ts③✆♦❧❡❣❡s ✁❡rt✁❡❦❡ ♠❡❧❧❡tt✮

✶✻



❡❣② ❡❣②❡♥❡s✱ ❛♠❡❧② ✁❛t♠❡❣② ❛ (0; a) ♣♦♥t♦♥✱ ✁❡s ♣✁❛r❤✉③❛♠♦s ❛③ OX t❡♥❣❡❧❧②❡❧✳

❙③✐♥t✁❡♥ ❥✁♦❧ ✐s♠❡rt✱ ❤♦❣② ❛③ f(x) = g(x) ❡❣②❡♥❧❡t ✈❛❧✁♦s ❣②☎♦❦❡✐♥❡❦ s③✁❛♠❛ ♠❡❣❡❣②❡③✐❦

❛③ f(x) ✁❡s g(x) ❢☎✉❣❣✈✁❡♥②❡❦ ❣r❛✜❦♦♥❥❛✐♥❛❦ ♠❡ts③✁❡s♣♦♥t❥❛✐♥❛❦ s③✁❛♠✁❛✈❛❧✳

❆③ f(x) = |2|x| − 3| ✁❡s ❛ g(x) = a ❢☎✉❣❣✈✁❡♥②❡❦ ❣r❛✜❦♦♥❥❛✐✱ ❛♠❡❧②❡❦❡t ❡❣② ❦♦♦r❞✐♥✁❛t❛

s✁✙❦♦♥ ✁❛❜r✁❛③♦❧✉♥❦✱ ❧❡❤❡t✆♦✈✁❡ t❡s③✐❦ s③✁❛♠✉♥❦r❛✱ ❤♦❣② ♠❡❣✈✐③s❣✁❛❧❥✉❦ ❛ ♠❡❣❛❞♦tt ❡❣②❡♥❧❡t

♠❡❣♦❧❞✁❛s❛✐♥❛❦ s③✁❛♠✁❛t✿

❍❛ a < 0✱ ❛❦❦♦r ❛③ y = |2|x| − 3| ✁❡s ❛③ y = a ❢☎✉❣❣✈✁❡♥②❡❦ ❣r❛✜❦♦♥❥❛✐ ❡❣②✁❛❧t❛❧✁❛♥ ♥❡♠

♠❡ts③✐❦ ❡❣②♠✁❛st✳ ❊③✁❡rt✱ ❤❛ a < 0✱ ❛❦❦♦r ❛ ♠❡❣❛❞♦tt ❡❣②❡♥❧❡t♥❡❦ ♥✐♥❝s❡♥❡❦ ❣②☎♦❦❡✐❀

❤❛ a = 0✱ ❛❦❦♦r ❛ ♠❡❣❛❞♦tt ❢☎✉❣❣✈✁❡♥②❡❦ ❣r❛✜❦♦♥❥❛✐♥❛❦ ❝s❛❦ ❦✁❡t ❦☎♦③☎♦s ♣♦♥t❥❛ ✈❛♥✱

❡③✁❡rt a = 0 ❡s❡t✁❡♥ ❡♥♥❡❦ ❛③ ❡❣②❡♥❧❡t♥❡❦ ♣♦♥t♦s❛♥ ❦✁❡t ❣②☎♦❦❡ ✈❛♥❀

❤❛ a = 3✱ ❛❦❦♦r ❛ ♠❡❣❛❞♦tt ❢☎✉❣❣✈✁❡♥②❡❦ ❣r❛✜❦♦♥❥❛✐♥❛❦ ❝s❛❦ ❤✁❛r♦♠ ❦☎♦③☎♦s ♣♦♥t❥❛ ✈❛♥✱

❡③✁❡rt a = 3 ❡s❡t✁❡♥ ❡♥♥❡❦ ❛③ ❡❣②❡♥❧❡t♥❡❦ ♣♦♥t♦s❛♥ ❤✁❛r♦♠ ❣②☎♦❦❡ ✈❛♥❀

❤❛ a > 3✱ ❛❦❦♦r ❛ ♠❡❣❛❞♦tt ❢☎✉❣❣✈✁❡♥②❡❦ ❣r❛✜❦♦♥❥❛✐♥❛❦ ❝s❛❦ ❦✁❡t ❦☎♦③☎♦s ♣♦♥t❥❛ ✈❛♥✱

❡③✁❡rt a > 3 ❡s❡t✁❡♥ ❡♥♥❡❦ ❛③ ❡❣②❡♥❧❡t♥❡❦ ♣♦♥t♦s❛♥ ❦✁❡t ❣②☎♦❦❡ ✈❛♥❀

❤❛ 0 < a < 3✱ ❛❦❦♦r ❛ ♠❡❣❛❞♦tt ❢☎✉❣❣✈✁❡♥②❡❦ ❣r❛✜❦♦♥❥❛✐♥❛❦ ♥✁❡❣② ❦☎♦③☎♦s ♣♦♥t❥❛ ✈❛♥✱

❡③✁❡rt 0 < a < 3 ❡s❡t✁❡♥ ❡♥♥❡❦ ❛③ ❡❣②❡♥❧❡t♥❡❦ ♣♦♥t♦s❛♥ ♥✁❡❣② ❦☎✉❧☎♦♥❜☎♦③✆♦ ❣②☎♦❦❡r❡ ✈❛♥✳

✶✳✷✳ ✁❛❜r❛✳

❋❡❧❡❧❡t✿ 0 < a < 3❬✶✺❪

✷✵✶✺✲❜❡♥ ❛ ✶✶✳ ♦s③t✁❛❧② t❛♥✉❧✁♦✐ ❛ ❦☎♦✈❡t❦❡③✆♦ ❢❡❧❛❞❛t♦t ❦❛♣t✁❛❦ ✺✳ ❢❡❧❛❞❛t❦✁❡♥t✿

✶✼



✻✳ ❋❡❧❛❞❛t✳ ❖❧❞❥❛ ♠❡❣ ❛③ a ♣❛r❛♠✁❡t❡rt t❛rt❛❧♠❛③✁♦ ❡❣②❡♥❧❡t❡t✦❬✶✺❪

x+

√

a+
√
x = a

▼❡❣♦❧❞✁❛s✳ ❖❧❞❥✉❦ ♠❡❣ ❛③ x+
√

a+
√
x = a ❡❣②❡♥❧❡t❡t✿

D :











x ≥ 0

√
x ≥ −a

▼✐✈❡❧ ❛ t❡❧❥❡s ✁❡rt❡❧♠❡③✁❡s✐ t❛rt♦♠✁❛♥②♦♥ x+
√√

x+ a ≥ 0✱ ❡③✁❡rt ❤❛ a < 0✱ ❛❦❦♦r ❛③

❡❣②❡♥❧❡t♥❡❦ ♥✐♥❝s❡♥❡❦ ✭✈❛❧✁♦s✮ ♠❡❣♦❧❞✁❛s❛✐✳

✶✳ ❍❛ a = 0✱ ❛❦❦♦r✿

x+

√√
x = 0 ⇔











x = 0

√√
x = 0

⇒ x = 0

✁■❣② ❤❛ a = 0✱ ❛❦❦♦r ❛③ ❡❣②❡♥❧❡t ❣②☎♦❦❡ x = 0✳

✷✳ ▲❡❣②❡♥ a > 0✱ ✁✙❣②
√√

x+ a = a− x,

❛♠✐ ❡❣②❡♥✁❡rt✁❡❦✆✉ ❛ ❦☎♦✈❡t❦❡③✆♦ r❡♥❞s③❡rr❡❧










√
x+ a = a2 − 2ax+ x2

a− x ≥ 0

❚❡❦✐♥ts☎✉❦ ❛ r❡♥❞s③❡r ✶✳ ❡❣②❡♥❧❡t✁❡t ♠✁❛s♦❞❢♦❦✁✉ ❡❣②❡♥❧❡t♥❡❦ ❛③ a ♣❛r❛♠✁❡t❡r❤❡③ ❦✁❡♣❡st

a2 − a(2x+ 1) + x2 −
√
x = 0.

D = (2x+ 1)2 − 4(x2 −
√
x) = 4x2 + 4x+ 1− 4x2 + 4

√
x = (2

√
x+ 1)2

❊❦❦♦r a =
2x+ 1∓ (2

√
x+ 1)

2
✳ ■♥♥❡♥

a =
2x+ 1− (2

√
x+ 1)

2
= x−

√
x

✈❛❣②

a =
2x+ 1 + (2

√
x+ 1)

2
= x+

√
x+ 1.

◆✁❡③③☎✉❦ ♠❡❣ ❛③ ❡❣②❡s ❡s❡t❡❦❡t ❦☎✉❧☎♦♥✲❦☎✉❧☎♦♥✿

✷✳✶✳ ▲❡❣②❡♥

a = x−
√
x.

✶✽



❱❡③❡ss☎✉❦ ❜❡ ❛
√
x = t ❜❡❤❡❧②❡tt❡s✁✙t✁❡st✱ t ≥ 0 ✭✯✮✳ ❊❦❦♦r ❛③ a = x − √

x ❡❣②❡♥❧❡t ❛

❦☎♦✈❡t❦❡③✆♦ ❢♦r♠✁❛t ✈❡s③✐ ❢❡❧

t2 − t− a = 0.

D1 = 1 + 4a > 0✳ ❊❦❦♦r t =
1∓

√
1 + 4a

2
✳ ❋✐❣②❡❧❡♠❜❡ ✈✁❡✈❡ ❛ ✭✯✮ ❢❡❧t✁❡t❡❧t

t =
1 +

√
1 + 4a

2
✳ ❊❦❦♦r

√
x =

1 +
√
1 + 4a

2
✱ ✁❡s x =

(

1 +
√
1 + 4a

2

)2

=

1

4
(2 + 4a + 2

√
1 + 4a) = a +

1

2
(1 +

√
1 + 4a > a)✱ ❛♠✐ ❡❧❧❡♥t♠♦♥❞ ❛ r❡♥❞s③❡r ✷✳

❡❣②❡♥❧✆♦t❧❡♥s✁❡❣✁❡♥❡❦✳

✷✳✷✳ ▼♦st ❧❡❣②❡♥

a = x+
√
x+ 1.

❱❡③❡ss☎✉❦ ❜❡ ❛
√
x = t ❜❡❤❡❧②❡tt❡s✁✙t✁❡st✱ t ≥ 0 ✭✯✮✳ ❊❦❦♦r ❛③ a = x+

√
x+ 1 ❡❣②❡♥❧❡t

❛ ❦☎♦✈❡t❦❡③✆♦ ❢♦r♠✁❛t ✈❡s③✐ ❢❡❧

t2 + t+ 1− a = 0,

❛♠❡❧②♥❡❦ ❞✐s③❦r✐♠✐♥✁❛♥s❛ D2 = 4a− 3✿

✷✳✷✳✶✳ ❍❛ 0 < a < 3

4
✱ ❛❦❦♦r ❛ t2 + t + 1 − a = 0✱ ❛③ a = x +

√
x + 1 ✁❡s ❡❣②❜❡♥ ❛③

x+
√

a+
√
x = a ❡❣②❡♥❧❡t♥❡❦ ♥✐♥❝s ♠❡❣♦❧❞✁❛s❛❀

✷✳✷✳✷✳ ❍❛ a = 3

4
✱ ❛❦❦♦r t = −1

2
✱ ❛♠✐ ♥❡♠ t❡❧❥❡s✁✙t✐ ❛ ✭✯✮ ❢❡❧t✁❡t❡❧t❀

✷✳✷✳✸✳ ❍❛ a > 3

4
✱ ❛❦❦♦r t =

−1∓
√
4a− 3

2
✱ ✜❣②❡❧❡♠❜❡ ✈✁❡✈❡ ❛ ✭✯✮ ❢❡❧t✁❡t❡❧t✿

t =
−1 +

√
4a− 3

2
✱ ✁❡s ❝s❛❦ a ≥ 1 ❡s❡t✁❡♥✳ ❊③✁❡rt ❤❛ a ≥ 1

√
x =

√
4a− 3− 1

2
, x =

1

4
(4a− 2− 2

√
4a− 3) = a− 1

2
(1 +

√
4a− 3).

◆②✐❧✈✁❛♥✈❛❧✁♦✱ ❤♦❣② x = a−1

2
(1+

√
4a− 3) < a t❡❤✁❛t t❡❧❥❡s☎✉❧ ❛ r❡♥❞s③❡r ✷✳ ❡❣②❡♥❧✆♦t❧❡♥s✁❡❣❡✳

✁■❣② a ≥ 1 ❡s❡t✁❡♥ ❛ x+
√

a+
√
x = a ❡❣②❡♥❧❡t ♠❡❣♦❧❞✁❛s❛ x = a− 1

2
(1 +

√
4a− 3)✳

❋❡❧❡❧❡t✿ ❤❛ a = 0✱ ❛❦❦♦r x = 0❀

❤❛ a < 0 ✈❛❣② 0 < a < 1✱ ❛❦❦♦r ❛③ ❡❣②❡♥❧❡t♥❡❦ ♥✐♥❝s ♠❡❣♦❧❞✁❛s❛❀

❤❛ a ≥ 1✱ ❛❦❦♦r x = a− 1

2
(1 +

√
4a− 3)❬✶✺❪

✷✵✶✽✲❜❛♥ ♣❡❞✐❣ ❛ ❦☎♦✈❡t❦❡③✆♦ ❢❡❧❛❞❛t ✈♦❧t ❛③ ❛♠✐t ✺✳ ❢❡❧❛❞❛t❦✁❡♥t ❦❡❧❧❡tt ♠❡❣✲

♦❧❞❛♥✐ ❛ ❞✐✁❛❦♦❦♥❛❦✿

✼✳ ❋❡❧❛❞❛t✳ ❍✁❛♥② ❣②☎♦❦❡ ✈❛♥ ❛
√
x+ a = log 1

3

(x − 2a) ❡❣②❡♥❧❡t♥❡❦ ❛③ a ♣❛r❛♠✁❡t❡r

❦☎✉❧☎♦♥❜☎♦③✆♦ ✁❡rt✁❡❦❡✐♥✁❡❧❄❬✶✼❪

✶✾



▼❡❣♦❧❞✁❛s✳ ❱❡③❡ss☎✉❦ ❜❡ ❛③ x+ a = t ❤❡❧②❡tt❡s✁✙t✁❡st✳ ❊❦❦♦r ❛③ x− 2a = x+ a− 3a =

t− 3a✱ ✁✙❣② ❛
√
x+ a = log 1

3

(x− 2a) ❡❣②❡♥❧❡t ❡❦✈✐✈❛❧❡♥s ❛

(1.2)
√
t = log 1

3

(t− 3a)

❡❣②❡♥❧❡tt❡❧✱ ❡③✁❡rt ❛③ ❡❣②❡♥❧❡t ❣②☎♦❦❡✐♥❡❦ s③✁❛♠✁❛♥❛❦ ♠❡❣t❛❧✁❛❧✁❛s❛ ❛③ a ♣❛r❛♠✁❡t❡r ❦☎✉✲

❧☎♦♥❜☎♦③✆♦ ✁❡rt✁❡❦❡✐♥✁❡❧ ♠❡❣❡❣②❡③✐❦ ❛③ ✭✶✳✷✮ ❡❣②❡♥❧❡t ❣②☎♦❦❡✐♥❡❦ s③✁❛♠✁❛♥❛❦ ♠❡❣t❛❧✁❛❧✁❛s✁❛✈❛❧

❛③ a ♣❛r❛♠✁❡t❡r ❦☎✉❧☎♦♥❜☎♦③✆♦ ✁❡rt✁❡❦❡✐♥✁❡❧✳ ❖❧❞❥✉❦ ♠❡❣ ❣r❛✜❦✉s❛♥ ❛③ ✭✶✱✷✮ ❡❣②❡♥❧❡t❡❦❡t✱

✁❛❜r✁❛③♦❧✈❛ ❛③ y =
√
t ❢☎✉❣❣✈✁❡♥② ✁❡s ❛③ y = log 1

3

(t− 3a) ❧♦❣❛r✐t♠✐❦✉s ❢☎✉❣❣✈✁❡♥② ❣r❛✜❦♦♥✲

❥❛✐t ✭❛♠✐❦♦r a > 0, a = 0, a = −1

3
, a < −1

3
✮ ❡❣② tOy ❦♦♦r❞✐♥✁❛t❛r❡♥❞s③❡r❜❡♥ ✭t ≥ 0✮✳

❆ ✭✵❀✵✮ ♣♦♥t ❤♦③③✁❛t❛rt♦③✐❦ ❛③ y = log 1

3

(t−3a0) ❢☎✉❣❣✈✁❡♥② ❣r❛✜❦♦♥❥✁❛❤♦③ ❛❦❦♦r ✁❡s ❝s❛❦

❛❦❦♦r✱ ❤❛

0 = log 1

3

(t− 3a0) ⇔ log 1

3

1 = log 1

3

(−3a0) ⇔ 1 = −3a0 ⇔ a0 = −1

3
.

❍❛ a < −1

3
✱ ❛❦❦♦r ❛③ y = log 1

3

(t − 3a) ❢☎✉❣❣✈✁❡♥② ❣r❛✜❦♦♥❥✁❛♥❛❦ ❛ t ∈ [0; +∞) ✐♥t❡r✲

✈❛❧❧✉♠♦♥ ♥✐♥❝s ❦☎♦③☎♦s ♣♦♥t❥❛ ❛③ y =
√
t ❢☎✉❣❣✈✁❡♥② ❣r❛✜❦♦♥❥✁❛✈❛❧✱ ❤❛ ♣❡❞✐❣ a ≥ −1

3
✱

❛❦❦♦r ❛③ y = log 1

3

(t− 3a) ❢☎✉❣❣✈✁❡♥② ❣r❛✜❦♦♥❥✁❛♥❛❦ ♠✐♥❞✐❣ ❝s❛❦ ❡❣② ❦☎♦③☎♦s ♣♦♥t❥❛ ✈❛♥

❛③ y =
√
t ❢☎✉❣❣✈✁❡♥② ❣r❛✜❦♦♥❥✁❛✈❛❧✳

✶✳✸✳ ✁❛❜r❛✳

✁■❣②✿

❤❛ a ∈ [−1

3
; +∞)✱ ❛❦❦♦r ❡♥♥❡❦ ❛③ ❡❣②❡♥❧❡t♥❡❦ ❡❣② ❣②☎♦❦❡ ✈❛♥❀

❤❛ a ∈ (−∞; 1
3
)✱ ❛❦❦♦r ❡♥♥❡❦ ❛③ ❡❣②❡♥❧❡t♥❡❦ ♥✐♥❝s ❣②☎♦❦❡✳❬✶✼❪

✷✵



✷✳ ❢❡❥❡③❡t

P❛r❛♠✁❡t❡rt t❛rt❛❧♠❛③✁♦ ❢❡❧❛❞❛t♦❦

t✁✙♣✉s❛✐

✷✳✶✳ ▲✐♥❡✁❛r✐s ❡❣②❡♥❧❡t❡❦ ♣❛r❛♠✁❡t❡r❡❦❦❡❧

❆③ ax = b ❛❧❛❦✁✉ ❡❣②❡♥❧❡t❡t✱ ❛❤♦❧ a ✁❡s b ❛❞♦tt s③✁❛♠♦❦✱ ❧✐♥❡✁❛r✐s ❡❣②❡♥❧❡t♥❡❦ ♥❡✲

✈❡③③☎✉❦ ❛③ x ✈✁❛❧t♦③✁♦✈❛❧✳ ❆③ a ✁❡s bs③✁❛♠♦❦ ❛③ ❡❣②❡♥❧❡t ❡❣②☎✉tt❤❛t✁♦✐✱ a ❛③ x ✈✁❛❧t♦③✁♦

❡❣②☎✉tt❤❛t✁♦❥❛✱ b ♣❡❞✐❣ ❛③ ❡❣②❡♥❧❡t s③❛❜❛❞ t❛❣❥❛✳ ❍❛ a 6= 0✱ ❛❦❦♦r ❛③ ax = b ❡❣②❡♥❧❡t❡t

❡❣②✈✁❛❧t♦③✁♦s ❡❧s✆♦❢♦❦✁✉ ❡❣②❡♥❧❡t♥❡❦ ♥❡✈❡③③☎✉❦✳❬✶❪

❆ ❧✐♥❡✁❛r✐s ❡❣②❡♥❧❡t♥❡❦ ❧❡❤❡t✱ ❤♦❣② ♥✐♥❝s ♠❡❣♦❧❞✁❛s❛✱ ❧❡❤❡t ❡❣② ✈❛❣② ❛❦✁❛r t☎♦❜❜ ♠❡❣✲

♦❧❞✁❛s❛ ✐s✳

✽✳ ❋❡❧❛❞❛t✳ ▼✐❧②❡♥ a ✁❡s b ✁❡rt✁❡❦❡❦ ♠❡❧❧❡tt ✈❛♥ ❛③ ax = b ❡❣②❡♥❧❡t♥❡❦✿ ❡❣② ❣②☎♦❦❡❀

t☎♦❜❜ ❣②☎♦❦❡❀ ♥✐♥❝s ❣②☎♦❦❡❄❬✷✷❪

▼❡❣♦❧❞✁❛s✳ ✶✮ ❍❛ ❛③ a 6= 0✱ ❛❦❦♦r ❛③ ax = b ❡❣②❡♥❧❡t❡t ✈✐③s❣✁❛❧❥✉❦✳ ❆③ y = ax

❢☎✉❣❣✈✁❡♥② ❣r❛✜❦♦♥❥❛ ❡❣② ❡❣②❡♥❡s✱ ❛♠✐ ❛③ Ox t❡♥❣❡❧②❤❡③ ❦✁❡♣❡st α s③☎♦❣❜❡♥ ❞✆♦❧✳ ❆③

y = b ❢☎✉❣❣✈✁❡♥② ❣r❛✜❦♦♥❥❛ ❡❣② ❡❣②❡♥❡s✱ ❛♠✐ ♣✁❛r❤✉③❛♠♦s ❛③ Ox t❡♥❣❡❧❧②❡❧✳ ❊③❡❦ ❛

❡❣②❡♥❡s❡❦ ❡❣② ❜✐③♦♥②♦s ♣♦♥t❜❛♥ ♠❡ts③✐❦ ❡❣②♠✁❛st✱ ✁❡s ❡③ ❛ ♣♦♥t ❛③ ax = b ❡❣②❡♥❧❡t

❣②☎♦❦❡✳ ✭✷✳✶ ✁❛❜r❛✮

✷✮ ❍❛ a = 0 ✁❡s b 6= 0✱ ❛❦❦♦r ❛③ y = ax ❡❣②❡♥❧❡t❡t ✈✐③s❣✁❛❧❥✉❦✳ ❆③ y = ax ❢☎✉❣❣✈✁❡♥②

❣r❛✜❦♦♥❥❛ ❡❣② ♦❧②❛♥ ❡❣②❡♥❡s✱ ❛♠✐ ♣✁❛r❤✉③❛♠♦s ❛③ Ox t❡♥❣❡❧❧②❡❧✳ ❆③ y = b ❢☎✉❣❣✈✁❡♥②

❣r❛✜❦♦♥❥❛ ❡❣② ♦❧②❛♥ ❡❣②❡♥❡s✱ ❛♠✐ ❡❣②❜❡❡s✐❦ ❛③ Ox t❡♥❣❡❧❧②❡❧✳ ❊③❡❦ ❛③ ❡❣②❡♥❡s❡❦ ♥❡♠

♠❡ts③✐❦ ❡❣②♠✁❛st✱ ✁✙❣② ❛③ ax = b ❡❣②❡♥❧❡t♥❡❦ ♥✐♥❝s❡♥❡❦ ❣②☎♦❦❡✐✳ ✭✷✳✷ ✁❛❜r❛✮

✷✶



✷✳✶✳ ✁❛❜r❛✳

✷✳✷✳ ✁❛❜r❛✳

✸✮ ❍❛ a = 0 ✁❡s b = 0✱ ❛❦❦♦r ❛③ y = ax ✁❡s y = b ❡❣②❡♥❡s❡❦ ❡❣②❜❡❡s♥❡❦ ❡❣②♠✁❛ss❛❧

✁❡s ❡❣②❜❡❡s♥❡❦ ❛③ Ox t❡♥❣❡❧❧②❡❧✳ ❚❡❤✁❛t ❛③ ax = b ❡❣②❡♥❧❡t ❣②☎♦❦❡ ❜✁❛r♠❡❧② s③✁❛♠ ❧❡❤❡t✳

✭✷✳✸ ✁❛❜r❛✮

✷✳✸✳ ✁❛❜r❛✳

❋❡❧❡❧❡t✿ ❆♠✐❦♦r a 6= 0✱ ❛③ ❡❣②❡♥❧❡t ❡❣②❡t❧❡♥ ♠❡❣♦❧❞✁❛ss❛❧ r❡♥❞❡❧❦❡③✐❦❀ ❛♠✐❦♦r a = 0

✁❡s b = 0✱ ❛③ ❡❣②❡♥❧❡t♥❡❦ ✈✁❡❣t❡❧❡♥ s♦❦ ♠❡❣♦❧❞✁❛s❛ ✈❛♥❀ ❛♠✐❦♦r a = 0 ✁❡s b 6= 0✱ ❛③

❡❣②❡♥❧❡t♥❡❦ ♥✐♥❝s ♠❡❣♦❧❞✁❛s❛✳❬✷✷❪

✷✷



✾✳ ❋❡❧❛❞❛t✳ ❍❛t✁❛r♦③③✁❛t♦❦ ♠❡❣ ❛③ ax = x− a+ 1 ❡❣②❡♥❧❡t ❣②☎♦❦❡✐t ❛③ a ♣❛r❛♠✁❡t❡rt✆♦❧

❢☎✉❣❣✆♦❡♥✳❬✶❪

▼❡❣♦❧❞✁❛s✳

ax = x− a+ 1

(a− 1)x = (1− a)
















































a− 1 = 0

0x = 0










a− 1 6= 0

x =
1− a

a− 1

















































a = 1

x ∈ R










a 6= 1

x = −1

❋❡❧❡❧❡t✿ ❤❛ a = 1✱ ❛❦❦♦r x ∈ R❀ ❤❛ a 6= 1✱ ❛❦❦♦r x = −1✳❬❄❪

✶✵✳ ❋❡❧❛❞❛t✳ ❖❧❞❥✁❛t♦❦ ♠❡❣ ❛③ 1 + ax = 2x− b ❡❣②❡♥❧❡t✳❬✶❪

▼❡❣♦❧❞✁❛s✳

1 + ax = 2x− b

(a− 2)x = −b− 1

















































a− 2 = 0

0x = −b− 1










a− 2 6= 0

x =
−b− 1

a− 2





























































































































a = 2

−b− 1 = 0

x ∈ R


























a = 2

−b− 1 6= 0

x ∈ Ø










a 6= 2

x = − b+ 1

a− 2





























































































































a = 2

b = −1

x ∈ R


























a = 2

b 6= −1

x ∈ Ø










a 6= 2

x =
b+ 1

2− a

❋❡❧❡❧❡t✿ ❤❛











a = 2

b = −1

✱ ❛❦❦♦r x ∈ R❀ ❤❛











a = 2

b 6= −1

✱ ❛❦❦♦r x ∈ Ø❀ ❤❛ a 6= 2✱ ❛❦❦♦r

x =
b+ 1

2− a

✷✸



✷✳✷✳ ❚☎♦rt✲r❛❝✐♦♥✁❛❧✐s ❡❣②❡♥❧❡t❡❦ ♣❛r❛♠✁❡t❡r❡❦❦❡❧

❆ ♣❛r❛♠✁❡t❡r❡s t☎♦rtr❛❝✐♦♥✁❛❧✐s ❡❣②❡♥❧❡t❡t ♦❧②❛♥ ❡❣②❡♥❧❡t❦✁❡♥t ❞❡✜♥✐✁❛❧❥✉❦✱ ❛♠❡❧② ❛ ❦☎♦✲

✈❡t❦❡③✆♦ ❢♦r♠✁❛❜❛♥ ✁✙r❤❛t✁♦ ❢❡❧✿
f(x; a)

g(x; a)
= 0✱ ❛❤♦❧ f(x; a) ✁❡s g(x; a) ♣♦❧✐♥♦♠♦❦✳ ❊♥♥❡❦

❛③ ❡❣②❡♥❧❡t♥❡❦ ❛③ ✁❡rt❡❧♠❡③✁❡s✐ t❛rt♦♠✁❛♥②❛✿ g(x; a) 6= 0✳ ❆ ♣❛r❛♠✁❡t❡r❡s t☎♦rt✲r❛❝✐♦♥✁❛❧✐s

❡❣②❡♥❧❡t❡❦ ♠❡❣♦❧❞✁❛s❛❦♦r ❦✐③✁❛r❥✉❦ ❛③♦❦❛t ❛③ x ✁❡s a ♣❛r❛♠✁❡t❡r ✁❡rt✁❡❦❡❦❡t✱ ❛♠❡❧②❡❦r❡

❛ ♥❡✈❡③✆♦ g(x; a) = 0✳❬✶❪

❆ t☎♦rtr❛❝✐♦♥✁❛❧✐s ❡❣②❡♥❧❡t❡❦❡t ❧✐♥❡✁❛r✐s ❡❣②❡♥❧❡t❡❦❦✁❡ ❛❧❛❦✁✙t❥✉❦ ✁❛t✳ ❊③✁❡rt ❛❤❤♦③✱ ❤♦❣②

❡❣② t☎♦rtr❛❝✐♦♥✁❛❧✐s ❡❣②❡♥❧❡t ❣r❛✜❦♦♥❥✁❛t ❢❡❧✁❡♣✁✙ts☎✉❦✱ ❡♠❧✁❡❦❡③♥☎✉♥❦ ❦❡❧❧ ❛rr❛✱ ❤♦❣②❛♥

✁❡♣✁✙t❥☎✉❦ ❢❡❧ ❛③ ax = b ❡❣②❡♥❧❡t ❣r❛✜❦♦♥❥✁❛t✳

◆✁❡❤❛ ❡❧✆♦❢♦r❞✉❧✱ ❤♦❣② ❡③❡❦♥❡❦ ❛③ ❡❣②❡♥❧❡t❡❦♥❡❦ ❛ ♠❡❣♦❧❞✁❛s❛ ❛ ♠✁❛s♦❞❢♦❦✁✉ ❡❣②❡♥❧❡t

❣②☎♦❦❡✐♥❡❦ ♠❡❣❤❛t✁❛r♦③✁❛s✁❛r❛ ✈❡③❡t❤❡t✆♦ ✈✐ss③❛✳

✶✶✳ ❋❡❧❛❞❛t✳ ❆ k ♣❛r❛♠✁❡t❡r ♠✐❧②❡♥ ✁❡rt✁❡❦❡✐ ♠❡❧❧❡tt ✈❛♥ ❛ k−2 =
3x+ 1

x+ 1
❡❣②❡♥❧❡t♥❡❦

♥❡❣❛t✁✙✈ ♠❡❣♦❧❞✁❛s❛❄❬✷✷❪

▼❡❣♦❧❞✁❛s✳ ❘❡♥❞❡③③☎✉❦ ❛③ ❡❣②❡♥❧❡t❡t✿

3x+ 1

x+ 1
− k + 2 = 0

3x+ 1− k(x+ 1) + 2(x+ 1)

x+ 1
= 0

▼❡❣❦❡r❡ss☎✉❦ ❛③ ✁❡rt❡❧♠❡③✁❡s✐ t❛rt♦♠✁❛♥②t✿ x+ 1 6= 0 ⇒ x 6= −1✳

▼♦st ♠❡❣♦❧❞❥✉❦ ❛ s③✁❛♠❧✁❛❧✁♦t✿

3x+ 1− k(x+ 1) + 2(x+ 1) = 0

(5− k)x = k − 3 ⇒ x =
k − 3

5− k

❘❛❥③♦❧❥✉❦ ♠❡❣ ❛③ y = (5− k)x ✁❡s y = k − 3 ❢☎✉❣❣✈✁❡♥②❡❦ ❣r❛✜❦♦♥❥✁❛t✳

✷✳✹✳ ✁❛❜r❛✳

✷✹



❍❛ ♠❡❣✈✐③s❣✁❛❧❥✉❦ ❛③ ❡❧s✆♦ ❣r❛✜❦♦♥t ✭✷✳✹ ✁❛❜r❛✮✱ ✁❡s③r❡✈❡❤❡t❥☎✉❦✱ ❤♦❣② ❤❛ k = 5✱ ❛❦❦♦r

❛③ ❡❣②❡♥❧❡t♥❡❦ ♥✐♥❝s ♠❡❣♦❧❞✁❛s❛✳

❆ ♠✁❛s♦❞✐❦ ❣r❛✜❦♦♥r✁♦❧ ✭✷✳✺ ✁❛❜r❛✮ ❧✁❛t❤❛t❥✉❦✱ ❤♦❣② ❤❛ k < 5✱ ❛❦❦♦r ❛ ❣r❛✜❦♦♥♦❦ ❝s❛❦

❡❣② ♣♦♥t❜❛♥ ♠❡ts③✐❦ ❡❣②♠✁❛st✳

✷✳✺✳ ✁❛❜r❛✳

❆ ❤❛r♠❛❞✐❦ ❣r❛✜❦♦♥ ✭✷✳✻ ✁❛❜r❛✮ ♠❡❣✜❣②❡❧❤❡t❥☎✉❦✱ ❤♦❣② ❤❛ k > 5✱ ❛❦❦♦r ❛ ❣r❛✜❦♦♥♦❦

✐s♠✁❡t ❝s❛❦ ❡❣② ♣♦♥t❜❛♥ ♠❡ts③✐❦ ❡❣②♠✁❛st✳

✷✳✻✳ ✁❛❜r❛✳

❍❛ t♦✈✁❛❜❜ ✈✐③s❣✁❛❧❥✉❦ ❛ ❣r❛✜❦♦♥♦❦❛t✱ ❧✁❛t❤❛t❥✉❦✱ ❤♦❣② k < 3 ✁❡s k > 5 ❡s❡t✁❡♥ ❛

k − 2 =
3x+ 1

x+ 1
❡❣②❡♥❧❡t♥❡❦ ♥❡❣❛t✁✙✈ ♠❡❣♦❧❞✁❛s❛✐ ✈❛♥♥❛❦✳ ❊❧❧❡♥✆♦r✐③③☎✉❦ ❡③t ❛♥❛❧✐t✐✲

❦✉s ♠✁♦❞s③❡rr❡❧✿

k − 3

5− k
< 0 ⇒

















































k − 3 < 0

5− k > 0










k − 3 > 0

5− k < 0

⇒

















































k < 3

k < 5










k > 3

k > 5

⇒











k ∈ (−∞; 3)

k ∈ (5; +∞)

❚❡❤✁❛t✱ ❤❛ k ∈ (−∞; 3) ∪ (5; +∞)✱ ❛❦❦♦r ❛ k − 2 =
3x+ 1

x+ 1
❡❣②❡♥❧❡t ♠❡❣♦❧❞✁❛s❛✐

♥❡❣❛t✁✙✈❛❦✳

❋❡❧❡❧❡t✿ k ∈ (−∞; 3) ∪ (5; +∞)✳❬✷✷❪

✷✺



✶✷✳ ❋❡❧❛❞❛t✳ ▼❡❦❦♦r❛ ❛③ a ✈❛❧✁♦s s③✁❛♠✱ ❤❛ ❛③

(a+ 1)x− 2a− 1

2ax− 4a+ 5x− 7

❦✐❢❡❥❡③✁❡s x✲t✆♦❧ ❢☎✉❣❣❡t❧❡♥☎✉❧ ✁❛❧❧❛♥❞✁♦✱ ❛❤♦❧ 2ax− 4a+ 5x− 7 6= 0❄❬✶✽❪

▼❡❣♦❧❞✁❛s✳ ✶✮ ❚❡❣②☎✉❦ ❢❡❧✱ ❤♦❣② ✈❛♥ ✐❧②❡♥ a ✈❛❧✁♦s s③✁❛♠✳ ❏❡❧☎♦❧❥☎✉❦ ❛ ❦✐❢❡❥❡③✁❡s ✁❡rt✁❡❦✁❡t

b✲✈❡❧✿
(a+ 1)x− 2a− 1

2ax− 4a+ 5x− 7
= b

❙③♦r♦③③✉❦ ♠✐♥❞❦✁❡t ♦❧❞❛❧t ❛ 0✲t✁♦❧ ❦☎✉❧☎♦♥❜☎♦③✆♦ ♥❡✈❡③✆♦✈❡❧✿

(a+ 1)x− 2a− 1 = 2abx− 4ab+ 5bx− 7b

❘❡♥❞❡③③☎✉❦ ✁❛t ❛③ ❡❣②❡♥❧❡t❡t✿

(a+ 1− 2ab− 5b)x = 2a+ 1− 4ab− 7b

❊③ t❡ts③✆♦❧❡❣❡s x✲r❡ ♣♦♥t♦s❛♥ ❛❦❦♦r ✁❛❧❧ ❢❡♥♥✱ ❤❛










a+ 1− 2ab− 5b = 0

2a+ 1− 4ab− 7b = 0

❆ ❡❧s✆♦ ❡❣②❡♥❧❡t ❦✁❡ts③❡r❡s✁❡❜✆♦❧ ❦✐✈♦♥❥✉❦ ❛ ♠✁❛s♦❞✐❦❛t✿

1− 3b = 0

■♥♥❡♥ b =
1

3
✱ ✈❛❧❛♠✐♥t ❛③ a+ 1− 2ab− 5b = 0 ❡❣②❡♥❧❡t❜✆♦❧ a =

5b− 1

1− 2b
=

5

3
− 1

1− 2

3

= 2

❚❡❤✁❛t ❤❛ ✈❛♥ ✐❧②❡♥ a s③✁❛♠✱ ❛③ ❝s❛❦ ❛ 2 ❧❡❤❡t✳

❇❡❤❡❧②❡tt❡s✁✙t❥☎✉❦ a = 2✲t ❛③ ❡r❡❞❡t✐ ❦✐❢❡❥❡③✁❡s❜❡✿

(a+ 1)x− 2a− 1

2ax− 4a+ 5x− 7
=

3x− 5

9x− 15
=

1

3

❚❡❤✁❛t ❛ ❦❡r❡s❡tt ♣❛r❛♠✁❡t❡r ✁❡rt✁❡❦❡✿ 2✳

✷✮ ♠✁♦❞s③❡r✿

❍❛ ❛ ❦✐❢❡❥❡③✁❡s ✁❡rt✁❡❦❡ ♠✐♥❞❡♥ x✲r❡ ✉❣②❛♥❛③ ❛ ❦♦♥st❛♥s✱ ❛❦❦♦r ❦✁❡t ❦☎✉❧☎♦♥❜☎♦③✆♦ x ❜❡❤❡✲

❧②❡tt❡s✁✙t✁❡s✁❡✈❡❧ ♥②❡rt ✁❡rt✁❡❦❡❦ ❡❣②❡♥❧✆♦❦✳ x = 0 ✁❡s x = 1 ✁❡rt✁❡❦ ❜❡❤❡❧②❡tt❡s✁✙t✁❡s✁❡✈❡❧ ❛③

❛❧✁❛❜❜✐ ❡❣②❡♥❧❡t❡t ❦❛♣❥✉❦✿
−2a− 1

−4a− 7
=

−a

−2a− 2

(a 6= −7

4
, a 6= −1)

❊❜❜✆♦❧ 4a2 + 6a+ 2 = 4a2 + 7a✱ ❛❤♦♥♥❛♥ a = 2✳

a = 2 ❡s❡t✁❡♥ ❛ ❦✐❢❡❥❡③✁❡s ✁❡rt✁❡❦❡ ✈❛❧✁♦❜❛♥ ✁❛❧❧❛♥❞✁♦ (1
3
)✳❬✶✽❪

✷✻



✷✳✸✳ ▼✁❛s♦❞❢♦❦✁✉ ❡❣②❡♥❧❡t❡❦ ♣❛r❛♠✁❡t❡r❡❦❦❡❧

❆③ ax2 + bx + c = 0 ❛❧❛❦✁✉ ❡❣②❡♥❧❡t✱ ❛❤♦❧ x ❛ ❦❡r❡s❡tt ✐s♠❡r❡t❧❡♥✱ a, b, c ♣❡❞✐❣

♣❛r❛♠✁❡t❡r❡❦✱ a 6= 0✱ ♣❛r❛♠✁❡t❡r❡s ♠✁❛s♦❞❢♦❦✁✉ ❡❣②❡♥❧❡t♥❡❦ ♥❡✈❡③③☎✉❦✳

❱✐③s❣✁❛❧❥✉❦ ♠❡❣ ❛③ ❛❧✁❛❜❜✐ ❡s❡t❡❦❡t✿

✶✮ ❍❛ a = 0✱ b 6= 0✱ c 6= 0✱ ❡❜❜❡♥ ❛③ ❡s❡t❜❡♥ ❦❛♣✉♥❦ ❡❣② bx + c = 0✱ ❛❧❛❦✁✉ ❧✐♥❡✁❛r✐s

❡❣②❡♥❧❡t❡t✳ ❆ ❧✐♥❡✁❛r✐s ❡❣②❡♥❧❡tr✆♦❧ ♠✁❛r ❜❡s③✁❡❧t☎✉♥❦ ❛③ ❡❧✆♦③✆♦ ♣♦♥t❜❛♥✳

✷✮ ❍❛ a 6= 0✱ b = 0✱ c = 0✱ ❡❜❜❡♥ ❛③ ❡s❡t❜❡♥ ❦❛♣✉♥❦ ❡❣② ❤✐✁❛♥②♦s ♠✁❛s♦❞❢♦❦✁✉

❡❣②❡♥❧❡t❡t✱ ♠❡❧②♥❡❦ ❛❧❛❦❥❛ ❛ ❦☎♦✈❡t❦❡③✆♦✿ax2 = 0✳ ❊♥♥❡❦ ❛③ ❡❣②❡♥❧❡t♥❡❦ ❡❣② ❣②☎♦❦❡r❡

✈❛♥✱ x = 0✳ ❆③ ax2 = 0 ❢☎✉❣❣✈✁❡♥② ❣r❛✜❦♦♥❥❛ ❛ t❡❧❥❡s Oy t❡♥❣❡❧②✳

✸✮ ❍❛ a 6= 0✱ b 6= 0✱ c = 0✱ ❡❜❜❡♥ ❛③ ❡s❡t❜❡♥ ❦❛♣✉♥❦ ❡❣② ❤✐✁❛♥②♦s ♠✁❛s♦❞❢♦❦✁✉

❡❣②❡♥❧❡t❡t ax2 + bx = 0 ❛❧❛❦❜❛♥✳ ❆③ ❡❣②❡♥❧❡t♥❡❦ ❦✁❡t ❣②☎♦❦❡ ✈❛♥✱ x = 0 ✁❡s x =
−b

a
✳

✹✮ ❍❛ a 6= 0✱ b = 0✱ c 6= 0✱ ❡❜❜❡♥ ❛③ ❡s❡t❜❡♥ ❦❛♣✉♥❦ ❡❣② ax2 + c = 0 ❛❧❛❦✁✉ ❤✐✁❛♥②♦s

♠✁❛s♦❞❢♦❦✁✉ ❡❣②❡♥❧❡t❡t✳ ❊♥♥❡❦ ❛③ ❡❣②❡♥❧❡t♥❡❦ ❦✁❡t ❧❡❤❡ts✁❡❣❡s ❡s❡t❡ ✈❛♥✿

❛✮ ❆③ ax2 + c = 0 ❡❣②❡♥❧❡t♥❡❦ ✷ ❣②☎♦❦❡ ✈❛♥✱ x = ±
√

−c

a
✱ ❤❛ c < 0 ✁❡s a > 0✱ ✈❛❣② ❤❛

a < 0 ✁❡s c > 0✳

❜✮ ❆③ ax2 + c = 0 ❡❣②❡♥❧❡t♥❡❦ ♥✐♥❝s❡♥❡❦ ❣②☎♦❦❡✐✱ ❤❛ c > 0 ✁❡s a > 0✱ ✈❛❣② ❤❛ c < 0

✁❡s a < 0✳

✺✮❍❛ a 6= 0✱ b 6= 0✱ c 6= 0✱ ❛❦❦♦r ❛ ♠✁❛s♦❞❢♦❦✁✉ ❡❣②❡♥❧❡t ❣②☎♦❦❡✐t ❛ ❦☎♦✈❡t❦❡③✆♦ ❦✁❡♣❧❡tt❡❧

t❛❧✁❛❧❤❛t❥✉❦ ♠❡❣✿ x1,2 =
−b±

√
D

2a
✱ ❛❤♦❧ D = b2 − 4ac✳ ■tt ❤✁❛r♦♠ ❡s❡t ❧❡❤❡ts✁❡❣❡s✿

❍❛ D > 0✱ ❛❦❦♦r ❛③ ❡❣②❡♥❧❡t♥❡❦ ❦✁❡t ✈❛❧✁♦s ❣②☎♦❦❡ ✈❛♥✳

❍❛ D = 0✱ ❛❦❦♦r ❛③ ❡❣②❡♥❧❡t♥❡❦ ❡❣② ❣②☎♦❦❡ ✈❛♥✿x =
−b

2a
✳

❍❛ D < 0✱ ❛❦❦♦r ❛③ ❡❣②❡♥❧❡t♥❡❦ ♥✐♥❝s❡♥❡❦ ✈❛❧✁♦s ❣②☎♦❦❡✐✳

❆ ♠✁❛s♦❞❢♦❦✁✉ ❡❣②❡♥❧❡t ❣r❛✜❦✉s ♠❡❣♦❧❞✁❛s✁❛❤♦③✿

✶✳ ❊❧✆♦s③☎♦r ✐s✱ ✈✁❡❣❡③③☎✉❦ ❡❧ ❛③ ❡❣②❡♥✁❡rt✁❡❦✆✉ ✁❛t❛❧❛❦✁✙t✁❛s♦❦❛t✱ ❛③❛③ ❤❛❣②❥✉❦ ✈✁❛❧t♦③❛t❧❛♥✉❧

❛ ❜❛❧ ♦❧❞❛❧t✱ ✁❡s ❛ ♣❛r❛♠✁❡t❡r❡❦❡t ✈✐❣②☎✉❦ ✁❛t ❛ ❥♦❜❜ ♦❧❞❛❧r❛✳

✷✳ ✁❆❜r✁❛③♦❧❥✉❦ ❛③ ❡❧s✆♦ ✁❡s ♠✁❛s♦❞✐❦ ❡❣②❡♥❧❡t ❣r❛✜❦♦♥❥✁❛t✳

✸✳ ❍❛t✁❛r♦③③✉❦ ♠❡❣ ❛ ❧✁❡tr❡❤♦③♦tt ❣r❛✜❦♦♥♦❦ ♠❡ts③✁❡s♣♦♥t❥✁❛♥❛❦ ❦♦♦r❞✐♥✁❛t✁❛✐t✳

✁■r❥✉❦ ❢❡❧ ❛③ ❡❣②❡♥❧❡t ♠❡❣♦❧❞✁❛s❛✐t✳❬✶❪

✶✸✳ ❋❡❧❛❞❛t✳ ❆ k ♣❛r❛♠✁❡t❡r ♠❡❧② ✁❡rt✁❡❦❡✐ ♠❡❧❧❡t ❧❡s③ ❛③ x2 + (k2 +4k− 5)x− k = 0

❡❣②❡♥❧❡t ❣②☎♦❦❡✐♥❡❦ ☎♦ss③❡❣❡ ❡❣②❡♥❧✆♦ ♥✉❧❧✁❛✈❛❧❄

✷✼



▼❡❣♦❧❞✁❛s✳ ▲❡❣②❡♥ x1 ✁❡s x2 ❛③ ❛❞♦tt ❡❣②❡♥❧❡t ❣②☎♦❦❡✐✳ ❊❦❦♦r ❛ ❱✐❡t❡✲t✁❡t❡❧ ❛❧❛♣❥✁❛♥

t❡❧❥❡s☎✉❧✱ ❤♦❣②✿

x1 + x2 = −(k2 + 4k − 5) = 0

❢❡❧t✁❡✈❡✱ ❤♦❣②

(k2 + 4k − 5)2 + 4k ≥ 0

❚❡❤✁❛t ❛ ❢❡❧❛❞❛t ♠❡❣♦❧❞✁❛s❛✐♥❛❦ ❤❛❧♠❛③❛ ❛ k ♣❛r❛♠✁❡t❡r ✁❡rt✁❡❦✁❡t✆♦❧ ❢☎✉❣❣✆♦❡♥ ❢❡❧✁✙r❤❛t✁♦✿










k2 + 4k − 5 = 0

4k ≥ 0

⇒











k ∈ [−5; 0]

k ≥ 0

⇒ k = 1

❋❡❧❡❧❡t✿ k = 1✳❬✶❪

✶✹✳ ❋❡❧❛❞❛t✳ ❆ p ✈❛❧✁♦s ♣❛r❛♠✁❡t❡r ♠❡❧② ✁❡rt✁❡❦❡✐r❡ ✈❛♥ ❛ (p− 1)x2 + 2px+ 4+ p = 0

❡❣②❡♥❧❡t♥❡❦ ❧❡❣❢❡❧❥❡❜❜ ❡❣② ✈❛❧✁♦s ❣②☎♦❦❡❄❬✶✽❪

▼❡❣♦❧❞✁❛s✳ p = 1 ❡s❡t✁❡♥ ❛ 2x + 5 = 0 ❡❧s✆♦❢♦❦✁✉ ❡❣②❡♥❧❡t♥❡❦ ❡❣② ✈❛❧✁♦s ❣②☎♦❦❡ ✈❛♥

(x = −2, 5)✳

p 6= 1 ❡s❡t✁❡♥ ❛③ ❡❣②❡♥❧❡t ♠✁❛s♦❞❢♦❦✁✉✳ ❊♥♥❡❦ ♣♦♥t♦s❛♥ ❛❦❦♦r ✈❛♥ ❧❡❣❢❡❧❥❡❜❜ ❡❣② ✈❛❧✁♦s

❣②☎♦❦❡✱ ❤❛ ❛ ❞✐s③❦r✐♠✐♥✁❛♥s❛ ♥❡♠ ♣♦③✐t✁✙✈✳

D = 4p2 − 4(p− 1)(4 + p) ≤ 0

4p2 − 4p2 − 12p+ 16 ≤ 0

p ≥ 4

3

❚❡❤✁❛t ❛③ ❡❣②❡♥❧❡t♥❡❦ ❧❡❣❢❡❧❥❡❜❜ ❡❣② ✈❛❧✁♦s ❣②☎♦❦❡ ✈❛♥✱ ❤❛ p = 1 ✈❛❣② p ≥ 4

3
❬✶✽❪

❋❡❧❡❧❡t✿ p = 1 ✈❛❣② p ≥ 4

3
✳

✶✺✳ ❋❡❧❛❞❛t✳ ❍❛t✁❛r♦③③✁❛t♦❦ ♠❡❣ ❛ p ✁❡rt✁❡❦✁❡t ✁✉❣②✱ ❤♦❣② ❛③ x2+(2p+5)x+p2+3p−4 = 0

❡❣②❡♥❧❡t♥❡❦✿

❛✮ ♥❡ ❧❡❣②❡♥ ✈❛❧✁♦s ❣②☎♦❦❡❀

❜✮ ❦✁❡t ❡❣②❡♥❧✆♦ ✈❛❧✁♦s ❣②☎♦❦❡ ❧❡❣②❡♥ ✭❡❣② ✈❛❧✁♦s ❣②☎♦❦❡ ❧❡❣②❡♥✮❀

❝✮ ❣②☎♦❦❡ ❧❡❣②❡♥ ❛ 0❀

❞✮ ❦✁❡t ❦☎✉❧☎♦♥❜☎♦③✆♦ ♣♦③✐t✁✙✈ ❣②☎♦❦❡ ❧❡❣②❡♥❀

❡✮ ❡❣② ♣♦③✐t✁✙✈ ✁❡s ❡❣② ♥❡❣❛t✁✙✈ ❣②☎♦❦❡ ❧❡❣②❡♥❀

❢✮ ❦✁❡t ❦☎✉❧☎♦♥❜☎♦③✆♦ ♥❡❣❛t✁✙✈ ❣②☎♦❦❡ ❧❡❣②❡♥✦❬✶✽❪

✷✽



▼❡❣♦❧❞✁❛s✳ ❆ ♠❡❣♦❧❞✁❛s♦❦❤♦③ s③☎✉❦s✁❡❣☎✉♥❦ ❧❡s③ ❛ ♠✁❛s♦❞❢♦❦✁✉ ❡❣②❡♥❧❡t ❞✐s③❦r✐♠✐♥✁❛♥s✁❛r❛✿

D = (2p+ 5)2 − 4(p2 + 3p− 4) = 8p+ 41

❛✮ ❆③ ❡❣②❡♥❧❡t♥❡❦ ♥✐♥❝s ✈❛❧✁♦s ❣②☎♦❦❡✱ ❤❛ D < 0✳ ❊③ p < −41

8
= −5, 125 ❡s❡t✁❡♥

t❡❧❥❡s☎✉❧✳

❜✮ ❊❣② ✈❛❧✁♦s ❣②☎♦❦❡ ✈❛♥✱ ❤❛ D = 0✱ ❛③❛③✱ ❤❛ p = −5, 125✳

❝✮ ❆③ ❡❣②❡♥❧❡t ❛③ x = 0 ✁❡rt✁❡❦r❡ t❡❧❥❡s☎✉❧✱ ❡③✁❡rt ❡③t ❜❡❤❡❧②❡tt❡s✁✙t✈❡ ❛ p2 + 3p − 4 = 0

☎♦ss③❡❢☎✉❣❣✁❡st ❦❛♣❥✉❦✳ ❊③ ❛❦❦♦r ✐❣❛③✱ ❤❛ p = −4 ✈❛❣② ❤❛ p = 1✳

❞✮ ❊❣② ♠✁❛s♦❞❢♦❦✁✉ ❡❣②❡♥❧❡t♥❡❦ ❦✁❡t ❦☎✉❧☎♦♥❜☎♦③✆♦ ♣♦③✐t✁✙✈ ✈❛❧✁♦s ❣②☎♦❦❡ ✈❛♥✱ ❤❛ ❛ ❞✐s③❦r✐✲

♠✐♥✁❛♥s❛ ♣♦③✐t✁✙✈✱ ✈❛❧❛♠✐♥t ❛ ❣②☎♦❦☎♦❦ ☎♦ss③❡❣❡ ✁❡s s③♦r③❛t❛ ✐s ♣♦③✐t✁✙✈✿

D > 0✱ ❤❛ p > −5, 125

x1 + x2 = −(2p+ 5) > 0✱ ❤❛ p < −2, 5

x1x2 = p2 + 3p − 4 > 0✱ ❤❛ p < −4 ✈❛❣② p > 1✳ ❆③ ❛❧✁❛❜❜✐ ❣r❛✜❦♦♥r✁♦❧ ❧❡♦❧✈❛s❤❛t✁♦❦

❡③❡❦ ❛③ ✁❡rt✁❡❦❡❦✿

✷✳✼✳ ✁❛❜r❛✳

❆ ♠✁❛s♦❞❢♦❦✁✉ ❡❣②❡♥❧❡t♥❡❦ ❦✁❡t ❦☎✉❧☎♦♥❜☎♦③✆♦ ♣♦③✐t✁✙✈ ❣②☎♦❦❡ ✈❛♥✱ ❤❛ −5, 125 < p < −4✳

❡✮ ❍❛ ❛③ ax2 + bx+ c = 0✱ a 6= 0 ❡❣②❡♥❧❡t♥❡❦ ❦✁❡t ❦☎✉❧☎♦♥❜☎♦③✆♦ ❡❧✆♦❥❡❧✆✉ ✈❛❧✁♦s ❣②☎♦❦❡ ✈❛♥✱

❛❦❦♦r ❛ ❣②☎♦❦☎♦❦ s③♦r③❛t❛ ♥❡❣❛t✁✙✈✳

❊❧✁❡❣ ❝s❛❦ ❡③t ✈✐③s❣✁❛❧♥✐✱ ♠❡rt ❤❛ ❡③ t❡❧❥❡s☎✉❧✱ ❛❦❦♦r ❛③ ❡❣②❡♥❧❡t ❣②☎♦❦❡✐ ✈❛❧✁♦s❛❦✱ ❤✐s③❡♥✱

❤❛ x1x2 =
c

a
< 0✱ ❛❦❦♦r ac ✐s ♥❡❣❛t✁✙✈ ✁❡s ✁✙❣② D = b2 − 4ac ❜✐③t♦s❛♥ ♣♦③✐t✁✙✈✳

✷✾



❆ ❢❡❧❛❞❛t✉♥❦❜❛♥ x1x2 = p2 + 3p − 4 < 0✳ ❆ ♠❡❣♦❧❞✁❛s ❧❡♦❧✈❛s❤❛t✁♦ ❛ ❞✮✲❜❡♥ ✁❛❜r✁❛③♦❧t

❣r❛✜❦♦♥r✁♦❧✿ −4 < p < 1✳

❢✮ ❆③ ❡❣②❡♥❧❡t♥❡❦ ❦✁❡t ❦☎✉❧☎♦♥❜☎♦③✆♦ ♥❡❣❛t✁✙✈ ❣②☎♦❦❡ ✈❛♥✱ ❤❛ ❛ ❞✐s③❦r✐♠✐♥✁❛♥s❛ ♣♦③✐t✁✙✈✱ ✈❛✲

❧❛♠✐♥t ❛ ❣②☎♦❦☎♦❦ ☎♦ss③❡❣❡ ♥❡❣❛t✁✙✈ ✁❡s ❛ s③♦r③❛t✉❦ ♣♦③✐t✁✙✈✳

D > 0✱ ❤❛ p > −5, 125

x1 + x2 = −(2p+ 5) < 0✱ ❤❛ p > −2, 5

x1x2 = p2 + 3p − 4 > 0✱ ❤❛ p < −4 ✈❛❣② p > 1✳ ❊③❡❦ ❡❣②s③❡rr❡ t❡❧❥❡s☎✉❧♥❡❦✱ ❤❛

p > 1✳❬✶✽❪

✷✳✹✳ ❊❣②❡♥❧❡tr❡♥❞s③❡r❡❦ ♣❛r❛♠✁❡t❡r❡❦❦❡❧

❍❛ s③✁❛♠♦s ❡❣②❡♥❧❡t ❦☎♦③☎♦s ♠❡❣♦❧❞✁❛s❛✐t ❦❡❧❧ ♠❡❣t❛❧✁❛❧♥✐✱ ❛❦❦♦r ♠❡❣ ❦❡❧❧ ♦❧❞❛♥✐ ❛

r☎♦❣③✁✙t❡tt ❡❣②❡♥❧❡t❡❦ r❡♥❞s③❡r✁❡t✳ ❆ r❡♥❞s③❡r ❡❣②❡♥❧❡t❡✐♥❡❦ ♠❡❣♦❧❞✁❛s❛✐ ❛③♦❦♥❛❦ ❛③

✐s♠❡r❡t❧❡♥❡❦♥❡❦ ❛③ ✁❡rt✁❡❦❡✐✱ ❛♠❡❧②❡❦ ❦✐❡❧✁❡❣✁✙t✐❦ ❛ r❡♥❞s③❡r ♠✐♥❞❡♥ ❡❣②❡♥❧❡t✁❡t✳

❆ r❡♥❞s③❡r ❡❣②❡♥❧❡t❡✐♥❡❦ ♠❡❣♦❧❞✁❛s❛ ❛③t ❥❡❧❡♥t✐✱ ❤♦❣② ♠❡❣t❛❧✁❛❧❥✉❦ ❛③ ☎♦ss③❡s ♠❡❣✲

♦❧❞✁❛s✁❛t✱ ✈❛❣② ❜✐③♦♥②✁✙t❥✉❦✱ ❤♦❣② ❡❣②✁❛❧t❛❧✁❛♥ ♥✐♥❝s❡♥❡❦✳

▼♦st ♣❡❞✐❣ ♥✁❡③③☎✉♥❦ ♠❡❣ ♥✁❡❤✁❛♥② ♣✁❡❧❞✁❛t✿

✶✻✳ ❋❡❧❛❞❛t✳ ❖❧❞❥❛ ♠❡❣ ❛ r❡♥❞s③❡rt ❛③ a ♣❛r❛♠✁❡t❡r ☎♦ss③❡s ✁❡rt✁❡❦✁❡r❡✿










x− y = 1

a2x− y = a

[✶]

▼❡❣♦❧❞✁❛s✳ ❱✐③s❣✁❛❧❥✉❦ ♠❡❣ ❛ r❡♥❞s③❡r ❡❣②❡♥❧❡t❡✐♥❡❦ ❛③♦♥♦s ❡❣②☎✉tt❤❛t✁♦✐♥❛❦ ✈✐s③♦♥②✁❛t✿
a2

1
=

−1

−1
❤❛ a2 = 1 ⇔ a = ±1❀

a2

1
=

−1

−1
=

a

1
❤❛ a = 1❀

a2

1
=

−1

−1
6= a

1
❤❛ a = −1✳

❊❦❦♦r ❤❛ a = 1✱ ❛ r❡♥❞s③❡r♥❡❦ ✈✁❡❣t❡❧❡♥ ♠❡❣♦❧❞✁❛s❛ ✈❛♥✿










x ∈ R

y = x− 1

❤❛ a = −1✱ ❛ r❡♥❞s③❡r♥❡❦ ♥✐♥❝s ♠❡❣♦❧❞✁❛s❛❀

❤❛ a 6= ±1✱ ❛ r❡♥❞s③❡r♥❡❦ ❡❣②❡t❧❡♥ ♠❡❣♦❧❞✁❛s❛ ✈❛♥✳

✸✵



❑❡r❡ss☎✉❦ ♠❡❣ ❡③t ❛③ ✉t♦❧s✁♦ ♠❡❣♦❧❞✁❛st✿










x− y = 1

a2x− y = a

⇒











y = x− 1

a2x− x+ 1 = a

⇒











y = x− 1

(a2 − 1)x = a− 1

❆♠❡♥♥②✐❜❡♥ ❛③ a 6= ±1 ❢❡❧t✁❡t❡❧ t❡❧❥❡s☎✉❧✿











x =
1

a+ 1

y = x− 1

⇒











x =
1

a+ 1

y = − a

a+ 1

❋❡❧❡❧❡t✿ ❤❛ a = 1✱ ❛❦❦♦r











x ∈ R

y = x− 1

❀

❤❛ a = −1✱ ❛❦❦♦r x; y ∈ Ø❀

❤❛ a 6= ±1✱ ❛❦❦♦r
(

x =
1

a+ 1
; y = − a

a+ 1

)

❬✶❪

✶✼✳ ❋❡❧❛❞❛t✳ ❍✁❛♥② ♠❡❣♦❧❞✁❛s❛ ✈❛♥ ❛ r❡♥❞s③❡r♥❡❦ ❛③ a ♣❛r❛♠✁❡t❡r ❢☎✉❣❣✈✁❡♥②✁❡❜❡♥❄










2x+ y − 1 = 0

y = a+
√
x

[✶✹]

▼❡❣♦❧❞✁❛s✳ ❍❛❥ts✉❦ ✈✁❡❣r❡ ❛③ ✁❛t❛❧❛❦✁✙t✁❛st✱ ✁❡s ✁✙r❥✉❦ ❢❡❧ ❛ r❡♥❞s③❡rt ❛ ❦☎♦✈❡t❦❡③✆♦ ❛❧❛❦❜❛♥✿










y = 1− 2x

y = a+
√
x

❑✁❡s③✁✙ts☎✉❦ ❡❧ ❛③ ❡❧s✆♦ ❡❣②❡♥❧❡t ❣r❛✜❦♦♥❥✁❛t✱ ✁❡s ✈✁❛③❧❛t♦s❛♥ ✁❛❜r✁❛③♦❧❥✉❦ ❛ ♠✁❛s♦❞✐❦❛t✳

✷✳✽✳ ✁❛❜r❛✳

✸✶



❆③ y = a+
√
x ❡❣②❡♥❧❡t ❛③ y =

√
x ❣r❛✜❦♦♥❥✁❛t ✁❛❜r✁❛③♦❧❥❛✱ ❛♠❡❧② ❢❡❧❢❡❧✁❡ ✁❡s ❧❡❢❡❧✁❡ ♠♦③♦❣

❛③ Ox t❡♥❣❡❧② ♠❡♥t✁❡♥✳

◆②✐❧✈✁❛♥✈❛❧✁♦✱ ❤♦❣② ❤❛ a ∈ (−∞1]✱ ❛❦❦♦r ❛ ❣r❛✜❦♦♥♦❦ ❡❣② ♣♦♥t❜❛♥ ♠❡ts③✐❦ ❡❣②♠✁❛st✱

♠✁✙❣ ❤❛ a ∈ (1; +∞)✱ ❛❦❦♦r ❛ ❣r❛✜❦♦♥♦❦ ♥❡♠ ♠❡ts③✐❦ ❡❣②♠✁❛st✳

❋❡❧❡❧❡t✿ ❤❛ a ∈ (−∞1]✱ ❛ r❡♥❞s③❡r♥❡❦ ❡❣②❡t❧❡♥ ♠❡❣♦❧❞✁❛s❛ ✈❛♥❀

❤❛ a ∈ (1; +∞)✱ ❛ r❡♥❞s③❡r♥❡❦ ♥✐♥❝s❡♥❡❦ ♠❡❣♦❧❞✁❛s❛✐✳❬✶✹❪

✶✽✳ ❋❡❧❛❞❛t✳ ❖❧❞❥❛ ♠❡❣ ❛ ✈❛❧✁♦s s③✁❛♠♣✁❛r♦❦ ❤❛❧♠❛③✁❛♥ ❛










2(p+ 2)x− (p+ 1)y = p

p2(x− y) = 4x− y

❡❣②❡♥❧❡tr❡♥❞s③❡rt✱ ❛♠❡❧②❜❡♥ p ✈❛❧✁♦s ♣❛r❛♠✁❡t❡r✦❬✶✽❪

▼❡❣♦❧❞✁❛s✳ ❘❡♥❞❡③③☎✉❦ ✁❛t ❛③ ❡❣②❡♥❧❡t❡❦❡t✱ ❛③ ❛❧✁❛❜❜✐❛❦ s③❡r✐♥t✿










2(p+ 2)x = (p+ 1)y + p

(p2 − 4)x = (p2 − 1)y

❙③♦r♦③③✉❦ ❛③ ❡❧s✆♦ ❡❣②❡♥❧❡t❡t (p− 1)✲❣②❡❧✱ ♠❛❥❞ ❡❜❜✆♦❧ ✈♦♥❥✉❦ ❦✐ ❛ ♠✁❛s♦❞✐❦❛t✿

(2p2 + 2p− 4− p2 + 4)x = p(p− 1)

❆❧❛❦✁✙ts✉❦ s③♦r③❛tt✁❛ ❛ ❜❛❧ ♦❧❞❛❧t ✐s✿

p(p+ 2)x = p(p− 1)

p = 0 ❡s❡t✁❡♥ ❛ ❦✁❡t ♦❧❞❛❧ ♥✉❧❧❛✱ ❡③✁❡rt x t❡ts③✆♦❧❡❣❡s s③✁❛♠✳

▼✐♥❞❦✁❡t ❡r❡❞❡t✐ ❡❣②❡♥❧❡t✿ 4x−y = 0✳ ❆③ ❡❣②❡♥❧❡tr❡♥❞s③❡r♥❡❦ ✈✁❡❣t❡❧❡♥ s♦❦ ♠❡❣♦❧❞✁❛s❛

✈❛♥✱ ❛③ (a; 4a) s③✁❛♠♣✁❛r✱ ❛❤♦❧ a t❡ts③✆♦❧❡❣❡s ✈❛❧✁♦s s③✁❛♠✳

p = −2 ❡s❡t✁❡♥ ❛ ❜❛❧ ♦❧❞❛❧ ♥✉❧❧❛✱ ❛ ❥♦❜❜ ♦❧❞❛❧ ♥❡♠ ❛③✱ ✁✙❣② ❛③ ❡❣②❡♥❧❡tr❡♥❞s③❡r♥❡❦

♥✐♥❝s ♠❡❣♦❧❞✁❛s❛✳

p 6= 0 ✁❡s p 6= −2 ❡s❡t✁❡♥ x =
p− 1

p+ 2
✳

▼❡❣ ❦❡❧❧ ♠✁❡❣ ❤❛t✁❛r♦③♥✐ y ♠❡❣❢❡❧❡❧✆♦ ✁❡rt✁❡❦✁❡t✳ ❊❤❤❡③ ❤❡❧②❡tt❡s✁✙ts☎✉❦ ✈✐ss③❛ ❛③ x✲r❡ ❦❛♣♦tt

✁❡rt✁❡❦❡t ❛ 2(p+ 2)x = (p+ 1)y + p ❡❣②❡♥❧❡t❜❡✦

2(p− 1) = (p+ 1)y + p

p− 2 = (p+ 1)y

✸✷



❍❛ p = −1✱ ❛❦❦♦r ❛③ ❡❣②❡♥❧❡t ❥♦❜❜ ♦❧❞❛❧❛ ♥✉❧❧❛✱ ❜❛❧ ♦❧❞❛❧❛ ♥❡♠✱ ✁✙❣② ❛③ ❡❣②❡♥❧❡tr❡♥❞✲

s③❡r♥❡❦ ♥✐♥❝s ♠❡❣♦❧❞✁❛s❛✳

❍❛ p 6= −1✱ ❛❦❦♦r (p+ 1)✲❣②❡❧ ♦s③t❤❛t✉♥❦✱ y =
p− 2

p+ 1
✳

❋❡❧❡❧❡t✿ ❛③ ❡❣②❡♥❧❡tr❡♥❞s③❡r♥❡❦ ♥✐♥❝s ♠❡❣♦❧❞✁❛s❛✱ ❤❛ p = −2✱ ✈❛❧❛♠✐♥t✱ ❤❛ p = −1❀

❡❣② ♠❡❣♦❧❞✁❛s❛ ✈❛♥✱ ❤❛ p 6= 0✱ p 6= −2 ✁❡s p 6= −1✱ ♠✁❡❣♣❡❞✐❣ ❛
(p− 1

p+ 2
;
p− 2

p+ 1

)

s③✁❛♠♣✁❛r❀

✈✁❡❣t❡❧❡♥ s♦❦ ♠❡❣♦❧❞✁❛s❛ ✈❛♥✱ ❤❛ p = 0✳❬✶✽❪

✷✳✺✳ P❛r❛♠✁❡t❡r❡s ✐rr❛❝✐♦♥✁❛❧✐s ❡❣②❡♥❧❡t❡❦

❆③ ✐rr❛❝✐♦♥✁❛❧✐s ❡❣②❡♥❧❡t❡❦ ❢✆♦ t✉❧❛❥❞♦♥s✁❛❣❛✐✿

✶✮ ❆③ ☎♦ss③❡s ♣✁❛r♦s ❤❛t✈✁❛♥②✁✉ ❣②☎♦❦✱ ❛♠✐ ❛③ ❡❣②❡♥❧❡t❜❡♥ t❛❧✁❛❧❤❛t✁♦✱ ❛r✐t♠❡t✐❦❛✐✳

❆③❛③ ❛ 2n
√

f(x) = g(x) ❛❧❛❦✁✉ ❡❣②❡♥❧❡t ❛③♦♥♦s ❛③ ❛❧✁❛❜❜✐ r❡♥❞s③❡rr❡❧✿











f(x) = (g(x))2n

g(x) ≥ 0

❛❤♦❧ n ❡❣✁❡s③ s③✁❛♠✳

❆ 2n
√

f(x) = 2n
√

g(x) ❛❧❛❦✁✉ ❡❣②❡♥❧❡t ❛③♦♥♦s ❛③ ❛❧✁❛❜❜✐ r❡♥❞s③❡rr❡❧✿


























f(x) = g(x)

g(x) ≥ 0

f(x) ≥ 0

❛❤♦❧ n ❡❣✁❡s③ s③✁❛♠✳

✷✮ ❆ ♣✁❛r❛t❧❛♥ ❤❛t✈✁❛♥② ☎♦ss③❡s ❣②☎♦❦❡ ❛ ❣②☎♦❦❦✐❢❡❥❡③✁❡s ❜✁❛r♠❡❧② ✁❡r✈✁❡♥②❡s ✁❡rt✁❡❦✁❡r❡ ❞❡✜✲

♥✐✁❛❧✈❛ ✈❛♥✳

❚❡❤✁❛t ❛ 2n+1
√

f(x) = g(x) ❛❧❛❦✁✉ ❡❣②❡♥❧❡t ✉❣②❛♥❛③✱ ♠✐♥t ❛ f(x) = (g(x))2n+1 ❡❣②❡♥✲

❧❡t✱ ❛❤♦❧ n ❡❣② ❡❣✁❡s③ s③✁❛♠✳

❆ 2n
√

f(x) = 2n
√

g(x) ❛❧❛❦✁✉ ❡❣②❡♥❧❡t ♣❡❞✐❣ ✉❣②❛♥❛③✱ ♠✐♥t ❛③ f(x) = g(x) r❡♥❞s③❡r✱

❛❤♦❧ n ❡❣② ❡❣✁❡s③ s③✁❛♠✳❬✶✾❪

✶✾✳ ❋❡❧❛❞❛t✳ ❆③ a ♣❛r❛♠✁❡t❡r ♠✐❧②❡♥ ✁❡rt✁❡❦❡ ♠❡❧❧❡tt ✈❛♥ ❛
√
x− a = 2x − 1 ❡❣②❡♥✲

❧❡t♥❡❦ ❝s❛❦ ❡❣② ♠❡❣♦❧❞✁❛s❛❄❬✶❪

✸✸



▼❡❣♦❧❞✁❛s✳



























x− a ≥ 0

2x− 1 ≥ 0

x− a = (2x− 1)2

⇒











x ≥ 1

2

x− a = (2x− 1)2
⇒











x ≥ 1

2

4x2 − 5x+ 1 + a = 0

❆③ ❡❣②❡♥❧❡t♥❡❦ ❡❣② ♠❡❣♦❧❞✁❡s❛ ✈❛♥ ❛ ❦☎♦✈❡t❦❡③✆♦ ❡s❡t❡❦❜❡♥✿




































D = 0

x ≥ 1

2

f(
1

2
) < 0

⇒





































a =
9

16
5

8
≥ 1

2

1− 5

2
+ 1 + a < 0

⇒











a =
9

16

a <
1

2

❋❡❧❡❧❡t✿ a ∈
(

−∞;
1

2

)

∪
( 9

16

)

✳❬✶❪

✷✳✻✳ ❆❜s③♦❧✁✉t✁❡rt✁❡❦❡t ✁❡s ♣❛r❛♠✁❡t❡rt t❛rt❛❧♠❛③✁♦ ❡❣②❡♥✲

❧❡t❡❦

|x| =











x, hax ≥ 0

−x, hax < 0

✈❛❣②

|f(x)| =











f(x), haf(x) ≥ 0

−f(x), haf(x) < 0

✷✵✳ ❋❡❧❛❞❛t✳ ❱✐③s❣✁❛❧❥✉❦ ♠❡❣✱ ❤♦❣②❛♥ ❢☎✉❣❣ ❛ ♣❛r❛♠✁❡t❡r ✁❡rt✁❡❦✁❡t✆♦❧ ❛ ❦☎♦✈❡t❦❡③✆♦ ❡❣②❡♥❧❡t

♠❡❣♦❧❞✁❛s❛✐♥❛❦ ❛ s③✁❛♠❛✿

|||x− 2| − 3| − 4| = a[✶✽]

▼❡❣♦❧❞✁❛s✳ ❆ ♠❡❣♦❧❞✁❛s❤♦③ ❡❣② ❦♦♦r❞✐♥✁❛t❛r❡♥❞s③❡r❜❡♥ ✁❛❜r✁❛③♦❧❥✉❦ ❛③ ❡❣②❡♥❧❡t ♠✐♥❞❦✁❡t

♦❧❞❛❧✁❛t x ❢☎✉❣❣✈✁❡♥②❡❦✁❡♥t✱ ♠❛❥❞ ❛ ❣r❛✜❦♦♥♦❦r✁♦❧ ❧❡♦❧✈❛ss✉❦ ❛ ❦☎♦③☎♦s ♣♦♥t♦❦ s③✁❛♠✁❛t✳

❆③ |||x− 2| − 3| − 4| = a ❢☎✉❣❣✈✁❡♥② ✁❡rt❡❧♠❡③✁❡s✐ t❛rt♦♠✁❛♥②❛ ❛ ✈❛❧✁♦s s③✁❛♠♦❦ ❤❛❧♠❛③❛✱

✁❡rt✁❡❦❦✁❡s③❧❡t❡ ❛ ♥❡♠ ♥❡❣❛t✁✙✈ ✈❛❧✁♦s s③✁❛♠♦❦ ❤❛❧♠❛③❛✳

❆ ❣r❛✜❦♦♥r✁♦❧ ❧❡♦❧✈❛s❤❛t✁♦ ❛ ♠❡❣♦❧❞✁❛s♦❦ s③✁❛♠❛✳

P✁❡❧❞✁❛✉❧ a = 2, 5 ❡s❡t✁❡♥ ❛③ y = 2, 5 ❡❣②❡♥❡s ✁❡s ❛③ f ❢☎✉❣❣✈✁❡♥② ❣r❛✜❦♦♥❥✁❛♥❛❦ ✻ ❦☎♦③☎♦s

♣♦♥t❥❛ ✈❛♥✳

✸✹



✷✳✾✳ ✁❛❜r❛✳

❤❛ a < 0✱ ❛❦❦♦r ❛③ ❡❣②❡♥❧❡t♥❡❦ ♥✐♥❝s ♠❡❣♦❧❞✁❛s❛❀

❤❛ a = 0✱ ❛❦❦♦r ❛③ ❡❣②❡♥❧❡t♥❡❦ ✷ ♠❡❣♦❧❞✁❛s❛ ✈❛♥❀

❤❛ 0 < a < 1✱ ❛❦❦♦r ❛③ ❡❣②❡♥❧❡t♥❡❦ ✹ ♠❡❣♦❧❞✁❛s❛ ✈❛♥❀

❤❛ a = 1✱ ❛❦❦♦r ❛③ ❡❣②❡♥❧❡t♥❡❦ ✺ ♠❡❣♦❧❞✁❛s❛ ✈❛♥❀

❤❛ 1 < a < 4✱ ❛❦❦♦r ❛③ ❡❣②❡♥❧❡t♥❡❦ ✻ ♠❡❣♦❧❞✁❛s❛ ✈❛♥❀

❤❛ a = 4✱ ❛❦❦♦r ❛③ ❡❣②❡♥❧❡t♥❡❦ ✹ ♠❡❣♦❧❞✁❛s❛ ✈❛♥❀

❤❛ a > 4✱ ❛❦❦♦r ❛③ ❡❣②❡♥❧❡t♥❡❦ ✷ ♠❡❣♦❧❞✁❛s❛ ✈❛♥❀❬✶✽❪

✷✶✳ ❋❡❧❛❞❛t✳ ❍❛t✁❛r♦③③✉❦ ♠❡❣ ❛ p ✈❛❧✁♦s ♣❛r❛♠✁❡t❡r ♠❡❧② ✁❡rt✁❡❦❡✐♥✁❡❧ ❤✁❛♥② ♠❡❣♦❧❞✁❛s❛

✈❛♥ ❛ ❦☎♦✈❡t❦❡③✆♦ ❡❣②❡♥❧❡t♥❡❦✿

∣

∣

∣

√

|x− 3| − 2
∣

∣

∣
− 1 = p[✶✽]

▼❡❣♦❧❞✁❛s✳ ✁❆❜r✁❛③♦❧❥✉❦ ❛ ❜❛❧ ♦❧❞❛❧t ❛③ x ✈✁❛❧t♦③✁♦ ❢☎✉❣❣✈✁❡♥②❡❦✁❡♥t✳

❆ ❢☎✉❣❣✈✁❡♥② ✁❡rt✁❡❦❦✁❡s③❧❡t❡ [−1;+∞)✳

❆ ❥♦❜❜ ♦❧❞❛❧♦♥ ❛ ❦♦♥st❛♥s g(x) = p ❢☎✉❣❣✈✁❡♥② ❣r❛✜❦♦♥❥❛ ❡❣② x t❡♥❣❡❧❧②❡❧ ♣✁❛r❤✉③❛♠♦s

❡❣②❡♥❡s✳

✷✳✶✵✳ ✁❛❜r❛✳

❆ ♠❡❣♦❧❞✁❛s♦❦ s③✁❛♠✁❛t ❛③ ❞☎♦♥t✐ ❡❧✱ ❤♦❣② ❛ ❦✁❡t ❢☎✉❣❣✈✁❡♥② ❣r❛✜❦♦♥❥✁❛♥❛❦ ❤✁❛♥② ❦☎♦③☎♦s

✸✺



♣♦♥t❥❛ ✈❛♥✿

❤❛ p < −1✱ ❛❦❦♦r ❛③ ❡❣②❡♥❧❡t♥❡❦ ♥✐♥❝s ♠❡❣♦❧❞✁❛s❛❀

❤❛ p = −1✱ ❛❦❦♦r ❛③ ❡❣②❡♥❧❡t♥❡❦ ✷ ♠❡❣♦❧❞✁❛s❛ ✈❛♥❀

❤❛ −1 < p < 1✱ ❛❦❦♦r ❛③ ❡❣②❡♥❧❡t♥❡❦ ✹ ♠❡❣♦❧❞✁❛s❛ ✈❛♥❀

❤❛ p = 1✱ ❛❦❦♦r ❛③ ❡❣②❡♥❧❡t♥❡❦ ✸ ♠❡❣♦❧❞✁❛s❛ ✈❛♥❀

❤❛ p > 1✱ ❛❦❦♦r ❛③ ❡❣②❡♥❧❡t♥❡❦ ✷ ♠❡❣♦❧❞✁❛s❛ ✈❛♥❀❬✶✽❪

✸✻



✸✳ ❢❡❥❡③❡t

❙❛❥✁❛t ❡r❡❞♠✁❡♥②❡❦

❆ ●♦♦❣❧❡ ❋♦r♠s ♣❧❛t❢♦r♠♦♥ ❡❣② ♣❛r❛♠✁❡t❡r❡❦❦❡❧ ❦❛♣❝s♦❧❛t♦s t❡s③t❡t ❦✁❡s③✁✙t❡tt❡♠ ❛

✶✶✳ ♦s③t✁❛❧② ❞✐✁❛❦❥❛✐♥❛❦ s③✁❛♠✁❛r❛✳

▼✐✉t✁❛♥ ✁❛t✈✐③s❣✁❛❧t❛♠ ❛ t❛♥❦☎♦♥②✈❡❦ ❛♥②❛❣✁❛t✱ ♠❡❧②❡❦❡t ❛③ ✺✲✶✶ ♦s③t✁❛❧②♦s ❞✐✁❛❦♦❦ r✁❡s③✁❡r❡

❦✁❡s③✁✙t❡tt❡❦✱ ❢❡❧t✁❡t❡❧❡③❡♠✱ ❤♦❣② ❛ ❢❡❧♠✁❡r✁❡s❜❡♥ r✁❡s③t✈❡✈✆♦ t❛♥✉❧✁♦❦ t☎♦❜❜s✁❡❣❡ ♥❡♠ ❢♦❣❥❛

t✉❞♥✐ ♠❡❣♦❧❞❛♥✐ ❛ ❦✐♦s③t♦tt ✆✉r❧❛♣ ❢❡❧❛❞❛t❛✐t✱ ♠✐✈❡❧ ❛ t❛♥❛♥②❛❣❜❛♥ t❛❧✁❛❧❤❛t✁♦ ❢❡❧❛❞❛✲

t♦❦ s③✁❛♠❛ ♥❡♠ ❡❧❡❣❡♥❞✆♦ ❛ ♠❡❣❢❡❧❡❧✆♦ t✉❞✁❛s ❡❧s❛❥✁❛t✁✙t✁❛s✁❛❤♦③✳

❆ ❦✁❡r❞✁❡s❡❦❡t ✁❡s ❛③♦❦ ❤❡❧②❡s ✈✁❛❧❛s③❛✐♥❛❦ s③✁❛♠✁❛t ❞✐❛❣r❛♠ s❡❣✁✙ts✁❡❣✁❡✈❡❧ ✈✐③s❣✁❛❧❥✉❦ ♠❡❣✳

❆ t❡s③t ❡❧✁❡r❤❡t✆♦ ❛ ❦☎♦✈❡t❦❡③✆♦ ❧✐♥❦❡♥✿

https : //forms.gle/nQy53ZovJmWGJpsQ7

✶✮ ❆ k ♣❛r❛♠✁❡t❡r ♠❡❧② ✁❡rt✁❡❦✁❡♥✁❡❧ ❧❡s③ ❛ (2k− 6)x = 7k− 21 ❡❣②❡♥❧❡t♥❡❦ ✈✁❡❣t❡❧❡♥ s♦❦

❣②☎♦❦❡❄

✸✳✶✳ ✁❛❜r❛✳

✸✼



✷✮ ❍❛t✁❛r♦③❞ ♠❡❣ ❛ p ♣❛r❛♠✁❡t❡r ✁❡rt✁❡❦✁❡t✱ ❛③

x2 − px+ 32 = 0

❡❣②❡♥❧❡t❜❡♥✱ ❤❛

x1 − 2x2 = 0

✳ ✭x1 ✁❡s x2 ❛③ ❡❣②❡♥❧❡t ❣②☎♦❦❡✐✮

✸✳✷✳ ✁❛❜r❛✳

✸✮ ❆ k ♣❛r❛♠✁❡t❡r ♠❡❧② ✁❡rt✁❡❦❡ ♠❡❧❧❡tt ♥✐♥❝s ♠❡❣♦❧❞✁❛s❛ ❛

10x+ 15

3− 2x
= k

❡❣②❡♥❧❡t♥❡❦❄

✸✳✸✳ ✁❛❜r❛✳

✸✽



✹✮ ❆③ a ♣❛r❛♠✁❡t❡r ♠❡❧② ✁❡rt✁❡❦❡✐♥✁❡❧ ✈❛♥ ❦✁❡t ❣②☎♦❦❡ ❛③

(x− 9)(
√
x− a) = 0

❡❣②❡♥❧❡t♥❡❦❄

✸✳✹✳ ✁❛❜r❛✳

✺✮ ❆③ a ♣❛r❛♠✁❡t❡r ♠❡❧② ✁❡rt✁❡❦❡✐ ♠❡❧❧❡tt ❧❡s③ ❛③

y = |3 |x| − 4|

❡❣②❡♥❧❡t♥❡❦ ✹ ❦☎✉❧☎♦♥❜☎♦③✆♦ ❣②☎♦❦❡❄

✸✳✺✳ ✁❛❜r❛✳

✸✾



✻✮ P✁❛r♦s✁✙ts❞✱ ♠❡❧②✐❦ ❣r❛✜❦♦♥ ❢❡❧❡❧ ♠❡❣ ❛③ ❛❞♦tt ❡❣②❡♥❧❡t♥❡❦✿

∣

∣3x2 − 7 |x|
∣

∣ = a

✸✳✻✳ ✁❛❜r❛✳

✼✮ P✁❛r♦s✁✙ts❞✱ ♠❡❧②✐❦ ❣r❛✜❦♦♥ ❢❡❧❡❧ ♠❡❣ ❛③ ❛❞♦tt ❡❣②❡♥❧❡t♥❡❦✿

|x|+ |x− 3| = a

✸✳✼✳ ✁❛❜r❛✳

✹✵



✽✮ ❍❛t✁❛r♦③❞ ♠❡❣ ❛ p ♣❛r❛♠✁❡t❡r ✁❡rt✁❡❦✁❡t ✁✉❣②✱ ❤♦❣② ❛③

5x2 + (3p+ 3)x+ p2 − 12p+ 36 = 0

❡❣②❡♥❧❡t♥❡❦ ❣②☎♦❦❡ ❧❡❣②❡♥ ❛ ✵✳

✸✳✽✳ ✁❛❜r❛✳

❆ ❢❡❧♠✁❡r✁❡s❜❡♥ ✷ ✐s❦♦❧❛✱ ❛③♦♥ ❜❡❧☎✉❧ ✸ ♦s③t✁❛❧② ✈❡tt r✁❡s③t✳ ❆③ ✆✉r❧❛♣♦t ✁✙❣② ☎♦ss③❡s❡♥ ✸✵

t❛♥✉❧✁♦ t☎♦❧t☎♦tt❡ ❦✐✳

❆③ ✶✳ ❢❡❧❛❞❛t♦t ❛ ❦✐t☎♦❧t✆♦❦ ✺✻✱✼✪✲❛ s✐❦❡r❡s❡♥ ♦❧❞♦tt❛ ♠❡❣✱ t❡❤✁❛t ✶✼ t❛♥✉❧✁♦ ❢❡❧✐s♠❡rt❡✱

❤♦❣② ❡❣②s③❡r✆✉ ❜❡❤❡❧②❡tt❡s✁✙t✁❡ss❡❧ ✁❡s ❛ ♠❡❣❢❡❧❡❧✆♦ t✉❧❛❥❞♦♥s✁❛❣ ❛❧❦❛❧♠❛③✁❛s✁❛✈❛❧ ❛ ♠❡❣✲

♦❧❞✁❛s ❦☎♦♥♥②❡♥ ♠❡❣t❛❧✁❛❧❤❛t✁♦✳ ❊❜❜✆♦❧ ❛rr❛ ❦☎♦✈❡t❦❡③t❡t❡❦✱ ❤♦❣② ❡③ ❛ ❢❡❧❛❞❛tt✁✙♣✉s ❛

❞✐✁❛❦♦❦ s③✁❛♠✁❛r❛ ❦☎♦♥♥②❡❜❜♥❡❦ ❜✐③♦♥②✉❧t✳

❆ ♠✁❛s♦❞✐❦ ❢❡❧❛❞❛t ♠❡❣♦❧❞✁❛s✁❛❜❛♥ ♠✁❛r ❛ t❛♥✉❧✁♦❦♥❛❦ ♥❡❤❡③❡❜❜ ✈♦❧t ❛ ❞♦❧❣✉❦✱ ✉❣②❛♥✐s

✐tt ♠✁❛r t✉❞♥✐✉❦ ❦❡❧❧❡tt✱ ❤♦❣② ♠✐ ✐s ❛③ ❛ ♣❛r❛♠✁❡t❡r✱ ✈❛❧❛♠✐♥t ❛ ♠❡❣❛❞♦tt ♣❧✉s③ ❢❡❧t✁❡t❡❧

✐s ♥❡❤❡③✁✙t❡tt❡ ❛ ❢❡❧❛❞❛t♦t✳ ❏✁♦❧ ❢❡❧✐s♠❡rt✁❡❦✱ ❤♦❣② ✷ ♠❡❣♦❧❞✁❛s❛ ❧❡s③ ❛③ ❡❣②❡♥❧❡t♥❡❦✱ ❡❣②

♥❡❣❛t✁✙✈ ✁❡s ❡❣② ♣♦③✐t✁✙✈✱ ✈✐s③♦♥t ❛ ❤❡❧②❡s ♠❡❣♦❧❞✁❛st ❝s❛❦ ✻ t❛♥✉❧✁♦✱ ✈❛❣②✐s ❛ ❦✐t☎♦❧t✆♦❦

♠✐♥❞☎♦ss③❡ ✷✵✪✲❛ t❛❧✁❛❧t❛ ♠❡❣✳

❆ ❤❛r♠❛❞✐❦ ❢❡❧❛❞❛t♦t ✾ t❛♥✉❧✁♦ ♦❧❞♦tt❛ ♠❡❣ ❤❡❧②❡s❡♥✱ ✈✐s③♦♥t t♦✈✁❛❜❜✐ ✾ t❛♥✉❧✁♦ ❛③ ✺

s③✁❛♠♦t ❥❡❧☎♦❧t❡ ♠❡❣ ♠❡❣♦❧❞✁❛s❦✁❡♥t✱ ❛♠✐ ❛ ❤❡❧②❡s ✈✁❛❧❛s③ ❡❧❧❡♥❦❡③✆♦ ❡❧✆♦❥❡❧❧❡❧✱ ✁✙❣② ❡❜❜❡♥

❛③ ❡s❡t❜❡♥ ❛ ❞✐✁❛❦♦❦ ❡❣②s③❡r✆✉ s③✁❛♠✁✙t✁❛s✐ ❤✐❜✁❛t ✈✁❡t❡tt❡❦✱ ❛♠✐♥❡❦ ❦☎♦✈❡t❦❡③t✁❡❜❡♥ ❤✐❜✁❛s

✈✁❛❧❛s③t ❛❞t❛❦✳

❆ ✹✳ ❢❡❧❛❞❛t ♠❡❣♦❧❞✁❛s✁❛♥✁❛❧ ✈✐s③♦♥t ♠✁❛r t❡❧❥❡s ❡❣✁❡s③✁❡❜❡♥ ❛ t✉❞✁❛s ❜✁✙rt♦❦✁❛❜❛♥ ❦❡❧❧

❧❡♥♥✐ ❛ ♣❛r❛♠✁❡t❡r❡s ❢❡❧❛❞❛t♦❦ ♠❡❣♦❧❞✁❛s✁❛♥❛❦ ✈❛❧❛♠❡❧②✐❦ ♠✁♦❞s③❡r✁❡t ✐❧❧❡t✆♦❡♥✳ ❊rr❡ ❛

❢❡❧❛❞❛tr❛ ❝s✉♣✁❛♥ ✹ ❤❡❧②❡s ♠❡❣♦❧❞✁❛s ✁❡r❦❡③❡tt✱ ❛♠✐ ❛ ✈✁❛❧❛s③♦❦ ✶✸✱✸✪✲✁❛t t❡s③✐ ❦✐✳ ❊❜❜✆♦❧

✹✶



❛ ❢❡❧❛❞❛t❜✁♦❧ ✐s ❥✁♦❧ ❧✁❛t❤❛t✁♦✱ ❤♦❣② ❛③ ✁❛❧t❛❧✁❛♥♦s ✁❡s ❦☎♦③✁❡♣✐s❦♦❧❛✐ t❛♥t❡r✈ ♥❡♠ ❜✐③t♦s✁✙t❥❛

❛ t❛♥✉❧✁♦❦ s③✁❛♠✁❛r❛ ❛③ ❛❞♦tt t✁❡♠❛❦☎♦r ❡❧s❛❥✁❛t✁✙t✁❛s✁❛♥❛❦ ❧❡❤❡t✆♦s✁❡❣✁❡t✳

❆③ ✺✳ ❢❡❧❛❞❛t❜❛♥ ❣r❛✜❦♦♥t ❦❡❧❧❡tt ❡❧❡♠❡③♥✐✱ ❛ ♠❡❣♦❧❞✁❛s♦❦ s③✁❛♠✁❛♥❛❦ ♠❡❣t❛❧✁❛❧✁❛s✁❛r❛✳

❊③t ❛ ❢❡❧❛❞❛t♦t ✻✲❛♥ ♦❧❞♦tt✁❛❦ ♠❡❣ ❤❡❧②❡s❡♥✳

❆ ✻✳ ✁❡s ✼✳ ❢❡❧❛❞❛t♦❦❜❛♥ ♠❡❣ ❦❡❧❧❡tt t❛❧✁❛❧♥✐ ❛③ ❡❣②❡♥❧❡t❡❦❤❡③ t❛rt♦③✁♦ ❣r❛✜❦♦♥♦❦❛t✳

❆ ✻✳ ❢❡❧❛❞❛t❜❛♥ ❛ t☎♦❜❜s✁❡❣ ❥✁♦❧ ✈✁❛❧❛s③♦❧t✱ t❡❤✁❛t ❢❡❧✐s♠❡rt✁❡❦ ❛ ♠✁❛s♦❞❢♦❦✁✉ ❡❣②❡♥❧❡t t✉✲

❧❛❥❞♦♥s✁❛❣❛✐t✱ ❡③ ❛ ❢❡❧❛❞❛t ✁✙❣② ❦☎♦♥♥②❡❜❜♥❡❦ ❜✐③♦♥②✉❧t✳ ❆ ✼✳ ❢❡❧❛❞❛t❜❛♥ ❛③♦♥❜❛♥ ♠✁❛r

❝s❛❦ ✾ ❞✐✁❛❦ t❛❧✁❛❧t❛ ♠❡❣ ❛ ❤❡❧②❡s ✈✁❛❧❛s③t✳ ❊③ ❛ ❢❡❧❛❞❛t ♥❡❤❡③❡❜❜ ✐s ✈♦❧t✱ ♠✐✈❡❧ ❦✁❡t

❤❛s♦♥❧✁♦ ❡❣②❡♥❧❡t ❣r❛✜❦♦♥❥❛ ❦☎♦③☎✉❧ ❦❡❧❧❡tt ❦✐✈✁❛❧❛s③t❛♥✐✉❦ ❛ ♠❡❣♦❧❞✁❛st✳

❆ ✽✳ ✁❡s ❡❣②❜❡♥ ✉t♦❧s✁♦ ❢❡❧❛❞❛t❜❛♥ ❛❦✁❛r ❜❡❤❡❧②❡tt❡s✁✙t✁❡ss❡❧ ✐s ❡❧ ❧❡❤❡t❡tt ❥✉t♥✐ ❛③ ✐❣❛③

♠❡❣♦❧❞✁❛s❤♦③✱ ❡③✁❛❧t❛❧ ❡③ ❡❣② ❦☎♦♥♥②❡❜❜ ❢❡❧❛❞❛t ✈♦❧t✱ ❛♠✐t ❛③ ✐s ✐❣❛③♦❧✱ ❤♦❣② ❛ t☎♦❜❜s✁❡❣

❛ ❤❡❧②❡s ♠❡❣♦❧❞✁❛st ❥❡❧☎♦❧t❡ ✈✁❛❧❛s③❦✁❡♥t✳ ❚♦✈✁❛❜❜✁❛ ✐tt ✐s ❛ ♠❡❣♦❧❞✁❛s♦❦ ❦☎♦③☎♦tt ✈♦❧t ❛

❤❡❧②❡s ♠❡❣♦❧❞✁❛s ❡❧❧❡♥❦❡③✆♦ ❡❧✆♦❥❡❧❧❡❧✱ ❛♠✐r❡ ❛ ♠✁❛s♦❞✐❦ ❧❡❣t☎♦❜❜ ✈✁❛❧❛s③ ✁❡r❦❡③❡tt✳

❆③ ✆✉r❧❛♣ ☎♦ss③❡✁❛❧❧✁✙t✁❛s❛❦♦r ✐❣②❡❦❡③t❡♠ ♦❧②❛ ❢❡❧❛❞❛t♦❦❛t ❦✐✈✁❛❧❛s③t❛♥✐✱ ❛♠✐ ✁❛❧t❛❧ ❢❡❧ t✉✲

❞♦♠ ♠✁❡r♥✐ ❛③ ❛♥❛❧✐t✐❦✉s ✁❡s ❣r❛✜❦✉s ♠❡❣♦❧❞✁❛s✐ ♠✁♦❞s③❡r ✐s♠❡r❡t✁❡t ✐s✳

❱✐s③♦♥t ❛ ❦✐t☎♦❧t✁❡st ❦☎♦✈❡t✆♦❡♥ ❡❧♠♦♥❞❤❛t✁♦✱ ❤♦❣② ♥❡♠ r❡♥❞❡❧❦❡③♥❡❦ ♠❡❣❢❡❧❡❧✆♦ ✐s♠❡r❡✲

t❡❦❦❡❧ ❡③t ❛ t✁❡♠❛❦☎♦rt t❡❦✐♥t✈❡✱ ✁✙❣② ❛ ♠✁♦❞s③❡r❡❦❡t s❡♠ ✐s♠❡r✐❦ ✐❣❛③✁❛♥✳

✸✳✾✳ ✁❛❜r❛✳

❆③ ☎♦ss③❡s✁✙t❡tt ❡r❡❞♠✁❡♥②❡❦❜✆♦❧ ❡❣②✁❡rt❡❧♠✆✉❡♥ ❧✁❛ts③✐❦✱ ❤♦❣② ❛ ❞✐✁❛❦♦❦ ♥✐♥❝s❡♥❡❦ ♠❡❣✲

❢❡❧❡❧✆♦ ❜✁✙rt♦❦✁❛❜❛♥ ❛♥♥❛❦ ❛ t✉❞✁❛s♥❛❦✱ ❛♠✐ ✁❛❧t❛❧ ❣♦♥❞ ♥✁❡❧❦☎✉❧ ♠❡❣ t✉❞♥✁❛♥❛❦ ♦❧❞❛♥✐

♣❛r❛♠✁❡t❡r❡s ❡❣②❡♥❧❡t❡❦❡t✳

▼✐♥❞☎♦ss③❡ ✽ ❞✐✁❛❦ ✈♦❧t✱ ❛❦✐♥❡❦ s✐❦❡r☎✉❧t ❧❡❣❛❧✁❛❜❜ ❛③ ✺✵✪✲✁❛t ♠❡❣♦❧❞❛♥✐❛ ❛③ ❛❞♦tt ❢❡❧✲

❛❞❛t♦❦♥❛❦✱ ❡❜❜✆♦❧ ♣❡❞✐❣ ❝s❛❦ ✶ t❛♥✉❧✁♦ ✈♦❧t✱ ❛❦✐ ❛ ♠❡❣s③❡r❡③❤❡t✆♦ ✽ ♣♦♥t❜✁♦❧ ✼✲❡t t✉❞♦tt
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♠❡❣s③❡r❡③♥✐✱ ❡③✁❛❧t❛❧ ✆♦ ❝s❛❦ ✶ ❢❡❧❛❞❛t❜❛♥ ❤✐❜✁❛③♦tt✳

✁❆t❧❛❣♦s❛♥ ✷✱✻ ♣♦♥t♦t s③❡r❡③t❡❦ ❛ ❞✐✁❛❦♦❦✳

❊③❡❦ ❛ st❛t✐s③t✐❦✁❛❦ ❛ ❞✐❛❣r❛♠♦♥ ✐s ❥✁♦❧ ❧✁❛t❤❛t✁♦❛❦✭✸✳✾ ✁❛❜r❛✮

☎❖ss③❡❣❡③✈❡ t❡❤✁❛t ❡❧♠♦♥❞❤❛t♦♠✱ ❤♦❣② ❛ ✶✶✳ ♦s③t✁❛❧②♦s t❛♥✉❧✁♦❦ ♥❛❣②r✁❡s③❡ ♥❡♠ t✉❞❥❛✱

❤♦❣②❛♥ ❦❡❧❧❡♥❡ ♠❡❣♦❧❞❛♥✐ ❛③ ❡❣②❡♥❧❡t❡t✱ ❤❛ ❛③ ♣❛r❛♠✁❡t❡r❡❦❡t t❛rt❛❧♠❛③✱ ❡③✁❛❧t❛❧ ❛

❢❡❧✈❡t❡tt ❤✐♣♦t✁❡③✐s ✐s ❜✐③♦♥②✁✙t✁❛sr❛ ❦❡r☎✉❧t✳

❱✁❡❧❡♠✁❡♥②❡♠ s③❡r✐♥t ❡③❡❦ ❛③ ❡r❡❞♠✁❡♥②❡❦ ❛③③❛❧ ♠❛❣②❛r✁❛③❤❛t✁♦✱ ❤♦❣② ❛③ ✐s❦♦❧❛✐ t❛♥✲

t❡r✈❡❦❜❡♥ ♥✐♥❝s ❦☎✉❧☎♦♥ ✁♦r❛ ✐❧②❡♥ t✁✙♣✉s✁✉ ❢❡❧❛❞❛t♦❦r❛✱ t♦✈✁❛❜❜✁❛ ❛ t❛♥✁♦r✁❛❦r❛ s③✁❛♥t ❢❡❧✲

❛❞❛t♦❦❜❛♥ ✐s ❝s❛❦ ❡❧✈✁❡t✈❡ t❛❧✁❛❧❦♦③♥✐ ♣❛r❛♠✁❡t❡r❡s ❢❡❧❛❞❛t♦❦❦❛❧✳ ❆ t❛♥t❡r✈ s③♦r♦s

✐❞✆♦❜❡♦s③t✁❛s❛ ♣❡❞✐❣ ❝s❛❦ t♦✈✁❛❜❜ ♥❡❤❡③✁✙t✐✱ ❤♦❣② ❛ t❛♥✁❛r♦❦ ❜✆♦✈❡❜❜ ✐s♠❡r❡t❡t ❛❞❥❛✲

♥❛❦ ✁❛t ❛ ❞✐✁❛❦♦❦♥❛❦ ❡③❡♥ t✁❡♠❛❦☎♦r ✐s♠❡r❡t✁❡t ✐❧❧❡t✆♦❡♥✳ ❊♥♥❡❦ ❡❧❧❡♥✁❡r❡ ❛ ♠❛t❡♠❛t✐❦❛✐

❦☎✉❧s✆♦ ❢☎✉❣❣❡t❧❡♥ t❡s③t❡❧✁❡s✁❡❜❡♥ ✷✵✷✶✲✐❣ ❛ ❦✐❞♦❧❣♦③✁❛sr❛ s③✁❛♥t ❢❡❧❛❞❛t♦❦ ❡❣②✐❦❡ ♠✐♥❞✐❣

♣❛r❛♠✁❡t❡r❡s ❢❡❧❛❞❛t ✈♦❧t✱ ❛♠❡❧② ❛ ❧❡❣t☎♦❜❜ ♣♦♥t♦t ✁❡rt❡✳

❊❣②✁❡rt❡❧♠✆✉✱ ❤♦❣② ❛ ♣❛r❛♠✁❡t❡r❡s ❢❡❧❛❞❛t♦❦ t✁❡♠❛❦☎♦r✁❡♥❡❦ ♠✁❡❧②❡❜❜ ♠❡❣✐s♠❡r✁❡s❡ ❢♦♥t♦s

❧❡♥♥❡ ❛ ❞✐✁❛❦♦❦ s③✁❛♠✁❛r❛✱ ♠✐✈❡❧ ❡③❡❦ ❛ ❢❡❧❛❞❛t♦❦ ❧❡❤❡t✆♦✈✁❡ t❡s③✐❦ ❛ ❞✐✁❛❦♦❦ ✐s♠❡r❡t❡✐✲

♥❡❦ ✁❡s ❦✁❡s③s✁❡❣❡✐♥❡❦ ♠✐♥✆♦s✁❡❣✐ ❢❡❥❧✆♦❞✁❡s✁❡t ❜✐③♦♥②♦s t✁❡♠✁❛❦❜❛♥✱ ♠✐✈❡❧ ❡③❡❦ ❛ ❢❡❧❛❞❛t♦❦

♥❡♠❝s❛❦ ❛❧❛♣✈❡t✆♦ ✐s♠❡r❡t❡❦❡t t❛rt❛❧♠❛③♥❛❦✱ ❤❛♥❡♠ ❡❣② s♦r t❛♥✉❧t ❛♥②❛❣♦t ✐s✱ ❛③♦❦

t✉❧❛❥❞♦♥s✁❛❣❛✐♥❛❦ ❢❡❧❤❛s③♥✁❛❧✁❛s✁❛✈❛❧✳
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☎❖ss③❡❣③✁❡s

❆ ❞✐♣❧♦♠❛♠✉♥❦❛ ❝✁❡❧❥❛ ❛③ ✈♦❧t✱ ❤♦❣② ✁❛t❢♦❣✁♦ ❦✁❡♣❡t ♥②✁✉❥ts♦♥ ❛ ♣❛r❛♠✁❡t❡r❡s ❡❣②❡♥❧❡✲

t❡❦ ♠❡❣♦❧❞✁❛s✁❛♥❛❦ ♠✁♦❞s③❡r❡✐r✆♦❧✱ ❦☎✉❧☎♦♥☎♦s t❡❦✐♥t❡tt❡❧ ❡③❡❦ ♦❦t❛t✁❛s✁❛❜❛♥ ❜❡t☎♦❧t☎♦tt s③❡✲

r❡♣☎✉❦r❡✳

❆ ❦✉t❛t✁❛s s♦r✁❛♥ r✁❡s③❧❡t❡s❡♥ ♠❡❣✈✐③s❣✁❛❧t✉❦ ❛ ♣❛r❛♠✁❡t❡r❡s ❢❡❧❛❞❛t♦❦ ❦☎✉❧☎♦♥❜☎♦③✆♦ t✁✙♣✉s❛✐t✱

❜❡♠✉t❛tt✉❦ ❛③ ❡③❡❦❤❡③ ❦❛♣❝s♦❧✁♦❞✁♦ ♠❡❣♦❧❞✁❛s✐ t❡❝❤♥✐❦✁❛❦❛t✱ ✁❡s ❡❧❡♠❡③t☎✉❦ ❛ ❦☎♦③✁❡♣✐s❦♦❧❛✐

❞✐✁❛❦♦❦ ❦☎♦r✁❡❜❡♥ ✈✁❡❣③❡tt ❢❡❧♠✁❡r✁❡s❡❦ ❡r❡❞♠✁❡♥②❡✐t✳

❆ ❦✉t❛t✁❛s ❡r❡❞♠✁❡♥②❡✐ ♠❡❣❡r✆♦s✁✙t❡tt✁❡❦ ❛ ❤✐♣♦t✁❡③✐s☎✉♥❦❡t✱ ♠✐s③❡r✐♥t ❛ ❞✐✁❛❦♦❦ ♥❛❣② r✁❡s③❡

♥❡❤✁❡③s✁❡❣❡❦❦❡❧ ❦☎✉③❞ ❛ ♣❛r❛♠✁❡t❡r❡s ❡❣②❡♥❧❡t❡❦ ♠❡❣♦❧❞✁❛s❛ s♦r✁❛♥✳ ❆ ❦✉t❛t✁❛s ❛❧❛♣❥✁❛♥

❥❛✈❛s♦❧t ❛ t❛♥❛♥②❛❣ ✁❡s ❛ t❛♥✁✙t✁❛s✐ ♠✁♦❞s③❡r❡❦ ♦❧②❛♥ ♠✁♦❞♦s✁✙t✁❛s❛✱ ❤♦❣② ❛③♦❦ ❥♦❜❜❛♥

t✁❛♠♦❣❛ss✁❛❦ ❛ ❞✐✁❛❦♦❦ ♣❛r❛♠✁❡t❡r❡s ❡❣②❡♥❧❡t❡❦❦❡❧ ❦❛♣❝s♦❧❛t♦s ❦✁❡s③s✁❡❣❡✐♥❡❦ ❢❡❥❧❡s③t✁❡s✁❡t✳

❊③❡❦ ❦☎♦③✁❡ t❛rt♦③✐❦ ❛ ♣❛r❛♠✁❡t❡r❡❦❦❡❧ ❦❛♣❝s♦❧❛t♦s ❢♦❣❛❧♠❛❦ ❛❧❛♣♦s❛❜❜ ♦❦t❛t✁❛s❛✱ ❛③

❛♥❛❧✐t✐❦✉s ✁❡s ❣r❛✜❦✉s ♠✁♦❞s③❡r❡❦ ❣②❛❦♦r❧✁❛s❛✱ ✈❛❧❛♠✐♥t ❛ ♣r♦❜❧✁❡♠❛♠❡❣♦❧❞✁♦ ❦✁❡s③s✁❡❣❡❦

❢❡❥❧❡s③t✁❡s❡ ❝✁❡❧③♦tt ❢❡❧❛❞❛t♦❦ ✁❡s ♣r♦❥❡❦t❡❦ s❡❣✁✙ts✁❡❣✁❡✈❡❧✳

❆ ♠✉♥❦✁❛♠ ❤♦③③✁❛❥✁❛r✉❧❤❛t ❛❤❤♦③✱ ❤♦❣② ❛ ♠❛t❡♠❛t✐❦❛ ♦❦t❛t✁❛s❛ ❤❛t✁❡❦♦♥②❛❜❜✁❛ ✈✁❛❧❥♦♥✱

✁❡s ❛ ❞✐✁❛❦♦❦ s✐❦❡r❡s❡❜❜❡♥ t✉❞❥✁❛❦ ❡❧s❛❥✁❛t✁✙t❛♥✐ ❛ ♣❛r❛♠✁❡t❡r❡s ❡❣②❡♥❧❡t❡❦ ♠❡❣♦❧❞✁❛s✁❛♥❛❦

t❡❝❤♥✐❦✁❛✐t✳

❆③ ❡r❡❞♠✁❡♥②❡❦ ❛❧❛♣❥✁❛♥ t♦✈✁❛❜❜✐ ❦✉t❛t✁❛s♦❦ ✐s ✐♥❞♦❦♦❧t❛❦✱ ❛♠❡❧②❡❦ ♠✁❡❧②❡❜❜❡♥ ✈✐③s❣✁❛❧❥✁❛❦

❛ ♣❛r❛♠✁❡t❡r❡s ❡❣②❡♥❧❡t❡❦ ♦❦t❛t✁❛s✁❛♥❛❦ ♠✁♦❞s③❡rt❛♥✁❛t ✁❡s ❛♥♥❛❦ ❤❛t✁❛s❛✐t ❛ ❞✐✁❛❦♦❦ ♠❛✲

t❡♠❛t✐❦❛✐ ❦♦♠♣❡t❡♥❝✐✁❛✐r❛✳

✹✹



■r♦❞❛❧♦♠❥❡❣②③✁❡❦

❬✶❪ ➚ïîñòîëîâà ➹✳ ➶✳✱ ßñ✐íñüêèé ➹✳ ➶✳ Ïåðø✐ çóñòð✐÷✐ ç ïàðàìåòðîì✳

✃è➝â✿ Ôàêò✱ ✷✵✵✽✳ ✸✷✹ ñ✳

❬✷❪ ❒åðçëÿê ➚✳➹✳✱ Ïîëîíñüêèé ➶✳ ➪✳✱ ßê✐ð ❒✳ Ñ✳ ❒àòåìàòèêà✳ ✺ êëàñ

✿ ï✐äðó÷✳ äëÿ çàêë✳ çàãàë✳ ñåðåä✳ îñâ✐òè✳ ➶èä✳ ✷✲ãå✱ ïåðåðîáë✳ ✐ äîïîâ✳ Õ✳ ✿

➹✐ìíàç✐ÿ✱ ✷✵✶✽✳ ✷✼✷ ñ✳

❬✸❪ ❒åðçëÿê ➚✳➹✳✱ Ïîëîíñüêèé ➶✳ ➪✳✱ ßê✐ð ❒✳ Ñ✳ ❒àòåìàòèêà✳ ✻ êëàñ ✿

ï✐äðó÷✳ äëÿ çàêë✳ çàãàë✳ ñåðåä✳ îñâ✐òè✳ Õ✳ ✿ ➹✐ìíàç✐ÿ✱ ✷✵✶✹✳ ✹✵✵ ñ✳

❬✹❪ ➪åâç ➹✳ Ï✳✱ ➪åâç ➶✳ ➹✳ ➚ëãåáðà✿ Ï✐äðó÷íèê äëÿ ✼ êë✳ çàãàëüíîîñâ✐òí✐õ

íàâ÷àëüíèõ çàêëàä✐â ç íàâ÷àííÿì óãîðñüêîþ ìîâîþ✳ ✃✳✿ ➬îä✐àê✲➴✃❰✱ ✷✵✵✼✳

Ïåðåêëàä óãîðñüêîþ ìîâîþ ➍✳ ➍✳ ⑨óëà÷✐✳✲❐üâ✐â✿ Ñâ✐ò✱ ✷✵✵✼✳✲✸✵✹ ñ✳✿✐ë✳

❬✺❪ ❒åðçëÿê ➚✳ ➹✳ ➚ëãåáðà ✿ ï✐äðó÷✳ äëÿ ✼ êë✳ çàãàëüíîîñâ✐ò✳ íàâ÷✳ çàêëàä✐â

ç íàâ÷✳ óãîðñüêîþ ìîâîþ✳ ➚✳ ➹✳ ❒åðçëÿê✱ ➶✳ ➪✳ Ïîëîíñüêèé✱ ❒✳ Ñ✳ ßê✐ð ❀

ïåð✳ ■✳ ➱✳ ➪åðåã✐✱ ➚✳ ➚✳ ➪óðêóø✳ ✕ ❐üâ✐â ✿ Ñâ✐ò✱ ✷✵✶✺✳ ✕ ✷✺✻ ñ✳ ✿ ✐ë✳

❬✻❪ ■ñòåð ❰✳Ñ✳ ➚ëãåáðà✿ ï✐äðó÷✳ äëÿ ✼✲ãî çàêë✳ çàãàë✳ ñåðåä✳ îñâ✐òè✳ ✃✳ ✿ ➹åíåçà✱

✷✵✶✺✳ ✷✺✻ ñ✳

❬✼❪ ■ñòåð ❰✳Ñ✳ ➚ëãåáðà✿ ï✐äðó÷✳ äëÿ ✽✲ãî çàêë✳ çàãàë✳ ñåðåä✳ îñâ✐òè✳ ➶èä✳ ✷✲ãå✱

ïåðåðîáë✳ ✐ äîïîâ✳ ✃✳ ✿ ➹åíåçà✱ ✷✵✷✶✳ ✷✻✵ ñ✳

❬✽❪ Òàðàñåíêîâà ❮✳ ➚✳✱ ➪îãàòèðüîâà ■✳ ❒✳✱ ✃îëîì✐➵öü ❰✳ ❒✳✱ Ñåðäþê

➬✳ ❰✳ ➚ëãåáðà✿ ï✐äðó÷✳ äëÿ ✽✲ãî êë✳ çàãàëüíîîñâ✐ò✳ íàâ÷✳ çàêëàä✐â✳✳ ✃è➝â✿

Ó❰➶Ö ➽❰ð✐îí➾✱ ✷✵✷✶✳ ✷✾✸ ñ✳

✹✺



❬✾❪ ❒åðçëÿê ➚✳ ➹✳ ➚ ëãåáðà✿ ï✐äðó÷✳ äëÿ ✾ êë✳ çàãàëüíîîñâ✐ò✳ íàâ÷✳ çàêë✳ ç

íàâ÷àííÿì óãîðñüêîþ ìîâîþ ➚✳ ➹✳ ❒åðçëÿê✱ ➶✳ ➪✳ Ïîëîíñüêèé✱ ❒✳ Ñ✳ ß ê

✐ð ❀ ïåð✳ Þ✳ ■✳ ✃óë✐í✳ ✲ ❐üâ✐â ✿ Ñâ✐ò✱ ✷✵✶✼✳ ✲ ✷✼✷ ñ✳ ✿ ✐ë

❬✶✵❪ ➪åâç ➹✳ Ï✳ ➚ëãåáðà✿ Ï✐äðó÷íèê äëÿ ✾ êë✳ çàãàëüíîîñâ✐òí✐õ íàâ÷àëüíèõ

çàêëàä✐â ç íàâ÷àííÿì óãîðñüêîþ ìîâîþ ➹✳ Ï✳ ➪åâç✱ ➶✳ ➹✳ ➪åâç ✴✴ Ïåðåêëàä

óãîðñüêîþ ìîâîþ ➚✳ ➚✳ ➶àðãà✳ ✕ ❐üâ✐â ✿ Ñâ✐ò✱ ✷✵✵✾✳ ✕ ✷✽✽ ñ✳ ✿ ✐ë✳

❬✶✶❪ ➪åâç ➹✳ Ï✳✱ ➪åâç ➶✳ ➹✳✱ ➶ëàä✐ì✐ðîâà ❮✳ ➹✳ ➚ëãåáðà ✐ ïî÷àòêè àíàë✐çó ✿

ïðîô✳ ð✐âåíü✿ ï✐äðó÷✳ äëÿ ✶✵ êë✳ çàêë✳ çàã✳ ñåðåä✳ îñâ✐òè✳ ✃✳ ✿ ➶èäàâíè÷èé

ä✐ì ➽❰ñâ✐òà➾✱ ✷✵✶✽✳ ✸✸✻ ñ✳

❬✶✷❪ ■ñòåð ❰✳Ñ✳✱ ➍ðã✐íà ❰✳ ➶✳ ➚ëãåáðà ✐ ïî÷àòêè àíàë✐çó ✿ ïðîô✳ ð✐âåíü ✿

ï✐äðó÷✳ äëÿ ✶✵✲ãî êë✳ çàêë✳ ñåðåä✳ îñâ✐òè✳ ✃✳ ✿ ➹åíåçà✱ ✷✵✶✽✳ ✹✹✽ ñ✳

❬✶✸❪ ❒åðçëÿê ➚✳➹✳✱ ❮îì✐ðîâñüêèé ➘✳ ➚✳✱ Ïîëîíñüêèé ➶✳ ➪✳✱ ßê✐ð ❒✳

Ñ✳ ➚ëãåáðà ✐ ïî÷àòêè àíàë✐çó ✿ ïðîô✳ ð✐âåíü✿ ï✐äðó÷✳ äëÿ ✶✶ êë✳ çàêë✳ çàã✳

ñåðåä✳ îñâ✐òè✳ Õ✳ ✿ ➹✐ìíàç✐ÿ✱ ✷✵✶✾✳ ✸✺✷ ñ✳

❬✶✹❪ ✃ðàìîð ➶✳Ñ✳ ➬àäà÷✐ ç ïàðàìåòðàìè ✐ ìåòîäè ➝õ ðîçâ✬ÿçàííÿ✳ íàâ÷✳ ïîñ✐á✳

Òåðíîï✐ëü ✿ ➽➪îãäàí➾✱ ✷✵✶✷✳ ✹✶✻ ñ✳

❬✶✺❪ ✃àäóáîâñüêèé ❰✳ ➚✳✱ ➪åñåä✐í ➪✳ ➪✳✱ ×óéêî ❰✳ ➶✳✱ ➶îðîáéîâà Ñ✳ ■✳

❰ë✐ìï✐àäí✐ çàäà÷✐✿ ðîçâ✬ÿçàííÿ çàäà÷ ■■ åòàïó ➶ñåóêðà➝íñüêî➝ îë✐ìï✐àäè ç

ìàòåìàòèêè✳ íàâ÷✳ ïîñ✐á✳ Ñëîâ✬ÿíñüê ✿ ➽❒àòîð✐í➾✱ ✷✵✶✻✳ ✶✵✵ ñ✳

❬✶✻❪ Ïðóñ ➚✳➶✳✱ Øâåöü ➶✳❰✳ ➬àäà÷✐ ç ïàðàìåòðàìè â øê✐ëüíîìó êóðñ✐

ìàòåìàòèêè✳íàâ÷✳ ïîñ✐á✳ ➶èä✳ ➽Ðóòà➾✳ ➷èòîìèð✱ ✷✵✶✻✳ ✹✻✽ ñ✳

❬✶✼❪ ✃àäóáîâñüêèé ❰✳ ➚✳✱ ➪åñåä✐í ➪✳ ➪✳✱ Ñüîìê✐í ➶✳ Ñ✳ Ðîçâ✬ÿçàííÿ çàäà÷

■■ åòàïó ➶ñåóêðà➝íñüêî➝ ó÷í✐âñüêî➝ îë✐ìï✐àäè ç ìàòåìàòèêè ✕ ✷✵✶✽ íàâ÷✳

ïîñ✐á✳ Ñëîâ✬ÿíñüê ✿ ➽❒àòîð✐í➾✱ ✷✵✶✾✳ ✶✵✵ ñ✳

❬✶✽❪ ◆❛❣②♥✁❡ P✁❛❧♠❛② P✐r♦s❦❛ ❚❊❍❊❚❙✁❊●●❖◆❉❖❩ ✁❆❙ ❆ ▼❆❚❊▼❆✲

❚■❑ ✁❆❇❆◆✿ ❙❡❣✁❡❞❛♥②❛❣♦❦ ❦☎♦③✁❡♣✐s❦♦❧❛✐ t❛♥✁❛r♦❦ s③✁❛♠✁❛r❛ PP❑❊ ■♥❢♦r♠✁❛❝✐✁♦s

❚❡❝❤♥♦❧✁♦❣✐❛✐ ✁❡s ❇✐♦♥✐❦❛✐ ❑❛r✱ ✶✵✽✸ ❇✉❞❛♣❡st✱ ✷✵✶✾✳

✹✻



❬✶✾❪ ■✳ ➶✳ ➷èòàðþê✱ ➶✳ ❒✳ ❐ó÷êî✱ ➶✳ Ñ✳ ❐ó÷êî ❒åòîäè÷í✐ îñîáëèâîñò✐

ðîçâ✬ÿçóâàííÿ ✐ððàö✐îíàëüíèõ ð✐âíÿíü ç ïàðàìåòðàìè ç âèêîðèñòàííÿì

âëàñòèâîñòåé ✐ ãðàô✐ê✐â åëåìåíòàðíèõ ôóíêö✐é ❙❝✐❡♥❝❡ ❛♥❞ ❊❞✉❝❛t✐♦♥ ❛

◆❡✇ ❉✐♠❡♥s✐♦♥✳ P❡❞❛❣♦❣② ❛♥❞ Ps②❝❤♦❧♦❣②✱ ❱■■ ✭✽✵✮✱ ■ss✉❡✿ ✶✾✽✱ ✷✵✶✾ ▼❛❥

❬✷✵❪ ❰✳➍✳ ➶îëÿíñüêà ❒➴Ò❰➘➮×❮■ ❰Ñ❰➪❐➮➶❰ÑÒ■ Ð❰➬➶✬ß➬Ó➶➚❮❮ß

Ð■➶❮ß❮Ü ➬ Ï➚Ð➚❒➴ÒÐ➚❒➮ ➶ ✃ÓÐÑ■ ❒➚Ò➴❒➚Ò➮✃➮ ÑÒ➚ÐØ❰❼

Ø✃❰❐➮ ❡❧❡♥❛✈♦❧②❛♥s❦❛ ❅✉❦r✳♥❡t

❬✷✶❪ ❮✳ Þ✳ ❮àðèõíþê✱ ❮✳ Þ✳ ✃îð✐í÷óê✱ ❐✳ ■✳ ❐åéáèê ➚❮➚❐■Ò➮×❮■

Ò➚ ➹Ð➚Ô■×❮■ ÏÐ➮➱❰❒➮ Ð❰➬➶✬ß➬Ó➶➚❮❮ß ➬➚➶➘➚❮Ü ■➬

Ï➚Ð➚❒➴ÒÐ➚❒➮ Ï■➘ ×➚Ñ Ï■➘➹❰Ò❰➶✃➮ ➘❰ ➬❮❰ Ïåäàãîã✐êà

ôîðìóâàííÿ òâîð÷î➝ îñîáèñòîñò✐ ó âèù✐é ✐ çàãàëüíîîñâ✐òí✐é øêîëàõ✱

✷✵✷✶ ð✳✱ ➑ ✼✻✱ Ò✳ ✷✳

❬✷✷❪ Ïë✐ñêî ❰✳➶✳ ➬àäà÷✐ ç ïàðàìåòðàìè äëÿ ✼✲✽ êëàñ✐â ➽❰ñíîâà➾✱ ✷✵✶✷✳ ✶✷✽ ñ✳

✹✼



✁❆❜r✁❛❦ ❥❡❣②③✁❡❦❡

✶✳✶✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵

✶✳✷✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼
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➶èñíîâêè

❒åòîþ äèïëîìíî➝ ðîáîòè áóëî çðîáèòè àíàë✐ç ìåòîä✐â ðîçâ✬ÿçàííÿ ïàðàìåòðè÷✲

íèõ ð✐âíÿíü ç îñîáëèâèì àêöåíòîì íà ➝õíþ ðîëü â îñâ✐ò✐✳

Ó õîä✐ äîñë✐äæåííÿ áóëî äåòàëüíî ðîçãëÿíóòî ð✐çí✐ òèïè ïàðàìåòðè÷íèõ çàäà÷✱

ïðîäåìîíñòðóâàíî ìåòîäè ➝õ ðîçâ✬ÿçàííÿ òà ïðîàíàë✐çîâàíî ðåçóëüòàòè îïèòó✲

âàíü ñåðåä ó÷í✐â ñåðåäí✐õ øê✐ë✳

Ðåçóëüòàòè äîñë✐äæåííÿ ï✐äòâåðäèëè ñôîðìóëüîâàíó ã✐ïîòåçó ùîäî òðóäíîù✐â

ÿê✐ âèíèêàþòü ï✐ä ÷àñ ðîçâ✬ÿçàííÿ ïàðàìåòðè÷íèõ ð✐âíÿíü✳ ❮à îñíîâ✐ äîñë✐äæåí✲

íÿ áóëî ðåêîìåíäîâàíî âíåñòè çì✐íè äî íàâ÷àëüíèõ ìàòåð✐àë✐â ✐ ìåòîä✐â âèêëà✲

äàííÿ äëÿ ïîêðàùåííÿ ðîçâèòêó íàâè÷îê ó÷í✐â ó ðîçâ✬ÿçàíí✐ ïàðàìåòðè÷íèõ

ð✐âíÿíü✳ Öå âêëþ÷à➵ á✐ëüø ãëèáîêå âèâ÷åííÿ ïîíÿòü✱ ïîâ✬ÿçàíèõ ✐ç ïàðàìåòðàìè✱

çàñòîñóâàííÿ àíàë✐òè÷íèõ ✐ ãðàô✐÷íèõ ìåòîä✐â✱ à òàêîæ ðîçâèòîê íàâè÷îê âè✲

ð✐øåííÿ ïðîáëåì çà äîïîìîãîþ ö✐ëüîâèõ çàâäàíü ✐ ïðî➵êò✐â✳

➘àíà ðîáîòà ìîæå ñïðèÿòè ï✐äâèùåííþ åôåêòèâíîñò✐ âèêëàäàííÿ ìàòåìàòèêè✱

à òàêîæ äîïîìîãòè ó÷íÿì óñï✐øí✐øå îïàíîâóâàòè òåõí✐êè ðîçâ✬ÿçàííÿ ïàðàìåò✲

ðè÷íèõ ð✐âíÿíü✳

Ðåçóëüòàòè äîñë✐äæåííÿ òàêîæ âêàçóþòü íà íåîáõ✐äí✐ñòü ïîäàëüøèõ äîñë✐äæåíü✱

ÿê✐ ãëèáøå âèâ÷àòèìóòü ìåòîäîëîã✐þ âèêëàäàííÿ ïàðàìåòðè÷íèõ ð✐âíÿíü òà

➝õí✐é âïëèâ íà ìàòåìàòè÷í✐ êîìïåòåíö✐➝ ó÷í✐â✳

✹✾



Nyilatkozat

Alulírott, Palinszky Georgina, 014. Középiskolai oktatás (Matematika) képzési program

hallgatója, kijelentem, hogy a dolgozatomat a II. Rákóczi Ferenc Kárpátaljai Magyar

Főiskolán,  a  Matematika  és  Informatika  Tanszéken  készítettem,  014.  Középiskolai

oktatás (Matematika) MSc diploma megszerzése végett.

Kijelentem, hogy a dolgozatot  más szakon korábban nem védtem meg,  saját

munkám eredménye,  és  csak  a  hivatkozott  forrásokat  (szakirodalom,  eszközök stb.)

használtam fel.

Tudomásul veszem, hogy dolgozatomat a II. Rákóczi Ferenc Kárpátaljai Magyar

Főiskola könyvtárában a kölcsönözhető könyvek között helyezik el.
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